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The inverse-variance trap:  
A simple ratio fix for combining skewed data 

Anton Grafström, Wilmer Prentius and Åsa Ranlund1 

Abstract 

Combining estimates from independent surveys via inverse-variance weights can lead to negative bias when 
unknown variances are estimated and the target variable is non-negative and positively skewed. In such cases, 
strong positive correlations typically arise between the estimators and their corresponding variance estimators, 
causing standard linear combinations with inverse-variance weights to exhibit negative bias. We introduce a 
strikingly simple method to reduce bias: replace the standard weight with the ratio of the estimator to the variance 
estimator. Under a linear model linking the two, we show that the new ratio-weighted estimator is approximately 
unbiased, whereas the conventional inverse-variance combination exhibits downward bias. Through simulations, 
we demonstrate that the new method brings both the bias and the mean squared error closer to the optimum for a 
wide range of different target variables. As our method uses only standardly reported summary statistics, it can 
be immediately adopted to reduce this widespread bias and improve the reliability of scientific findings in various 
fields. 

Key Words: Combining survey information; Design-based sampling; Environmental surveys; Linear combination 
estimator. 

1. Introduction
Combining information from multiple independent sources is a fundamental practice in the empirical

sciences. To achieve the highest possible precision, researchers routinely synthesize the results of different 
experiments or surveys using a weighted average. The gold-standard approach, taught in textbooks and 
embedded in meta-analysis software, is inverse-variance weighting, where each estimate is weighted by the 
reciprocal of its variance (Cochran, 1954). As the true variances of the estimators are unknown for most (if 
not all) practical applications, variance estimates are often used instead of true variances. This method is 
statistically optimal under standard assumptions, providing the most precise unbiased linear combination of 
the available information. Its use is ubiquitous, forming the bedrock of evidence synthesis in a variety of 
fields. 

However, the optimality of inverse-variance weighting hinges on assumptions that are frequently 
violated in practice. A critical, yet sometimes overlooked, challenge arises when the target variables are 
non-negative and exhibit substantial positive skewness. This data structure is not an edge case; it is the norm 
for a vast range of quantities. In epidemiology, disease counts in a region are often zero or low, with 
occasional hotspots. In economics, wealth is heavily skewed and is usually concentrated among a small 
proportion of individuals. In ecology, researchers are interested in the abundance of rare species or habitat 
area, where a large part of the sampling frame produces a zero response (Fisher, Corbet and Williams, 1943; 
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Preston, 1948). In all these cases, the data are characterized by a preponderance of small values and a tail 
of large ones. 

This characteristic, as noted by Gregoire and Schabenberger (1999) and further discussed by Grafström, 
Ekström, Jonsson, Esseen and Ståhl (2019), leads to a strong positive correlation between the estimator of 
a total and its corresponding variance estimator. One consequence of this dependence is that smaller 
estimates tend to be paired with smaller estimated variances, resulting in narrower confidence intervals. 
This asymmetry increases the likelihood that confidence intervals fall below the true value more often than 
above (Gregoire and Schabenberger, 1999). 

When estimates from multiple independent surveys are combined using a linear combination with 
inverse-variance weights, this correlation can introduce a systematic bias. The survey with the smaller 
estimated total tends to have a smaller estimated variance and therefore receives a disproportionately large 
weight, resulting in a negatively biased combined estimator. This issue is particularly problematic when the 
variable of interest is rare or patchily distributed, precisely the situations in which combining estimates is 
most desirable to improve precision. There is therefore a clear need for an improved estimator that accounts 
for the correlation structure and mitigates this bias. 

In this paper, we assume that each survey provides an unbiased estimator of the total, implying full 
coverage of the target population in each case. When multiple frames are required for full coverage, other 
methods must be considered; see Elliott, Raghunathan and Schenker (2018) for a review of such approaches. 

As a motivating example, consider Sweden’s National Forest Inventory (NFI), a sample-based system 
that provides national estimates for more than 100 target variables (Fridman, Holm, Nilsson, Nilsson, 
Ringvall and Ståhl, 2014). The NFI combines a permanent sample, optimized for monitoring temporal 
trends, with a temporary sample, designed to estimate the current state. To improve efficiency, the estimates 
of these two components must be combined. Traditionally, this has been done using weights inversely 
proportional to the estimated variances, as sample sizes are not well defined. However, for some variables, 
the NFI alone does not provide sufficient information, necessitating the integration of data from other 
independent surveys such as the National Inventory of Landscapes in Sweden (NILS). This integration is 
particularly critical in reporting the Swedish Annex I habitats under Article 17 of the EU Habitats Directive, 
where it is essential to utilize all available sources of information. 

To address the bias and inefficiency introduced by conventional inverse-variance-based weighting in 
such contexts, we propose a new weighting strategy that explicitly accounts for the positive correlation 
between estimators and their variance estimators. The method is designed to reduce both the bias and the 
mean squared error of the combined estimator. Alternative weighting schemes, such as deriving pooled 
variance weights, have been proposed to mitigate these biases. Grafström et al. (2019) derived general 
pooled variance estimators for any design and provided the theory for combining independent samples 
(pooling data) from general designs. However, such methods are much more restrictive, as they require full 
knowledge of the designs and samples and also the same type of sampling unit in all surveys. In meta-
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analysis, the bias introduced by skewed data has been dealt with in different ways, such as the logarithmic 
transformation of variables (Higgins, White and Anzures-Cabrera, 2008). Transformation introduces bias 
itself, requires access to full data, and is not applicable to general sampling designs. 

This work contributes to the literature on the combination of information from independent surveys, 
improving the classical inverse-variance estimator (Cochran, 1954) for settings involving variables with 
positive skew. By grounding our method in the theory of unbiased estimation, we offer a robust and 
interpretable alternative to combine the results of multiple surveys. The remainder of this paper is structured 
as follows. Section 2 introduces the proposed weighting method; Section 3 illustrates its application with an 
example; and Section 4 concludes with final remarks. 

 
2. Method 
 

The objective is to estimate a population total, = ,ii U
Y y

∈∑  of a target variable that takes the value iy  
for unit i  in the population = {1,2,3, , }U N  of size .N  We assume that the target variable is non-negative 
and has a positively skewed distribution, i.e. that there are more small values than large values. Let ˆ ,jY  for 

= 1, ,j K  be K  independent design-unbiased estimators of .Y  Their variances are denoted as ˆ= ( )j jV V Y  
along with the corresponding variance estimators ˆ ˆ ˆ= ( ),j jV V Y  with ˆ( ) = ,j jE Y V  for = 1, , .j K  It is well-
known that the linear combination estimator  

 
=1

ˆ ˆ= ,
K

j j
j

Y Yα α∑    with   
=1

= 1,
K

j
j
α∑  (2.1) 

is unbiased and  

 
=1

1 /
= ,

1 /
j

j K
ii

V

V
α

∑
  

is optimal in the sense that it has minimum variance among the possible linear combinations, see Shahar 
(2017) for a formal proof. In the combined estimator (2.1), each individual estimator is weighted by the 
inverse of its variance, and the weights are normalized to sum to unity. The naïve combination, where (2.1) 
is computed with variance estimates, 1̂

ˆ, , ,KV V  instead of the true variances, is denoted ˆ
ˆ .Yα  

If ˆ( ) =jE Y Y  for = 1,2, , ,j K  and the weights 1ˆˆ j jVα −∝  sum to unity, then it follows that ˆ
ˆ( ) =E Yα Y +

=1
ˆˆCov( , ).K

j jj
Yα∑  Thus, a non-zero correlation between the weight ˆ jα  and the estimator ˆ

jY  introduces 
bias. In our situation, where the target variable is non-negative and has a positively skewed distribution, it 
follows from the results by Grafström et al. (2019) that ˆ

jY  is roughly proportional to ˆ ,jV  making ˆˆCov( , )j jYα  
negative. The estimator ˆŶα  then tends to be negatively biased. 

Due to the approximate proportionality between ˆ
jY  and ˆ ,jV  we can theoretically construct a correction 

to ˆ .jV  If Y  were known, we would get an improved estimator of the variance of ˆ
jY  by the ratio estimator  
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as e.g. a low outcome of ˆ
jY  would imply a proportionally equal low outcome of ˆ

jV  when ˆ
jY  and ˆ

jV  are 
proportional. Thus, these ratio estimators of variances jV  effectively corrects for too low or too high 
outcomes of ˆ

jV  by multiplication with the ratio ˆ/ .jY Y  These theoretical variance estimators are then 
inserted in place of the true variances when we compute the weights. This results in the new estimated 
weights  
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The unknown parameter Y  cancels out in the derivation of our proposed weights. By substituting jα  with 
ˆ jRα  in equation (2.1), we obtain our linear combination estimator, denoted ˆ

ˆ .
R

Yα  In this estimator, each 
individual estimator is weighted by the ratio of the estimator to its corresponding variance estimator. The 
optimality of this weighting scheme is achieved with perfect proportionality between the estimators and 
their respective variance estimators. If the proportionality is approximate, then we expect the proposed 
weighting to be a good approximation to the optimal solution. Due to the assumption of a high correlation 
between ˆ

jV  and ˆ
jY  we can use the model  

 ˆ ˆ= ,j j j jV Yγ ε+  (2.3) 

where > 0jγ  are constants and ( ) = 0jE ε  with jε  independent of ˆ
jY  for = 1, , .j K  

 

Theorem 1 (Bias reduction). Let 1̂
ˆ, , KY Y  be unbiased estimators of a population total Y  from K  

independent surveys, with the corresponding unbiased variance estimators 1̂
ˆ, , .KV V  Assume the target 

variable is non-negative with a positively skewed distribution such that model (2.3) holds. Then the 
approximate (first-order) bias of ˆŶα  is  
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whereas the approximate (first-order) bias of ˆ
ˆ

R
Yα  is zero.  

A proof of Theorem 1 is provided in the appendix. Theorem 1 indicates that the ratio-weighted estimator 

ˆ
ˆ

R
Yα  has a lower absolute bias than the naïve combination ˆŶα  when the estimators are roughly proportional 
to their variance estimators. The core message of Theorem 1 is that, when each estimator ˆ

jY  of a total is 
positively correlated with its variance estimator ˆ ,jV  the naïve inverse-variance weights tend to assign “too 
much” weight to the survey that happens to produce a smaller estimate (and thus a smaller estimated 
variance). In practice, positively skewed and non-negative variables (e.g., rare-species counts or patchy 
habitat areas) often produce ˆ ˆ= Corr ( , )j j jY Vρ  above 0.8, making ˆ

ˆ
R

Yα  preferable to ˆ
ˆ .Yα  
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The use of this improved estimator requires only knowledge of the estimates and their associated 
estimated variances. 

 
3. Simulation example 
 

Here we provide an example for the case of = 3K  different estimators to illustrate the performance of 
the new weighting suggested in Section 2. Three populations, shown in Figure 3.1, were generated 
according to  

 2= 1( ) , ( ),i
i i

XZ i Np X k
k

χ≤    

where p  denotes the proportion of non-zero values out of the total population size of =N 1,000 and =k
1, 2 and 10. 

 
Figure 3.1 Histograms of the three different populations used in the simulation study. p  denotes the number 

of non-zero units in the population, and k  denotes the degrees-of-freedom of the (mean-scaled) chi-
squared distribution 2( )kχ  used for the non-zero units 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Note: Within each panel, the number in the upper right corner denotes the skewness for the random variable * = / ,Z YX k  where Y  denotes an 
independent Bernoulli random variable with parameter .p  

 
 

Three different sampling designs , ,a b c  were considered: Sampling designs a  and b  both used simple 
random sampling without replacement (SRS), with sample sizes =an 50, =bn 100. For sampling design 

,c  the population was first ordered by the target variable. The ordered population was then divided into ten 
equal-sized, sequential groups (deciles). From each of these deciles, a simple random sample of 10 units 
was drawn. The true variances of the Horvitz-Thompson (HT) estimators (Horvitz and Thompson, 1952) of 
the totals are shown in Table 3.1, and the relationship between the HT-estimates and the corresponding 
variance estimates is shown in Figure 3.2. 
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Table 3.1 
The variances for the HT-estimators of the total for the three sampling designs , ,a b c  for each of the populations 
in Figure 3.1 
 

Pop. a b c 
1 4,321.05 2,046.81 1,331.19 

(69.39%) (47.76%) (38.52%) 
2 12,730.76 6,030.36 859.50 

(23.46%) (16.15%) (6.10%) 
3 5,101.60 2,416.55 116.56 

(8.05%) (5.54%) (1.22%) 
Notes: - Inside parentheses, the relative standard deviations. 

- Horvitz-Thompson (HT). 

 
Figure 3.2 Relation between estimates (x-axis) and corresponding variance estimates (y-axis) for the three 

populations (columns) and sampling designs (rows), for 20,000 samples each 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Note: Black lines shows population totals and true variances for the estimators. 
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Four different combinations were considered: the optimal combination, using the true variances ( )V  of 
the estimators; using the sample size of the design ( );n  the naïve combination, using variance estimates 

ˆ( );V  and the proposed approach, using ratio variance estimates ˆ( ).RV  The results of drawing 20,000 samples 
per sampling design and population, and combining these, are shown in Tables 3.2, 3.3 and 3.4, for relative 
RMSE, standard deviation and bias, respectively. Note that for Population 1, about 0.4% of the linear 
combinations could not be constructed, due to the sample a  yielding a zero variance estimate. As such, 
these were left out of the results entirely. The likely effect of dropping the zeros is that the absolute bias is 
slightly underestimated for Pop. 1. How to best deal with zero estimates when using linear combinations 
based on data is currently an unsolved problem not considered in this paper. 

 
Table 3.2 
Relative Root Mean Squared Error (RMSE) for combining estimates using four different approaches: optimal 
( ),V  sample size ( ),n  naïve ˆ( )V  and the proposed ratio ˆ( ).RV  Results per combination in columns for sampling 
designs ( )a  SRS =n 50, ( )b  SRS =n 100 and ( )c  stratified = 10 10n ×  
 

Pop. Type ab ac bc abc 
1 V  39.13% 33.81% 30.18% 27.59% 
 n  39.14% 34.66% 30.85% 28.19% 
 V̂  48.88% 44.14% 36.02% 43.12% 
 R̂V  44.44% 39.21% 33.66% 34.90% 
2 V  13.32% 5.92% 5.76% 5.57% 
 n  13.32% 8.81% 8.73% 8.36% 
 V̂  14.10% 5.91% 5.77% 5.65% 
 R̂V  13.47% 5.85% 5.72% 5.52% 
3 V  4.56% 1.21% 1.19% 1.18% 
 n  4.56% 2.79% 2.85% 2.78% 
 V̂  4.60% 1.20% 1.19% 1.18% 
 R̂V  4.58% 1.21% 1.20% 1.18% 

Note: Simple random sampling without replacement (SRS). 

 
Table 3.3 
Relative Standard Deviation for combining estimates using four different approaches: optimal ( ),V  sample size 
( ),n  naïve ˆ( )V  and the proposed ratio ˆ( ).RV  Results per combination in columns for sampling designs ( )a  SRS 

=n 50, ( )b  SRS =n 100 and ( )c  stratified = 10 10n ×  
 

Pop. Type ab ac bc abc 
1 V  39.13% 33.81% 30.18% 27.59% 
 n  39.14% 34.66% 30.85% 28.19% 
 V̂  43.87% 39.99% 33.88% 34.99% 
 R̂V  42.83% 37.93% 33.14% 32.47% 
2 V  13.32% 5.92% 5.76% 5.57% 
 n  13.32% 8.81% 8.73% 8.36% 
 V̂  13.83% 5.86% 5.71% 5.49% 
 R̂V  13.44% 5.84% 5.70% 5.48% 
3 V  4.56% 1.21% 1.19% 1.18% 
 n  4.56% 2.79% 2.85% 2.78% 
 V̂  4.59% 1.20% 1.19% 1.18% 
 R̂V  4.58% 1.21% 1.20% 1.18% 

Note: Simple random sampling without replacement (SRS). 
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Table 3.4 
Relative Bias for combining estimates using four different approaches: optimal ( ),V  sample size ( ),n  naïve ˆ( )V  
and the proposed ratio ˆ( ).RV  Results per combination in columns for sampling designs ( )a  SRS =n 50, ( )b  
SRS =n 100 and ( )c  stratified = 10 10n ×  
 

Pop. Type ab ac bc abc 
1 V  0.16% 0.05% -0.04% 0.04% 
 n  0.16% 0.10% -0.03% 0.06% 
 V̂  -21.57% -18.70% -12.23% -25.19% 
 R̂V  -11.87% -9.92% -5.88% -12.78% 
2 V  0.02% 0.02% 0.01% 0.01% 
 n  0.02% 0.03% 0.01% 0.02% 
 V̂  -2.75% -0.79% -0.79% -1.36% 
 R̂V  -0.99% -0.38% -0.48% -0.73% 
3 V  0.01% 0.01% 0.00% 0.00% 
 n  0.01% 0.02% 0.00% 0.01% 
 V̂  -0.15% -0.02% -0.03% -0.04% 
 R̂V  0.06% 0.00% -0.01% -0.02% 

Note: Simple random sampling without replacement (SRS). 

 
As theorized, it is possible to reduce bias by using the ratio estimator. Even for populations which almost 

do not experience any skewness at all, the ratio-weighted estimator is able to reduce the bias or can at least 
be shown to not have a detrimental effect on the bias, SE and MSE compared with the naïve approach. 
However, as the linearity assumption behind the ratio estimator is not exactly fulfilled, as hinted by 
Figure 3.1, the proposed method is not able to completely remove the bias. 

In population 1, the sample size weighting is better than the proposed ratio weighting, which is better 
than the naïve weighting. For populations 2 and 3 the proposed ratio weighting performs better than sample 
size weighting. In many applications, sample size weighting is not feasible as sample sizes are not available 
or cannot be determined. The results in Table 3.3 also highlights the problem with using the sample size as 
the weight for linear combinations, aside from the sample size not always being available in certain type of 
surveys, mainly environmental surveys where the observational units are indirectly sampled through sample 
plots. Sample size weighting is detrimentally affected when the efficiencies of the surveys vary consid-
erably. When combining sampling designs with different efficiencies (design effects), here exemplified by 
the not-so-efficient SRS b  ( = 100)n  and the highly efficient ordered stratified design c  ( = 100),n  the true 
variance of the estimator is no longer proportional to the sample size, and can therefore be quite far away 
from the optimal solution. This leads to the proposed ratio weighting approach having better performance 
in populations 2 and 3, where it has little bias. 

 
4. Final remarks 
 

We introduced a novel approach for determining the weights in a linear combination of multiple 
estimators when dealing with non-negative and positively skewed target variables. We based the methodol-
ogy on the fact that the estimators, under such conditions, exhibit a near-proportional relationship with their 
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variance estimators. Then we proved that, under such conditions, the proposed ratio-weighted estimator has 
a smaller approximate absolute bias than the standard inverse-variance estimator. Our simulation example 
clearly supports our theoretical findings. Moreover, the ratio-weighted estimator seems highly robust to 
deviations from near-proportionality. In all cases we evaluated, it performed better than the naïve combi-
nation. Thus, for a wide range of different target variables, ratio weights can be used to significantly reduce 
the bias of a linear combination estimator. 

A major advantage is that our proposed approach does not need additional information and applies to 
any non-negative target variable characterized by a positively skewed distribution. 

In some situations, especially when combining estimates from similar designs, deciding the weights 
based on the sample sizes is a viable option that can produce an optimal or close to optimal weighting. 
However, with very different designs, such weights can be far from optimal. Not only may the designs be 
very different, but also the frames that we sample from and the target variable distribution. The underlying 
population may be defined by a geographical area, which can be treated as a continuous frame of points. In 
this case, the target variable can be defined as a point response or a local average over some fixed area plot. 
Different plot sizes or shapes produce different responses, but yield the same population totals. An area can 
also be partitioned into different discrete (finite) populations that can be sampled using finite population 
methods, producing different frames, sampling units, and target variable distributions. In, for example, 
environmental monitoring, it is very common to find designs that use very different approaches to construct 
the frame from which we sample. However, these different designs are still used to estimate the same 
quantities. In such situations, sample sizes are not even close to comparable and should not be used to derive 
weights. For these reasons, the new weighting might be particularly advantageous for environmental 
surveys, where challenges such as varying designs, frames, plot sizes, and shapes complicate the iden-
tification of optimal weights. Given the prevalence of non-negative and positively skewed target variables 
in various surveys and meta-analysis, we anticipate that our weighting strategy will find widespread 
application, ultimately contributing to enhanced and more accurate combined estimates derived from 
multiple surveys. 
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Appendix 
 

A. Proof of Theorem 1 
 

Approximate bias of ˆŶα  
 

The bias of the combined estimator is given by Bias ˆ ˆ
ˆ ˆ( ) = ( ) .Y E Y Yα α −  Since each estimator is unbiased 

for Y  and the weights sum to unity, we have  
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To derive the approximate bias, we make a first-order Taylor approximation of ˆ jα  around the baseline 
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The covariance term becomes  

                                
=1 =1

ˆ ˆ ˆ ˆ ˆˆCov( , ) Cov ( ), = Cov( , ).
K K

j j
j j i i j i i

i ii i

Y V V Y V Y
V V
α α

α
∂ ∂ 

≈ − ∂ ∂ 
∑ ∑   

With K  independent surveys, the cross-covariances ˆ ˆCov( , )i jV Y  for i j≠  are zero. Thus,  
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This expression shows that the terms contribute negatively to the bias when ˆ ˆCov( , ) > 0.j jV Y  Using the 
model (2.3), which gives ˆ ˆ ˆCov( , ) = ( ) = ,j j j j j jV Y V Y Vγ γ  the total approximate bias is  
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Approximate bias of ˆ

ˆ
R

Yα  
 

Define ˆ ˆ= /j j jW Y V  for = 1, , .j K  The weights are 
=1

ˆ = .K
jR j ii

W Wα ∑  The bias is ˆ
ˆBias( ) =

R
Yα  

=1
ˆˆCov( , ).K

jR jj
Yα∑  

We compute the first-order Taylor approximation of ˆ jRα  around the baseline ˆ ˆ( = , = = )i i i iY Y V V Yγ  for 
all .i  The partial derivatives of iW  evaluated at the baseline are  
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By the chain rule, we can express the Taylor expansion of ,ˆk Rα  as  
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where ˆ=i iY Y Y∆ −  and ˆ= .i i iV V V∆ −  The partial derivatives are  
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By the model (2.3) assumption, we have = .i i i iV Yγ ε∆ ∆ +  Substituting this into the expansion, the terms 
involving iY∆  cancel out, and some algebra yields:  
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The expression for ˆ jRα  simplifies to  
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As iε  for = 1, ,i K  are (assumed) independent of ˆ ,jY  the approximate covariance term is  
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Thus, the approximate (first-order) bias is zero.  

 Bias ˆ
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ˆ ˆˆ( ) = Cov( , ) 0.
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