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sCHAID: A tool for constructing nonresponse adjustment
cells under a design-based framework

Jean D. Opsomer and Minsun K. Riddles!

Abstract

Survey practitioners have increasingly embraced the benefits of modern machine learning techniques, including
classification and regression tree algorithms, in the development of nonresponse adjustments. These methods,
which do not require a predefined functional relationship between outcomes and predictors, offer a practical
means of conducting variable selection and deriving interpretable structures that link response propensity with
explanatory variables. However, when applying these algorithms to survey data, it is common to overlook crucial
factors like sampling weights, as well as sample design features such as stratification and clustering. To bridge
this shortcoming, we propose an extension of the Chi-square Automatic Interaction Detector (CHAID) approach,
and we describe the design-based asymptotic properties of the resulting “survey CHAID” (sCHAID) method. To
facilitate the practical use of sCHAID, we incorporate a Rao-Scott correction into the splitting criterion,
accounting for the survey design. Using data from the U.S. American Community Survey, we illustrate the use
of the method and evaluate its performance through comparisons with existing weighted and unweighted
algorithms.

Key Words: Chi-square test; Recursive partitioning; Response propensity.

1. Introduction

Accounting for unit nonresponse is a crucial component of survey estimation and a key step in the
creation of survey weights. Most commonly used approaches rely on postulating a response propensity
model and creating weights that are inverses of estimated response propensities. The propensity models can
be either explicitly stated or only implicitly, through the specification of covariates that are thought to be
related to the response propensity. When the models are explicit, they can be either parametric, with the
logistic regression model a common choice, or nonparametric, and the estimated response propensities are
obtained as regression model predictions. The implicit approach does not specify a model and instead
relies on calibration methods to obtain weights that account for the design, the response mechanism and
population-level knowledge in a combined adjustment. Because the goal is almost always to create weights
that can be applied to all the survey variables, all these approaches rely on the missing-at-random (MAR)
assumption. We refer Brick (2013) for an overview of the different frameworks for obtaining response

propensity weight adjustments.

Dividing the sample into weighting cells and applying an equal-propensity adjustment within each cell
is a common method of obtaining weight adjustments. That method can be justified under multiple explicit
models or as post-stratification under the implicit model calibration approach. The response homogeneity
group (RHG) model (see Sérndal, Swensson and Wretman, 1992, Chapter 15.6) assumes that the underlying

propensity model consists of cells in which sampling units respond with equal (but unknown) probability.
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218 Opsomer and Riddles: sCHAID: A tool for constructing nonresponse adjustment cells under a design-based framework

The cells can be assumed known, for instance by using demographic post-strata as RHG cells, or can be
determined based on the sample. The latter is attractive if the number of potential covariates along which to
define weighting cells is large relative to the sample size. As will be made more precise in later sections,
we will assume here that the responses follow the RHG model, with weighting adjustment cells to be
selected by the Chi-square Automatic Interaction Detection (CHAID) algorithm, a popular type of recursive
partitioning. Other authors have relied on the RHG model and proposed alternative recursive partitioning

methods to create the adjustment cells, see for instance Phipps and Toth (2012).

As an alternative to the RHG model, a parametric functional form such as a logistic regression can be
assumed for the response propensity model. However, even in that case, the weight adjustments are often
applied as equal adjustments within cells (Little, 1986). This is implemented by dividing the model-
predicted propensities into cell and averaging the predictions within each cell to obtain a single weight
adjustment. Since these averaged predictions are now estimating an approximation of the true response
function unlike in the RHG model, approximation bias issues involving the number and size of the cells
need to be addressed when implementing this approach. The use of equal quantiles of the predicted

propensities to define the cells is a common approach, see for instance Eltinge and Yansaneh (1997).

CHAID is a recursive partitioning algorithm originally proposed by Kass (1980) and has been used in a
wide variety of fields as a classification and data mining method. In the survey context, which is our interest
here, it is often used in the construction of weighting cells for nonresponse adjustments. The usual approach
consists of fitting a classification tree to the unweighted dataset using CHAID, with the nodes of the
resulting tree defining the weighting cells. Following this, the nonresponse weighting adjustments are
computed as inverses of the weighted response proportions in each cell. Hence, this method to construct the
nonresponse adjustment is implemented as a hybrid of unweighted and weighted approaches. While it is
generally found to work well, there is a concern that ignoring the design could lead to inaccurate determi-
nation of the weighting cells. Further, its hybrid nature makes it difficult to study or justify theoretically.
The goals of this article are to introduce sCHAID, a fully design-based version of CHAID, and to study its

asymptotic and practical properties.

The literature on recursive partitioning in the design-based context is limited. The most comparable
methodology for recursive partitioning that accounts for the sampling design is that proposed by Toth and
Eltinge (2011), which is based on the approach of Gordon and Ohlshen (1980) and is implemented in the R
package rpms (Toth, 2017). Another recent approach is that of Beaumont, Bosa, Brennan, Charlebois and
Chu (2024), who propose a design-based recursive partitioning method based on the Classification and
Regression Trees (CART) of Breiman, Friedman, Olshen and Stone (1984) to create selection probability
cells for weighting of nonprobability sample data. We will compare our approach to that of Toth and Eltinge

(2011) in simulations.

The remainder of the article is structured as follows. In Section 2, we introduce the response propensity
model and the proposed estimation approach. Section 3 describes the asymptotic design-based properties of
sCHAID. In Section 4, the results of a simulation study comparing SCHAID and CHAID are shown.
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2. Notation and description of sSCHAID

Let I, represent the sample membership indicator for i €U, with U denoting the population of size N.
The sample s c U is selected according to the sampling design p(s), which determines distribution of the
I, and in particular the inclusion probabilities 7, =E(/,), 7; =E([,{,),i, j €U. The response indicators R,
are independent Bernoulli random variables with E(R)= p,,ieU. We allow the p, to depend on the
sampling design but not on the realized sample §, a common setting for response propensity modeling (see
e.g. Shao and Steel, 1999). While the independence of the response indicators is commonly assumed in the
development of nonresponse adjustments, it is not always warranted, for instance when there is a notable
interviewer effect on unit-level nonresponse in personal-visit or telephone surveys. For simplicity, we will

continue to restrict our attention to the independent case.

Under the RHG model,
G
pi = Zl{ieU;}Pg’ (2'1)

where I, =1 if event D is true and 0 otherwise, and the non-overlapping response homogeneity groups
U:, of size N, Z, are defined by the intersections of K categorical (or “categorized”, if originally continuous)

auxiliary variables X, ,k =1,...,K. The portion of the sample s that falls in U; is denoted S; =5N U;.

If G is modest relative to the sample size #, it would be reasonable to simply use the groups defined
by the intersections of the auxiliary variables as adjustment cells. We are interested in the setting in which
the number of cells obtained in this manner is too large to be practical, so that choosing a smaller number
of cells is of interest to improve the stability of the survey weights. We will use SCHAID for this purpose.
The algorithm will be based on a sequence of “sample splits” according to the values of categorical variables

defined on the population units, so we first define notation for the relevant subsets here.

Let X, .k=1,...,K represent the values of the categorical variables for sampling unit i, taking values
1,...,L, (possibly after converting categories to integers). For simplicity of notation, we will assume that
L, =L forall k, but the case with unequal numbers of values is readily generalized to. For each variable
X,, we define the subsets U,,,/ =1,...,L of size N,,, corresponding to the set of units with X,, =/. The
U,, are non-overlapping for fixed k. The G =L" response homogeneity groups U; are obtained as
intersections of the subsets U,, for k=1,...,K and /=1,...,L. We write 4,, for the set of indices g such
that U, cU,;, and we note that deAL N, = N,. In other words, 4, defines a “slice” among the response
homogeneity groups corresponding to value / of categorical variable X,. Analogously, we write s,, for

the portion of s that falls in U .

The sample splits are chosen by comparing the average response propensity in sample subsets defined
by the auxiliary variables. Since the true propensities are unknown, this is implemented in sSCHAID (and
CHAID) by performing statistical tests based on the estimated response propensities (see below). If X, is
an ordinal variable (or a categorized continuous variable), we wish to compare the average propensity in
U,, with [ less than or equal to a target category, to the average propensity in the U,, with / larger than

that target category. In other words, a split at / for an ordinal variable X, will define two subsets
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Uy = VqUy and U, =, Uy

Ik

Similarly for a purely categorical variable, a split at / defines two subsets
U, = UZZ and Uk,c = Uy UZZ'-

In what follows, we will ignore the distinction between the types of auxiliary variables and use the
w,,u

kl*
define the sets of indices Ak,,Ale,, population subset sizes N,C,,Nk[c and samples 8555, e corresponding to

) notation when discussing the population subsets being evaluated. Analogously as above, we

Uy>U,,., respectively.

To clarify this population structure, Table 2.1 shows an example with K =2 ordinal variables, each with
L =35 categories. In this case, the population U is partitioned into G =25 subsets U;, with each g
corresponding to a unique combination of values for (X, X,) but otherwise arbitrary. We can define the
subsets U,, as the columns of the grid in Table 2.1 or equivalently as a set of 5 indices 4, — {1,...,25}, and
similarly, the subsets U,, as the rows of the grid with corresponding index set A4,,. For instance,
A, =1{2,7,12,17,22} is the index set for U,, = {i: X,, = 2}. Finally, we can define a sample split for X, at
[ as the subsets U,, ={i: X,, </} and U, ={i: X, > [}, with index sets Al,,AuL, defined as the unions of
the corresponding 4, and similarly for a sample split on X,. For instance, the split for X, at /=2 results
in the subsets U,, with 4,, ={1,...,10} and U . with 4. ={11,...,25}.

22¢

Table 2.1
Example of RHG population structure for K =2, L=5

k)= (1,1) (1,2) (1,3) (1,4) (1,5)

ngz{ 2.1) 1 2 3 4 5 }Uzv
“ 22 6 7 8 9 10 ’
(2,3) 11 12 13 14 15
X, >2{ (2,4) 16 17 18 19 20 }U;
(2,5) 21 22 23 24 25
Considering a particular U,,, we define the average response propensities
D
ieUy 1
B, ==, (2.2)
Nkl

which can also be written as a weighted average of the R; ,g €4,

* ok
deA,d Nng

R, =
Ny

In the investigation of the asymptotic properties of SCHAID (see Section 3), N will increase to infinity.

Even though population quantities such as P, therefore depend on N, we will not write this explicitly.
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We define the Horvitz-Thompson (HT) estimator of Pg* , the response probability in U; as

1
. 2R

R, = — (23)

and denote its conditional expectation with respect to the sampling design as

L ZU;R[
R, = =
4

The survey estimator of the average response probability in subset U,, can be defined as either a HT-type,

Y LR Y. Nk

= €4 g
Pu = = £

Nkl Nkl

or a Hajek (HA)-type estimator,

Pu = Zf" 5 ZgEsz;Eg
Nu Nu

(2.4)

with Ny = zg N Z and N g = zs* 1/ r,. Both are functions of the 1~€g in (2.3), which will be useful when

we study the theoretical properties of the estimators, but is not used explicitly when computing estimates.

€Ay

We will focus on the HA estimator in (2.4) in the selection of the sSCHAID splits, because it does not require

knowledge of the N,, and it is generally considered more efficient than the HT estimator.

While CHAID relies on a y” test for iid observations to determine whether B, and P,

we replace this by a Wald test using Py and ?)kl", so that the sampling design can be accounted for. We

are different,

only consider the Wald test in the theoretical investigation here, but in practice it can be replaced by one of
the approximations from Rao and Scott (1981), as implemented in several survey packages. The test statistic
is
Bu—Pu)
" (Pu —Pu )
Vi

Wu = 2.5)
with 7« a scaled design-based variance estimator to be specified in the next section. The p -value for the

test is
Gy = Pr(y>>Wa). (2.6)

In sSCHAID, the test statistic (2.5) will be computed not only on two groups within the overall sample, but
also within subsamples obtained during prior iterations of the sSCHAID algorithm. Let s° represent such a
subsample. In that case, the sample groups s,, and its complement s, . are understood to be within s" only,
and the test statistic is likewise only computed on s’. For simplicity, we will not make explicit which

subsamples are used and continue referring to s,, and s,,..
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CHAID constructs the classification tree by performing a set of statistical tests at each step to select and
split one of the available tree nodes into smaller nodes. Many variants of the algorithm exist, depending on
the significance levels used to determine splits, on the allowable splits, on the algorithm stopping criteria,
etc. Most of these can be implemented in the SCHAID context as well. In order to be able to study the
proposed method asymptotically, however, we consider a streamlined version of the algorithm here.
Specifically, the proposed sSCHAID algorithm proceeds to divide the sample into subsamples (“nodes”) as

follows:
Step 1:  the sample consists of a single node.

Step 7:  the number of nodes increases from »—1 to » by performing a binary split on one of the
existing nodes, with the splits respecting the ordinal or categorical nature of the auxiliary
variables. The eligible splits in step » consist of all splits that result in further divisions within
the nodes, including splits on variables already used at prior steps. The p -values of the Wald
tests W u onall eligible splits are computed, and only those with p -values less than a prede-
termined value « are considered further. Among those, the one with the smallest p -value is
selected for splitting. The split consists of classifying the node sample units into two sub-
nodes, corresponding to whether they belong to U,, or U, . for the selected test. If none of

the p-values are less than «, the algorithm stops.

Step R: the algorithm stops when R nodes have been created, unless it stopped earlier due to lack of

eligible splits.

The outcome of the sSCHAID algorithm is a set of at most R nodes, which are uniquely determined by
the sequence of splits. These splits, in turn, are determined by the values of the auxiliary variables that
correspond to minx ¢, (or equivalently, to max V,I}kl) at each step, where it is understood that splits at later
steps are conditional on those performed earlier. We will use the notation 7, to denote the sSCHAID
outcome for sample S, expressible in any of these forms, and develop its theoretical properties in the next

section.

3. Theoretical results

We will study the properties of sSCHAID under a joint design and model framework, using the reverse
approach (Shao and Steel, 1999). Under this approach, the respondents are first drawn at the population
level as realizations of N independent Bernoulli random variables with expectation p,,i=1,...,N, as
defined in (2.1). Then, the sample s is drawn from U according to the specified sampling design p(s),
independently from the realized population response status. The finite population is embedded in a sequence
indexed by N, and we let N — . The sampling design p(s) depends on the population and hence also
changes with N.

Statistics Canada, Catalogue No. 12-001-X
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In the following assumptions, we state sufficient conditions under which we will prove theoretical results
for the proposed sCHAID method.

A.l. The number of response homogeneity groups G is fixed and there exists A, > 0 such that N; /N>
for g=1,...,G. There exists 0< A, <A, <1 such that A, <R; <A for g=1,...,G.

A.2. For any combination of groups Ak,,Ale that are eligible to appear among those evaluated by the
SCHAID algorithm, no two values (B, =P ' /V,, are equal to each other unless P, _P1ch =0. The

number of eligible splits across the whole population is at least R.

A.3. The sampling design p(s) is such that there exists a number N, so that, for all N> N, n; 21 for
g=1,...,G with probability 1. The sample size n is non-random and satisfies n/ N — A,, with
2, €(0,1).

A.4. For any bounded, non-random variable z,, the vector of HT estimators Z =(Z,....2)" with

~F

z,= Zs, f,— / N g* has the following asymptotic distribution:
Jn (Z “E@Z )) = N0, V)
with respect to the sequence of sampling designs, for some matrix V..

A.5.  The inclusion probabilities satisfy 7, > ;> 0, m; 2 A >0 forall i,jeU for some constants s, Aq.
Also,

lim 7 max [A;| <o
Now  i,jeU;i#j

with A,.J. =7, —m7,, and

[A

lim  max  E(1-m) LI, -m,))=0.

Nowo i, j,i,jeU;i#j#i'#]

Assumption Al ensures that the response homogeneity group model in (2.1) remains valid and fixed in
the sequence of populations, and that the response probability is bounded away from 0 and 1 everywhere.
The former assumption is made to simplify the theory and could be relaxed by allowing G to grow with
N at a suitably slow rate. The latter assumption is made to avoid degenerate variance components.
Assumption A2 is made to avoid ties among the split selections, which could be handled at the cost of more
complicated notation and results, and to ensure that the probability that the sSCHAID algorithm ends before
R steps due to lack of eligible splits goes to zero. Assumption A3 specifies regularity conditions on the
sampling design, preventing the appearance of empty domains for sufficiently large /N, and ensures that
the sampling fraction does not become negligible. Assumption A4 states that the sampling design has a
Central Limit Theorem for HT estimators. This is a common assumption in asymptotic investigations of
survey estimators, because specific designs have different conditions to ensure the normality of their
associated estimators, while for others the asymptotic normality is used for inference in practice but has not

been formally established in the literature. Finally, the bounds and rate conditions on the inclusion
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probabilities of different orders in assumption A5 are made to ensure existence of the HT estimator and the

unbiased estimator of its design variance, which is of order O(n™") and can be consistently estimated.

Lemma 1. Under assumptions AI1-A5, the vector R = (1~3T,...,1~i’2 Y has the following asymptotic distri-

bution with respect to the response mechanism and sequence of sampling designs:

Jn R =P )= N (0, V) 3.1)

with P"=(P',...,P.)" and V, the matrix with element gg' equal to

* _ n ppj n 1
Vi = —=S3A 20 S p-p).
s NNUZ; mw ‘“‘N;Uz;n[p( #)

J

The estimator

'J_i_' I
7T m, 7T {g=¢}

L NR.(1-Ry) (3.2)

g

e
Ve =

is consistent for V i

o With respect to the response mechanism and sequence of sampling designs.

Proof of Lemma 1: We apply Theorem 1.3.6 from Fuller (2009) to obtain the asymptotic distribution under the
combmatlon of the response mechanism and samphng design. We first consider the population average R =
z R /' N, the conditional expectation of Rg with respect to the sampling design. Because R is an average
of N iid Bernoulh variables, it satisfies a Liapounov condition (e.g. Fuller, 1996, Theorem 5.3.2) and is
asymptotically normally distributed. Letting R, = (R,,...,R,)", we know that E(ﬁ; |Ry) = R; and that 7?;
has a conditional asymptotic normal distribution by A4 with respect to the sequence of sampling designs, which
holds for any R,. We are therefore allowed to combine the normal distributions into the overall asymptotic
distribution given in the statement of the lemma. The asymptotic variance is obtained by standard conditional

moment calculations.
To show that the proposed estimator for the elements of V,, is consistent, we first consider the first term,
o n A. R R,
Vi = —— 4 L7 33
= N,N, Z§ Ty T, T (3-3)

Sg

Conditioning on the realized R, in the population, we find

~% R
E(V x| R,) = AR
FPhe Ry = 35

T

and

~x n R R R R,
Var (Vg | 7?f]\/) B ZZZAU Ai’j' — =
e U Uy Uy i’
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Hence,

E (ﬁRl,gg')

N'N* Zz(ﬂij_ﬂﬂ)pl +]{g g’} ]\7*2 Z[__ljp (I-p).
g g' Ug Ug' J

1

For Var(Vri.g'), we note that Var(V g | Ry)—> 0 uniformly by applying the bounds on the inclusion
probabilities of the different orders in A5 and using R. <1. By direct calculation, we also find

C RR,R.R,
Var(E(V e | Ry)) = *ZN*ZZZZZ OVIER, BBy

U, U, Uy Uy ﬂlﬂ:]ﬂ:lﬂj

which converges to 0 by the bounds in A5 again and the fact that Cov(R R, R,R,) =0 unless (i, j) overlaps
with (¢, j"). Hence, Var(ﬁm,gg') — 0 and I7R1,gg' converges to (3.3)

For second term of 17; «'» We can show directly that
n ~ K~k ~* n * *
—5 NeRg (1-R;) = VPg(l—Pg) +0,(1)
g

(3.4)
g
by linearization. Combining this with (3.3), the result follows

Lemma 2. Under assumptions A1-AS5, the statistic

V/I\/kl _ (Pkl Pkl‘)
sz
with
e = Ly y A BB Rl
K >
Ny =S m 4
+ n ZZAU R, F}’d RJ_Pk[
2
N y o T T T,
2n ZZAU R—-FB, ™ T
Nkl K Sk Sye T 7 T
n o~k K ~ % o~k
+— > NeR:(1-R ~Ry)
kI gedy

He &S Ay

is asymptotically distributed as a non-central y, with non-centrality parameter ni,,
and

=n(F, _Pk,f)z IV

P, p,—PF n P.p -P
| _n et J A= /
ki N]fl ZUZ“ y ﬂ«-i ﬂ.] N;ZL Z% g 71.[ n.j
b Pkl P~ P“
N, Nkl PN

T

n
+—S —p-p
NzEﬂp,( D)

ko Uy ‘%i

(1=p,).

klU TT;
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Proof of Lemma 2: Using linearization, we obtain the following approximation

G . .

Pu—Pu—(B,~P,) = Ni XN R= BN Uity =Ty ) + O, (3.5)
The asymptotic normality of Pu— P directly follows from A4 and Lemma 1. Starting from the approxi-
mation in (3.5), straightforward moment calculations show that the asymptotic distribution of Pu— P has
expectation £, — P ., and variance V,,. Hence, applying Theorem 5.2.4 of Fuller (1996), we conclude that
n(i)k/ —IADk/f)2 /V,, has an asymptotic non-central y; distribution, with non-centrality parameter equal to
n(B, =P, )* /V,,. The distribution of W follows from Corollary 5.2.6.1 in Fuller (1996) once we replilce
V,, by a consistent estimator. Using the same approach as in the proof of Lemma 1, the consistency of V' u

for V,, can again be shown.

Theorem 1. Under assumptions AI1-A5, when evaluating the set of eligible splits at each step of the sSCHAID
algorithm described in Section 2, the following two statements hold.:

(i) For any predetermined p-value cut-off a >0, all splits for which F,—P,. #0 are available for

K
consideration with probability going to 1, and
(i) By selecting the split with the smallest p -value q,,, the unique split corresponding to max(F, — P, YV,
will be selected with probability going to 1.

Proof of Theorem 1: To prove (i), we consider the statistic W and associated p-value ¢,,. Based on
the properties of the non-central y° distribution, we know that the asymptotic distribution of W has mean
Ay +1=0(n) and variance 24, +4=O(n), unless B, —F . =0. Hence, W ln converges in probability
to a constant and §,, converges in probability to 0 whenever £, —F,. #0, so that g,, <a with probability
going to 1.

For (ii), we consider two possible splits with test statistics V/I;kl,V/I}k’l’ and associated p-value ¢,,,q,,,
with B, =P, #0 and £, —P,. #0. The test with the smallest p -value is to be selected for splitting, which
we can write as an indicator [y, _; -, if this indicator is 1, then the split on X, =/ is selected and if this

indicator is 0, the split on X, =/' is selected. Based on the moments of the non-central y° again, we have

I{‘?kl — Gy <0} - I{ﬁ\/kz/n —Wirin>0}
— -1/2
- I{/lu = Ay > 0} + OP (}’l )

This result holds for all pairwise comparisons being evaluated concurrently, so that we conclude that the

split with the largest value of 4, =n(F, - P ) 1V, is selected with probability going to 1.

Theorem 1 describes the asymptotic behavior of the Wald test statistics and the resulting split selection
at each step. When these results are considered for the sequence of splits evaluated during the sSCHAID
algorithm, it is possible to describe the asymptotic behavior of the resulting tree. This is stated in the

following corollary, which shows that the algorithm has a well-defined probability limit in the population.
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Corollary 1. The sample tree T . obtained by the sCHAID algorithm described in Section 2 consists of the
sequence of length <R of node splits applied on the sample s. The sample tree T, converges to a
population tree T,, with probability going to 1. The tree T, consists of the sequence of length R of splits
performed at the set of values X, =1 that maximize
(B,~P.)
V

ki

over all the eligible splits at each step. The tree T, is unique under the stated assumptions.

The variance estimator defined in Lemma 2 is consistent, but its last two terms require the use of the
propensity estimators 7?; for the finest level of response homogeneity groups. If G is large, these esti-
mators might be highly variable or even result in empty cells in practice. This is in contrast to the remaining
terms in 17/(/, which can all be computed directly for the two sides of the node split being evaluated.

Therefore, we propose two alternative approaches to obtain a denominator for the test statistics.

First, the terms involving the 73; could simply be omitted. This would greatly simplify the computations,
because the remaining terms are straightforward to obtain using standard survey software implementations
of x° tests, for instance as provided in the SURVEYFREQ procedure in SAS and the survey package in R.
This would be somewhat analogous to only computing the PSU-level variance estimator term in the multi-
stage sampling context. As in that context, these terms are expected to represent only a small fraction of the
overall variance estimator when the sampling fraction is small. Second, the terms could be replaced by
averaging over both sides of the node split, i.e. using

L Pu (1- i)kl) + L Pue (1- Pue ).
N, N,
The latter option might be preferred if the sampling fraction is non-negligible. We will evaluate both options

in the simulations below.

4. Simulation

To investigate the performance of the sSCHAID algorithm, we performed a simulation study comparing
the proposed sCHAID method to traditional CHAID and to rpms (Toth, 2017). All calculations were

performed using R statistical software (R Core Team, 2021).

The household-level Public Use Microdata Sample (PUMS) data for the 2017-2021 American Commu-
nity Survey (ACS) were used as a sampling frame. The frame was stratified by Census Division, the Public
Use Microdata Areas (PUMASs) formed the primary sampling units (PSUs) and the secondary sampling
units were households (HHs) excluding group quarters. From each of the nine Census Divisions, we draw
a simple random sample of 10 PSUs, and a simple random sample of 100 households is selected in each
sampled PSU, generating clustered samples of households with unequal probabilities. Table 4.1 presents

the number of PUMAS and the average number of households per PUMA by Census Division in the frame.
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Table 4.1
Number of Public Use Microdata Areas and average number of households per Public Use Microdata Area by
Census Division, 2017-2021 ACS Microdata Sample

Census Division Number of PUMASs Number of sampled Average number of Number of sampled
PUMAs HHs per PUMA HHs per PUMA
New England 109 10 2,946 100
Middle Atlantic 310 10 2,790 100
East North Central 339 10 3,026 100
West North Central 159 10 3,008 100
South Atlantic 455 10 2,950 100
East South Central 138 10 2,984 100
West South Central 294 10 2,599 100
Mountain 180 10 2,791 100
Pacific 367 10 2,642 100

Note: ACS = American Community Survey; HHs = households; PUMAs = Public Use Microdata Areas.

Two sets of 1,000 samples of 9,000 households were drawn for the simulation, corresponding to a low
and high nonresponse scenario. The base weight of the selected households was set to the product of the
ACS household-level weight and the reciprocal of the selection probability. The response status, R, was

generated for each household (i =1, 2, ..., 9,000) from a Bernoulli distribution with a probability p,, where

1og(ij — B+ Y B,
1-p, =

The eight covariates, X = (x1 yees Xg )T were Census Region (three indicator variables for the Midwest, South,
and West regions), building type (one-family house detached home or not), tenure status (owned or not),
presence of children in the household, health insurance coverage status, and property value. In order to
mimic a realistic response mechanism, the parameters f = ([30, oo ﬁG)T were obtained by fitting a model
for early response to the PUMS dataset, with the response indicator set to 1 if the ACS response mode was
Web or mail and 0 if the response mode was telephone or in-person (indicating that the respondent did not
respond in previous attempts to contact them using the other modes). In the simulation, household i was
considered a respondent if the realized response status 7 is 1, and a nonrespondent otherwise. The average
of response rate across the two sets of 1,000 samples were approximately 74.5% and 31.7%, respectively.
The first scenario corresponds to fitting the logistic model to the observed ACS response status described

above, and the scenario with the 31.7% response rate was set by modifying the intercept f3,.

When implementing the different recursive partitioning methods, the generated response indicator was
the dependent variable and twelve potential covariates were considered. These included the eight covariates
in the response model above and four additional covariates that were not used: telephone service status,
family type, number of persons in family, and access to internet. For the traditional CHAID method, we
implemented two versions: one using the twelve covariates only, and one that adds the design variable
(PUMA) and the base weight in the model. The first version is referred to as “CHAID”, while the second is
referred to as “CHAID+design info”. The second version may be more comparable to sSCHAID as it includes

the design information within a model-based framework (Little and Vartivarian, 2003).
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In each method, except for setting the p-value to 0.05, we did not adjust any further algorithm parameters
to control the behavior of the resulting trees. The second-order (Satterthwaite) Rao-Scott chi-square statistic
for two-way tables was employed in sCHAID (Rao and Scott, 1981). This statistic is the default for the
“svychisq” function of the “survey” package (Lumley, 2024) in R. We also investigated using the variance
estimator 7 from Lemma 2, applying the second simplification option suggested in Section 3 to account
for the last two variance terms. Results obtained by adding these last two terms were nearly indistinguishable

and are not shown here.

Table 4.2 shows the mean squared prediction error (MSPE) for the response status, the proportion of
trees built with all eight predictors used to generate response status, and the proportion of trees built with at
least one of the other four covariates that were not used in the response mechanism. Table 4.3 displays the
empirical relative bias (RB) and the empirical relative root mean squared error (RRMSE) for the estimates
of average household income, an ACS outcome variables. The estimates used the nonresponse adjusted
weights, which were computed by dividing the base weight by the estimated response propensities obtained

for each of the terminal tree nodes under the RHG model.

Table 4.2
Mean squared prediction error and proportions of trees built with all eight covariates and trees built with other
covariates from 1,000 simulated samples

Response Rates Algorithm MSPE Proportion of trees Proportion of trees
(unweighted) built with built with
all eight covariates other covariates

High CHAID 0.0021 0.99 0.11
74.5% CHAID+design info 0.0022 0.99 0.12
rpms 0.0043 0.95 0.07

sCHAID 0.0032 0.99 0.06

Low CHAID 0.0026 0.99 0.12
31.7% CHAID+design info 0.0025 0.99 0.13
rpms 0.0044 0.96 0.07

sCHAID 0.0031 0.98 0.07

Note: CHAID = Chi-square Automatic Interaction Detector; sSCHAID = survey Chi-square Automatic Interaction Detector; MSPE = mean squared
prediction error.

Table 4.3
Empirical relative bias and the empirical relative root mean squared error for household income by tree
algorithm from 1,000 simulated samples

Response Rates Algorithm Relative bias (%) Relative root mean squared
error (%)

High No Adjustment -3.70 3.98
74.5% CHAID -0.20 1.68
CHAID+design info -0.19 1.70

rpms -0.33 1.59

sCHAID -0.21 1.50

Low No Adjustment -6.62 7.57
31.7% CHAID -1.12 2.75
CHAID+design info -1.10 2.77

rpms -1.51 2.98

sCHAID -0.98 2.24

Note : CHAID = Chi-square Automatic Interaction Detector; SCHAID = survey Chi-square Automatic Interaction Detector.
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The results in Table 4.2 show that all four methods performed well in identifying the variables in the
response model, although rpms missed at least one variable slightly more often. The two versions of the
traditional CHAID had the highest fraction of trees containing extraneous variables, which is not surprising
given that they do not account for the reduction in effective sample size due to weighting and clustering in
the tree building process. As a result, they tended to overfit more frequently than methods that account for
the sampling design. When the estimated trees obtained from all four methods were used to adjust for
nonresponse, the results in Table 4.3 show that all were effective in removing most of the bias of the
resulting estimators, with only modest differences between them but a slight advantage in precision for the
sCHAID-adjusted estimator.

5. Discussion

We have proposed sCHAID as an extension of CHAID that is more suitable for forming response
adjustment cells in a design-based setting, by incorporating both design weighting and variance features
such as clustering and stratification in its partitioning criterion. At the same time, it continues to be based
on the general CHAID approach, including the use of y° testsand p -values, so that current users of CHAID
will be able to readily adapt to this modified recursive partitioning algorithm. We are in the process of
developing an easy-to-use R package that integrates with the survey package and existing partitioning

packages in R.

We have described sSCHAID in the context of constructing nonresponse adjustments. However, recursive
partitioning algorithms can also be used for fitting classification and regression trees more generally. The
sCHAID algorithm can be used with minor modifications for classification and regression trees for survey

data as well. Developing the theory for this would follow the approach of Toth and Eltinge (2011).
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