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Model-assisted calibration estimation using
generalized entropy calibration in survey sampling

Jae Kwang Kim, Yonghyun Kwon, Yumou Qiu and Junyong Park!

Abstract

We introduce a novel approach to model-assisted calibration estimation in survey sampling using generalized
entropy. The method builds upon recent work by Kwon, Kim and Qiu (2024) and extends it to a model-assisted
framework. Unlike traditional calibration techniques, this approach employs a generalized entropy function as
the objective for optimization and incorporates a debiasing calibration constraint to ensure design consistency.
The proposed estimator is shown to be asymptotically equivalent to an augmented generalized regression
(GREG) estimator. It allows for unequal model variance, potentially improving efficiency when the sampling
design is informative. The paper presents both design-based and model-based justifications for the method, along
with asymptotic properties and variance estimation techniques. Computational aspects are discussed, including
an unconstrained optimization approach that facilitates implementation, especially for high-dimensional auxiliary
variables. The method’s performance is evaluated through a simulation study, demonstrating its effectiveness in
improving estimation efficiency, particularly when the sampling design is informative.

Key Words: Bias reduction; Calibration weighting; Debiased projection; Informative sampling design; Regression
estimation.

1. Introduction

Incorporating auxiliary information to improve the efficiency of design-based estimators is an important
practical problem in survey sampling. By properly integrating auxiliary information into the final esti-
mation, the resulting estimator can be more efficient. A popular method of incorporating auxiliary informa-
tion is calibration weighting. See Fuller (2002), Kim and Park (2010) and Kott (2015) for reviews of

literature on calibration weighting.

Although calibration weighting implicitly uses a model, achieving design consistency is crucial, as the
underlying regression model may not be entirely accurate. The model-assisted approach is attractive because
it uses the model to motivate the estimator while maintaining a design-based mode of inference. For this
reason, model-assisted approach is widely accepted in survey sampling (Sidrndal, Swensson and Wretman,
1992; Breidt and Opsomer, 2017). If the model is used explicitly in the calibration, model calibraion of Wu
and Sitter (2001) can be considered.

Many papers on calibration weighting are based on the framework of Deville and Sérndal (1992), which
minimizes a distance measure between the design weights and the final weights subject to calibration
constraints. When the sample size is sufficiently large, the law of large numbers ensures that the calibration
constraint is almost satisfied. In this case, the final weights are nearly identical to the original design weights.
Consequently, as the sample size increases, the final weights converge to the design weights, justifying

design consistency. When the sample size is not sufficiently large, the calibration constraints help reducing
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of Mathematics, Korea Military Academy, Seoul, Republic of Korea; Yumou Qiu, School of Mathematical Sciences, Peking University, Beijing,
China; Junyong Park, Department of Statistics, Seoul National University, Seoul, Republic of Korea.
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the variance of the final estimator, provided that the variables used in the calibration are related to the study
variable. Therefore, the calibration weighting using the framework of Deville and Sérndal (1992) has a

model-assisted justification.

Recently, Kwon et al. (2024) proposed a novel framework of calibration weighting that does not use the
traditional distance measure between two weights. Instead, they proposed using a generalized entropy
function (Gneiting and Raftery, 2007) as the objective function for optimization and adding a so-called
debiasing calibration constraint. The debiasing calibration constraint is key to achieving the design

consistency of the final calibration estimator.

In this paper, we introduce the new calibration weighting method of Kwon et al. (2024) within the model-
assisted framework. Unlike the generalized regression estimator, the calibration weighting estimator uses
regression models implicitly. Nonetheless, the model-assisted framework can be applied to this proposed
calibration weighting method. The superpopulation model we consider allows for unequal model variance,
which can further improve the efficiency of the resulting calibration estimator. In addition to discussing its
design-based asymptotic properties, we also consider finite-sample properties under the superpopulation
model and develop a modified variance estimator that improves finite-sample performance. Some computa-

tional details are also discussed.

The paper is organized as follows. In Section 2, basic setup and the research problems are introduced. In
Section 3, model-assisted calibration is introduce. The proposed method is introduced in Section 4 and its
asymptotic properties are presented in the design-based framework. In Section 5, a model-based justification
is made. Some computational details are covered in Section 6. Results from a limited simulation study are

presented in Section 7. Some concluding remarks are made in Section 8.

2. Basic setup

We consider the situation where certain auxiliary variables are observed throughout the finite population
and the study variables are observed only in the sample. We use x, € R” and y, to denote the vector of
auxiliary variables and the study variable associated with unit #, respectively. Assume that we have a
probability sample AU selected from the finite population and observed y, in the sample. Let 7, be the
first-order inclusion probability of unit i. We assume that 7, are available throughout the finite population.
To utilize the auxiliary information x, observed throughout the finite population, one can impose the

following superpopulation model

yi = x;pte, 2.1

where X, includes an intercept term, p€R” is unknown model parameter and e, satisfies E (el.) =0,
E (el, xl,) =0, and V (e, | x,):=v,, where v, is a known function of x,. The regression superpopulation model
in (2.1) is not necessarily correct but motivates our proposed estimator utilizing the auxiliary variable X,

observed throughout the finite population.
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We are interested in estimating ¥ = Zil v, from the sample. We consider a linear estimator defined as
Yw = zwi yi
ied

for some @, >0 that does not depend on y -values.We impose that the final weight satisfy the calibration

constraint:
N
> ox, =X, (2.2)
ic4 i=1
Now, under (2.1), note that
. N N
Y -Y = {Zmix;B—Zx;B} + {Zwiei—Zel} = C+D. (2.3)
ied i=1 ied i=1

The first term, C, can be eliminated if the weights o, satisfy the calibration constraint (2.2). Consequently,

we have only to minimize the model variance of the term D. Note that

EC(D2 | A) = Z:a)[2 v, —22&),. v, +ﬁ:v,.,
=1

ied ied i
where subscript { represents the superpopulation model in (2.1). Thus, the conditional expectation in
E,(-| A) represent the model expectation conditional on the realized sample A. If the condition v, = 'x,
holds for some A, then the calibration constraint in (2.2) implies that
N
20 = 2V, (24)
ied i=1
and we obtain

Eg(D2|A) = Za)fv[—ivi.
=1

ied i

Therefore, minimizing the model variance of D under constraint (2.2) is equivalent to minimizing

ow) = D v, (2.5)
ied
subject to the same constraint. The optimal calibration estimator that minimizes (2.5) subject to (2.2) is then
given by
A N ~
Yo = 20,5 = Y xiB, (2.6)
ied i=1
where
N -1
o, = ZXZ (Zvlfl X, x:j v X,
i=1 ied
and
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-1
— -1 ! -1
- (zvi X; Xij zvi X; V-

ic4 ic4

This formulation reveals that the final calibration estimator can be interpreted as a projection estimator under
model (2.1). In other words, the calibration estimator using constraint (2.2) uses a regression super-
population model in (2.1) implicitly.

To achieve the design consistency, note that the approximate design-bias of the projection estimator is

) = (T 1 7)Y = S {xB,-v)

i=1

Bias (Y,

where

N -1y

— -1 ! -1

- z\,ﬂivi X; X; z,ﬂivi X,V
i=1 i=1

is the probability limit of ﬁv in (2.6) and F, ={(x,,»,);i=1,...,N}. The conditional expectation
conditional on F, represents the expectation with respect to the sampling mechanism. Thus, we can
estimate the bias by

ied

Bias ( pmj) = z;(xgﬁv_yi)

and obtain the debiased projection estimator

I}d o — B1as (

, proj - prOJ)

Il
M = -r:s’.< >
ol
:m >
+
]
|
<
Nx‘
=
N

(2.7)

The debiased projection estimator can be treated as a variant of the generalized regression (GREG) estimator
(Deville and Sérndal, 1992). The choice of ﬁ in the debiased projection estimator is not critical as the effect
of ﬁ in the debiased projection estimator asymptotically negligible. While the projection term is efficient
under the superpopulation model, the bias correction term is estimated using the design weights, which does
not necessarily lead to efficient estimation. We consider an alternative approach to debiased projection

estimator using model-assisted calibration in the next section.

3. Model-assisted calibration

In the previous section, the model-based projection estimator is modified to achieve the design
consistency by substracting a design-based estimator of the bias term. Another way of achieving the design

consistency in the projection estimator is to augment the covariate in the projection estimator (Sérndal and
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Wright, 1984). Specifically, we can augment x, to include z;'v.. In other words, by defining z, =

A — 71 — .
(x|, 7;'v,) and calculating 'y:(z vz, z;) Z;EAVI‘ 'z,y,, the property of the residuals ensures that

ied !

v, =z, ¥ fulfills

—_
=
|
=
N
N
<
"L
Il
N

thereby implying

|
e

zi (yi_j}i) =

ieAd ﬂ-[

3.1)

Condition (3.1) makes the bias correction term identically equal to zero, which implies that the projection

estimator Y .

internal bias calibration (IBC) condition, which is termed by Firth and Bennett (1998).

= zzl ¥, is already design consistent. In this sense, the condition (3.1) can be called the

Using the algebraic equivalence between the projection estimator and the calibration estimator, we can
express the projection estimator using the augmented covariate z, as a calibration estimator. That is, to
minimize the model variance éw while also adhering to the design consistency condition, our objective
narrows down to minimizing

z o] v, (3.2)

ied
subject to
N
Yoz =Dz, (3.3)
ied i=1
where z) = (x/, 7;'v,). Including 7" v, into calibration corresponds to the IBC condition in the projection
estimator.

Let @, be the solution to the optimization problem described above. Using the Lagrangian multiplier

method, it can be shown that the resulting estimator can be written as

N
oS _ ~ _ A
Y, =2dy =221, (3.4)
ied i=1
where
N ! -1
A -1 [
@, = (ZZ,} (Zv[ z[zl) z, /v,
i=1 ied
and
-1
Ao -1 ’ —1
g = (zvl. zizl.j Sz,
ied ied
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After some linear algebra, we can express (3.4) as

> r A i i 1 A
Yeal = ZX[Y1+ [E:ZIE—UZ:J Z_ (yi_X[YI)v (3-5)
2i

iU el Zai ) iea T

~ -] ~ ~ -] ~ ~ — 71 —
where z, =7'v, 7, = (Z,-EAVi 'z, Z;i) Z[EAvf 'Z,y, and Z,=X,-2, (Z,-EAVi l Zzzi) (Z[EAvf 'z, Xi)'
Comparing (3.5) with (2.7), the bias-correction term is further multiplied to a ratio adjustment term

-1

1%22 =(Zi€Aﬂ; lzzl.)_lzieu Z,,. The ratio adjustment term can improve the efficiency if the correlation
between é, =y, —x!7, and z,, = ;' v, is high (Fuller, 2009). If the regression model in (2.1) is correct and
the sampling mechanism is non-informative in the sense of Pfeffermann and Sverchkov (2009), then the
correlation is nearly zero and there is no efficiency gain of using (3.5) over the GREG estimator in (2.7).
On the other hand, if the sampling design is informative under the superpopulation model in (2.1), then
z,, = 'v, may contain extra information and the ratio-adjustment term in (3.5) can further improve the

efficiency of the resulting estimator.

Let y" be the probability limit of §. Using the standard argument, we can obtain
N'Y, = N' Y +o,(n"),

where

~H

diff ZZ;’Y* +z_ (yi —Z;'y*).

1
ieU ied ﬂ’-l’

Now, note that

E{(Y —Y)z} B
diff p= 77:1- i
where v, = E, {(y,. -7y \Z,.}. Thus, if the regression model specified in (2.1) is accurate, then v, =v,.
However, if the regression model does not accurately represent the underlying data structure, it is possible
to observe that v, <v. This discrepancy arises because the additional covariate 7;'v, improves the

prediction of y,, thus contributing to a more precise estimation.

4. Proposed method

Instead of the squared error loss in (2.5), we now consider maximizing the generalized entropy that does
not depend on the design weights, which was proposed by Kwon et al. (2024). Let G: V > R be a pre-
specified function that is strictly convex and twice-continuously differentiable. The domain of G is an open
interval V= (v,,v,) in R, where v, and v, are allowed to be —o and oo respectively. Using (2.1) as a
working model for model-assisted estimation, the generalized entropy method can be formulated as

minimizing
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D¢ G(w) 4.1)

ied
subject to (2.2) and
N
2og(d)e =3 gld)ec, (4.2)
ied i=1
where g(®w)=dG(w)/dw and ¢, is to be determined. Constraint (4.2) plays the role of achieving the design
consistency of the resulting calibration estimator and it is also called the debiasing constraint under model
heterogeneity. Because the proposed calibration weighting uses a superpopulation model and achieves
design consistency, it can be called model-assisted calibration using generalized entropy. Examples of

generalized entropies and their debiasing calibration constraints can be found in Table 4.1.

Table 4.1

Examples of generalized entropies, G(®), and the corresponding calibration covariates g, = g(z;")
Entropy G(w) g =g f(g) Domain V
Squared Loss o’ ;! 1 (—o0,0)
Empirical likelihood —logw -, n? (0,)
Exponential tilting o (log(w)-1) —log, ;! (0,%0)
Hellinger distance ~Jo -, m (0,0)
Rényi entropy (o #0,-1) +o* ! A ! (0,)

Notes: *=sgn(a+1)a iseither + or — and determined so that the corresponding G(@,) is convex. Multiplicative constants are ignored. [’
is the first-order partial derivative of f =g

To discuss asymptotic properties of the generalized calibration estimator, we assume a sequence of finite
populations and samples as discussed in Isaki and Fuller (1982). The following theorem presents the Jn-

consistency of the generalized entropy calibration estimator.

Theorem 1. Let @, be obtained by minimizing (4.1) subject to (2.2) and (4.2). Under some regularity

conditions stated in Appendix A, the resulting calibration estimator Agcal = Zie y @, y, satisfies

~ ~

geal = chal,[ + Op (n_l/zN)’
where
il N y * 1 y *
Vs = 220,42 — (v=77,), (4.3)
i=1 iced ‘¢

z,=(x,g(d)c) and 72 is the probability limit of ¥, given by

-1
¥, = (Z%%ZZJ >z y. (4.4)

icd ic4

with q,=g'(d))c;.
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By Theorem 1, the proposed calibration estimator is asymptotically equivalent to the debiased projection

estimator using the augmented covariate z:

dprOJ ZZ 1, +Z ( )

ieU i€Ad i

Using the same argument for (3.5), we can express

>

ieU T, Zy; ied TT;

ied ! !

. v 22i 1 S
Yd,proj = ZXI YI+LZZ:IE—U12JZ_(.);[_X[’YI) (45)
2i

where z,, = g(d,)c,,

ie4 ied

-1
7, = (Z%lih—ibj .42,y

and Z,, :Xl-—Zz,-( i 1z;) (Z q; 'z, X ,) When the sampling mechanism is informative, then the

ratio adjustment term improves the efficiency of the bias-correction term in (4.5).

Note that Theorem 1 does not use the superpopulation model in (2.1) as an assumption. If the super-

population model is indeed correct, then we obtain y* = (f',0)" and
Yoeer = ZX [3+Z —XB ( ’”2N).
leA

In this case, the asymptotic variance of Y;cal

V (V) = V(iyi}rE{ZN: (7' -1) vl}, (4.6)

is equal to

i=1

which achieves the Godambe-Joshi lower bound of the anticipate variance under the model in (2.1). The

optimal design minimizing the asymptotic variance (4.6) under a fixed sample size is achieved when

which was first established by Isaki and Fuller (1982).
If the superpopulation model is incorrect, Theorem 1 is still applicable and the asymptotic variance of

Y, . is equal to

i=1 i=1

I%&WJ)=V{ﬁhﬂ+E{ﬁXﬁf—0(%—d7vﬁa 7

On the other hand, the classical calibration estimator éDS of Deville and Sérndal (1992) can be described as

minimizing

0(0) = Yd,Go/d)c, (4.8)

ied
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subject to the calibration constraints in (2.1), where d, =7x;'. Let @, be the solution to the above opti-
mization problem and I?DS = Zie , @y, be the resulting calibration estimator. Under some conditions on
G(), fDS is asymptotically equivalent to the classical GREG estimator given by
N A A
YAGREG = ZI:X: Bos + z_ (yi -X; BGLS)

1
iea T,

i
where

-1
ﬁGLS - (Zdixixg/ciJ zdixiyi/ci'

ied icd

Here, the subscript GLS denotes the generalized least squares method. Thus, ignoring the smaller order
terms, satisfies
N N N 2
V(YDS) = V(Zlyl)us{zl (=" =1) (»,-x/B") } (4.9)
where B° is the probability limit of ﬁGLS. Comparing (4.7) with (4.9), the additional covariate g,c, in z,
can improve the prediction power for y,. Thus, the proposed calibration estimator is more efficient than the

classical calibration estimator when the superpopulation model is incorrect.

Remark 1. The above theory is established for any c, in the calibration problem using (4.1) and the choice
of ¢, is somewhat flexible. In practice, we can use either c,=v, or use ¢,=v,/ g'(d,). For the choice of
¢, =v,/g'(d,), we can obtain q, =v, which leads to model-optimal regression estimation when the model

variance v, is correctly specified. Further investigation on the choice of ¢, will be pursued in the future.

For variance estimation, we can use the main result in Theorem 1 to obtain the following linearization

variance estimator.

I’/‘-()}gml) _ ZZ -~y Vi~ Y, ~LY, (4.10)

ied jeAd ﬂij 7-[,' 7'[].

where 7, is the joint inclusion probability and ¥, is defined in (4.4).

g

5. Model-based justification

The proposed method in Section 4 does not require that the superpopulation model in (2.1) is correctly
specified. In this section, we will investigate statistical properties of the proposed estimator under the

superpopulation model.

Under model (2.1), we can express
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where the second equality holds by (2.2). Because e, has zero expectation, we can expect that £, ()9g

cal

Y ) =0 under the model. Now, assuming v, = x; A for some A, the model variance is

E{(Ygl —Y)Z} E {Z 52, _iv’}

ic4

E {Z(éﬁ—c@.) v,}

ic4

(5.1)

where the second equality holds by (2.2) and the fact that v, is a part of x,. Note that the above variance is

exact in the sense that the result does not require that the sample size be large.

Thus, to improve the finite-sample performance of the design-based variance estimator using the super-
population model, we may employ the weighted residual technique of Sérndal, Swenson and Wretman
(1989) to obtain

p =SS0 G666 (5.2)

ied jeAd 77:,']'

as a modified variance estimator of Y,

wa- Under the design-based approach, @; converges in probability to

=" and the above variance estimator is asymptotically equivalent to the design-based variance estimator in

(4.10). Also, if the superpopulation model is correct, then é, will converge to e, and we obtain

E{Zz%_—%@ieﬁie}} = E{Zcbf(l—ﬂ,-)vi}

ied jeAd ﬂ’-,] ied

= E{Z(c?)f—(bi)vi}

ic4

which provides a model-based justification. Therefore, we expect that the proposed variance estimator in

(5.2) has a better performance in finite samples, especially when the regression model (2.1) is correct.

6. Computational details

A dual problem to the constrained problem in (4.1) is minimizing

0,(1) = D¢ F(ziy/c)- 2z, (6.1)

icAd ieU
where F is the convex conjugate of G satisfying F(w)=-G(g ' (»))+ g ' (0) w. Let f(®)=dF(0)/ do.
The solution to the dual problem can be expressed as
o/ (1) = fZy/c). ieA

where f =g'. Although (6.1) is a low-dimensional unconstrained problem, it requires a closed-form
expression for F, which is not always possible. In this case, we can consider the primal problem of

minimizing
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0,(0) = zciG(wi)-'—i/lk (zwixik_ﬁxﬂ(j +A’p+l(zw[gi i_igiviJ (6.2)

ied k ied ied i

with 4, »> o for k=1,...,p+1. Since Q,(®) is a convex function, the unconstrained optimization in (6.2)
is easier to handle than the constrained optimization. In R, we can use optim function with “L-BFGS-B”
option to solve (6.2) with range constraints in the final weights. Furthermore, if x, is high dimensional, we
can relax the hard calibration by allowing some of A, bounded. This is directly related to soft calibration
(Chambers, 1996; Guggemos and Till¢, 2010)

A dual problem to the unconstrained problem in (6.2) is minimizing

0,(v) = D F(zy/e)-D 2y +y'diag (4, ..., A1) v, (6.3)
ied ieU
where F is the convex conjugate of G. As A — oo, the last term of (6.3) vanishes and (6.3) coincides with
the dual problem of the exact calibration method in (4.1). A justification of the dual problem in (6.3) is
presented in Appendix.

The proposed methodology can be implemented using the open-source R package GECal at
https://CRAN.R-project.org/package=GECal. By suitably specifying a model that is associated with the
calibration constraints, GECal performs various kinds of calibration weighting, including Deville and
Sarndal (DS) method and the proposed generalized entropy calibration (GEC) method. The package pro-

duces the calibration weights, survey estimates, and their standard errors for statistical inference.

7. Simulation study

We consider two simulation studies. One is based on a synthetic finite population and the other is based
on a real survey data. In the first simulation, we know the true superpopulation model. Thus, we can evaluate
the performance of the proposed methods under the correct model as well as under the mis-specified model.
When a real data is used in the simulation, we do not know the true superpopulation model that generates

the finite population. Thus, the second simulation study reflects a more realistic situation.

7.1 Simulation study one

In the first simulation, we generate a synthetic dataset to test our theory. A finite population {(x}, y,):
i=1,...,N} ofsize N = 5,000 are generated as follows: The auxiliary variables X, = (x,, x,,, X;;)’s were
generated from x, ~ N (2,1) for j=1,2,3. The experiemental design for the simulation study can be

described as a 2x2 factorial design with the following two factors.
1. Data generating model: linear versus nonlinear model.

2. Sampling mechanism: non-informative sampling versus informative sampling.

Statistics Canada, Catalogue No. 12-001-X
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We consider two different data generating models for the study variable y,. One is a linear regression
model y, =2+x, +2x, +3x, +e, and the other is a nonlinear model y, =2.5+x; +exp(x,,)/2+e, where
e, ~ N(0,v,) independently with v, = exp(—x, + x,;). From each finite population, samples are repeatedly
selected using a Poisson sampling whose inclusion probability is either 7, =expit(—1+0.1x, -0.1x,, - 0.2
x,,) for non-informative sampling or 7, = expit—(1.25+0.1 (—x,, + ¢, + x,;¢;)) for informative sampling. The
inclusion probabilities are truncated above at 0.07 to avoid extremely large design weights. Both sampling

design have expected sample size E(n)= 1,000. The size of the Monte Carlo sample is B = 1,000.
We consider the following point estimators.
* Hajék estimator
* Deville and Sdrndal (DS) estimator );Ds = Z,-EA o, y;, where @, solves the optimization problem
(4.8) subject to (2.1) using ¢, =1.

» The proposed generalized entropy calibration (GEC) estimator using ¢, =1.

For the DS and the GEC estimator, we used G(w)=-logw (EL), G(®w)=wlogw (ET), and G(w)=
®’(SL). Note that the DS estimator using SL is exactly equal to the classical GREG estimator and the DS
estimator using EL is equal to the pseudo empirical likelihood estimator of Wu and Rao (2006). Also, under
Poisson sampling, the GEC estimator using EL is equal to the empirical likelihood estimator of Oguz-Alper
and Berger (2016).

For variance estimation, we used the linearization variance estimator in (4.10) (Varl) and weighted
residual variance estimator in (5.2) of Sdrndal et al. (1989) (Var2). We computed a relative bias of the

variance estimator and the coverage rate of its 95% level confidence interval.

Table 7.1 presents the performance of the point estimators and their variance estimators under four

scenarios. The ?-statistics is computed by

A _ B A
E,.(0)-0 _ \/E B! k:lem_e

m {(B—l)’IZ:f:1 @ _9—3)2}”2 ’

where B = 1,000 is the size of the Monte Carlo sample and 0" denotes the realized value of  obtained
from the k& -th Monte Carlo sample. The T-statistic is a test statistic for testing H,: E (é) =0.

T =

Overall, all the estimators considered revealed negligible bias. When the superpopulation model is linear
and the sampling scheme is non-informative, the DS estimators and GEC estimators exhibit similar perfor-
mance. However, the GEC estimators show smaller standard error than the DS estimators especially when
the super-population model is non-linear or when the sampling scheme is informative. Under a linear model,
the GEC estimators showed a dramatic decrease in standard error compared to the DS estimators under the
informative sampling design. This is because there was a great increase in the prediction power of y,’s after
adding the design covariate g(d;). When it comes to the variance estimation, the two variance estimators

show similar performance.
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Table 7.1

t-statistics and standard error (SE) of the point estimators and relative bias (RB) and 95% coverage rate (CR)

of the variance estimators, based on B = 1,000 Monte Carlo samples

Var estl Var est2
t SE RB CR RB CR
Linear model with non-informative sampling
Hajék 0.09 593 0.089 0.96 0.089 0.96
EL DS 0.19 283 0.011 0.95 0.011 0.95
GEC 0.26 284 -0.014 0.94 -0.002 0.95
ET DS 0.17 282 0.013 0.95 0.011 0.95
GEC 0.19 282 0.001 0.94 0.004 0.95
SL DS 0.17 282 0.017 0.95 0.013 0.95
GEC 0.22 282 0.001 0.94 0.002 0.95
Linear model with informative sampling
Hajék 1.67 607 -0.087 0.93 -0.087 0.93
EL DS 0.25 275 1.177 0.99 1.154 0.99
GEC 1.33 121 -0.059 0.93 -0.019 0.93
ET DS 0.22 274 1.184 0.99 1.158 0.99
GEC 0.74 120 -0.022 0.93 -0.023 0.94
SL DS -0.55 337 0.448 0.97 0.438 0.97
GEC -0.84 173 -0.054 0.92 -0.059 0.93
Nonlinear model with non-informative sampling
Hajék 0.54 1284 0.036 0.95 0.036 0.95
EL DS -0.07 758 0.092 0.96 0.097 0.96
GEC 0.15 750 0.008 0.95 0.027 0.95
ET DS -0.51 757 0.095 0.96 0.095 0.95
GEC -0.20 752 0.012 0.95 0.020 0.95
SL DS -0.78 766 0.070 0.95 0.066 0.95
GEC -0.31 760 0.004 0.94 0.010 0.95
Nonlinear model with informative sampling
Hajék 0.72 1391 -0.088 0.94 -0.088 0.94
EL DS 1.02 746 0.192 0.97 0.199 0.97
GEC 0.70 695 -0.017 0.95 0.002 0.95
ET DS 0.48 746 0.191 0.97 0.195 0.97
GEC 0.13 692 -0.006 0.95 0.006 0.95
SL DS -0.10 777 0.097 0.97 0.099 0.96
GEC -0.64 700 0.008 0.95 0.017 0.94

Note: EL = empirical likelihood; ET = exponential tilting; SL = squared loss; HD = Hellinger distance; DS = Deville and Sdamdal; GEC =

generalized entropy calibration.

7.2 Simulation study two

In the second simulation study, we apply the proposed methods to the 1998 Survey of Mental Health
Organizations (SMHO), which provides information on mental health care facilities and general hospital
mental health services. This dataset, available in the R package PracTools, is originally survey data
without population totals on auxiliary variables. For illustration, we treated the sampled data as a pseudo-
population and repeatedly drew samples. We excluded nine observations with unusually high total expendi-

ture of a health organization (>10°$), resulting in a final sample of 866 observations.

The total expenditure of a health organization (EXPTOTAL) is the study variable, which ranges from
141.36 x10°$ t0 93.11 x10°$. An auxiliary variable related to the study variable is the end-of-year count of
patients on the role (EOYCNT). The model R’ is 0.1229, implying a weak positive linear relationship
between EOYCNT and EXPTOTAL. The sampling scheme is a stratified Poisson sample with five strata,
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with a measure of size proportional to the squared root of the number of beds plus one (\/BEDS +1). The
expected sample size is E(n)=50. Similarly to the simulation study, we computed the Hajék estimator,
Deville and Sarndal (DS) estimator, and the proposed generalized entropy calibration (GEC) estimator. For
DS and GEC estimators, three different entropies are considered: empirical likelihood (EL), exponential
tilting (ET), and Hellinger distance (HD, G(w)= o ). We did not incorporate the variance model
v, =V (Y, |x,) in weighting the generalized entropy. The Monte Carlo bias (Bias), standard error (SE), and

root mean-squared-error (RMSE) of the point estimators are presented in Table 7.2.

As expected, all the estimators considered exhibited negligible design bias. A mild association between
the study variable EXPTOTAL and the auxiliary variable EOYCNT led to the lower RMSE of the DS and
GEC estimator compared to the Hajék estimator. However, the strong prediction power of the debiasing
covariate ( g(m )) on the study variable (EXPTOTAL) significantly reduces the variance of the GEC
estimator compared to the DS estimator. Among the GEC estimators with three different entropies, HD

entropy provided the smallest RMSE.

Table 7.2
Bias, SE, and RMSE of the point estimators using smho dataset (x10°)
Point est
Bias SE RMSE
Hajék 0.79 15.86 15.88
EL DS 1.45 14.81 14.88
GEC -0.56 13.22 13.23
ET DS 1.38 14.74 14.80
GEC -1.41 13.26 13.33
HD DS 1.41 14.78 14.85
GEC -0.86 13.02 13.05

Note: SE = standard error; RMSE = root mean-squared-error; EL = empirical likelihood; ET = exponential tilting; HD = Hellinger distance; DS =
Deville and Sarndal; GEC = generalized entropy calibration.

8. Concluding remarks

The generalized entropy calibration has been introduced as a new method for model-assisted calibration
weighting. The proposed method is design consistent and is efficient when the underlying model is correct.
The efficiency gain is significant over the method of Deville and Sérndal (1992) when the sampling design
is informative. However, the proposed method is applicable when the first-order inclusion probabilities are
available throughout the finite population. Otherwise, the efficiency gain may not be achieved. An R-
package, GECal, has been developed to implement the proposed method.

There are several possible extensions of the proposed method. The proposed method can be directly
applicable to nonresponse weighting adjustment. Doubly robust (Kim and Haziza, 2014) or multiply robust
(Chen and Haziza, 2017) calibration weighting method can be developed in this case. If the response
mechanism is not ignorable, then a nonignorable nonresponse model can be considered. In this case, the

empirical likelihood approach of (Qin, Leung and Shao, 2002; Liu and Fan, 2023) can be modified to solve
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the problem. Furthermore, the proposed method can be used to develop a method for data integration (Chen,

Li and Wu, 2020). Such extensions will be investigated in the future.
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Appendix

A. Regularity conditions
We prove Theorem 1 under the following regularity conditions:
[Al] G(w) is strictly convex and twice continuously differentiable in an open interval V.
[A2] There exist positive constants v,,v, € V such that v, <7z, <v, fori=1,..., N.

[A3] Let 7, be the joint inclusion probability of units 7 and j and A, =7, —7,7,. Assume

lim sup N max Aij | < 00.

N—ow i,jeU:i#j
[A4] Let z,=(x),g(d,)c,). Assume X, = ]lvim Z ,Z:Z;/ N exists and positive definite, the average
—0 e N
i=1

4th moment of (y,, X)) is finite such that limsup,, Z-— ||(y,., x;)"4 / N <o,

B. Proof of Theorem 1

Using Lagrange multiplier method, the optimization problem can be expressed as maximizing

0,(w,%) = =D G(w)c, +1 (Za)izi—ﬁ:zij.

Since

_Qz = _g(wi) ¢ +;\"Zi’
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the maximizer can be expressed as

wz*()") = g71 (;";Xz‘ /Ci +’12 gi)
where g, = g(d,). Now, we can express

chal = )’}gcal (5\') = za)z*(i) yi

ied
where A satisfies (2.1), we can express
> * 0 N * 0 '
chal = za)i ()") Vi +(zzi —Za)[ (;") Z[J Y
i=1

ic4 ied
=0

=7, (0 ).

The asymptotic existence and uniqueness of A that satisfies (2.1) can be justified following Kwon et al.
(2024) under Conditions [A1] — [A4]. Let .~ be the probability limit of . Since A satisfies 2.1, A
should satisfy

E{Zw:()»*) z, ]:N} = iz[,

i =
=3 el (),
which implies that
o (3) = 7' =d,
or
gl (X /e, +g(d)A;) = d.

Since g(-) is one-to-one, we get A, =0 and A, =1.

Now, to obtain the linearization, we use the technique of Randles (1982) as discussed in Kim and Rao
(2012). That is, we wish to find y~ such that

0 o .+
E<—Y (M, =0
{a)\.  ( 'Y)}

holds at Y =7". Now, since

a N * 1
_Y/ )\" = "
a gg@ﬁﬂm»

(yi _Z; Y) z; /Ci’

we obtain

Therefore, we obtain (4.3).
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C. Proofof (6.3)

Note that (6.2) is equivalent to solving

arg min ZCiG(a)l.) + u'diag(4,...,4,, ) u (C.1

weR", ueR”" g

subject to

w=Ywz-Yz,

icd ieU

The Lagrangian of (C.1) is

L(o,u,y) = ZCI. G(w,)+u'diag(r) u+y'(u—(za’i Z _le—)) (C.2)
icd ic4 ieU
for @, u, and y € R”"'. Differentiating with respect to ® and u gives
¢g(@) Y
% _ 1 ) 1 B 1:
o® ' ;
cng(wn) Zn Y
and
or _ 2diag(A) u+7.
Ou

Plugging the above equations to (C.2) gives

-0,(1) = D2[G(f@)~fEv)zy ]|+ 2y —v'diag(h) 'y,

ied ieU
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