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Comments on “Exchangeability assumption in propensity-
score based adjustment methods for population mean
estimation using non-probability samples”:

Causal inference, non-probability sample,
and finite population

Takumi Saegusa’

Abstract

In some of non-probability sample literature, the conditional exchangeability assumption is considered to be
necessary for valid statistical inference. This assumption is rooted in causal inference though its potential
outcome framework differs greatly from that of non-probability samples. We describe similarities and differences
of two frameworks and discuss issues to consider when adopting the conditional exchangeability assumption in
non-probability sample setups. We also discuss the role of finite population inference in different approaches of
propensity scores and outcome regression modeling to non-probability samples.

Key Words: Causal inference; Finite population; Non-probability sample.

1. Introduction

I congratulate Professor Yan Li on another important addition to her active research on non-probability
samples. In her paper, Professor Li classified existing research on non-probability samples into (1) the
propensity score weighting methods and (2) the propensity score matching methods, and discussed that the
conditional exchangeability (CE) assumption is required for the former. After reviewing existing methods
in view of the CE assumption, Professor Li proposed the novel adaptive balancing score to ensure that the
CE assumption holds. As the crystallization of accumulating literature on non-probability samples and
causal inference, her paper demands a fair amount of background knowledge in order to understand complex
concepts. The focus of our discussion here is to examine basic concepts and foundational issues which

Professor Li’s sophisticated presentation touched only lightly.

This discussion is organized as follows. In Section 2, we review the conditional exchangeability
assumption in causal inference. We describe differences of probabilistic frameworks in causal inference and
non-probability samples, and discuss issues to consider when adopting the conditional exchangeability
assumption in non-probability samples. In Section 3, we describe two major approaches in missing data
problems including causal inference. Then we discuss issues of the role of finite population inference arising

from the conditional exchangeability assumption in different approaches.
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2. Causal inference

First, we discuss the relationship between the CE assumption and causal inference. In the paper, the CE

assumption is formulated as the equality
Ely|b(x),C]=E[y|b(x),U] 2.1

where b(x) is a function of covariates x referred as a balancing score, U  is a finite population, and C cU

is a non-probability sample. Though simply defined, the criterion of its choice in the paper indicates that the
balancing score seems to be implicitly defined to satisfy the CE assumption. Moreover, it is stated as a fact
without much discussion that any quantity (including the propensity score) finer than the propensity score
satisfies the CE assumption as a balancing score. An important literature that helps understand these
concepts is the one coauthored by Professor Li (Wang, Graubard, Katki and Li, 2022), which is, to the best
of our knowledge, the first paper that explicitly introduced balancing scores and conditional exchangeability
in causal inference to the non-probability sample literature. In Wang, Graubard, Katki and Li (2022),
however, these concepts were directly borrowed from the work of Rosenbaum and Rubin (1983) on causal
inference, and results on propensity scores were claimed to hold in the non-probability setting without
formal discussion. Because the definitions of the CE assumption and balancing score in the paper are
different from those in Rosenbaum and Rubin (1983), and because the counterfactual framework of
Rosenbaum and Rubin (1983) is fairly different from the setting of non-probability samples, it is worthwhile

to pay a close attention to similarities and differences between causal inference and non-probability samples.

To this end, we first briefly summarize Rosenbaum and Rubin (1983) where variables of interest are
potential outcomes (Y (0), Y (1)), covariates X, and treatment assignment Z € {0,1}. The balancing score
b(x) in Rosenbaum and Rubin (1983) was defined as the function of covariates X = x that satisfies the
conditional independence between X and treatment assignment Z given b(X) (i.e., X L Z|b(X)). It was
shown that the propensity score into treatment is a balancing score, and that any function of x that can get
mapped into the propensity score is also a balancing score. As the definition suggests, there is no
requirement on the relationship between potential outcomes and covariates. The assumption that connects
these variables is the conditional exchangeability with respect to covariates (or strong ignorability of
Rosenbaum and Rubin (1983)), defined differently as the conditional independence between the potential
outcomes and treatment assignment given covariates (i.e., (Y (0),Y (1)) L Z| X)). The main result is that
conditional exchangeability with respect to covariate X implies conditional exchangeability with respect
to a balancing score b(X). In other words, starting from the key conditional exchangeability assumption
given covariates x one can reduce the information of x to a balancing score. Balancing scores b(x) are
only meaningful in the presence of conditional exchangeability with respect to covariates x. An implication
of this result is that the difference between two potential outcomes are explained only by treatment

assignment.
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A natural way to apply these results to the non-probability sample setting is to consider selection to the
non-probability sample as treatment assignment, and outcomes in the non-probability sample C and the
rest in the finite population (i.e., U\C) as two potential outcomes. In this setting, the conditional
exchangeability of Rosenbaum and Rubin (1983) implies the conditional exchangeability with respect to
the propensity score so that C and U \C are comparable given the propensity score. In contrast, Professor
Li immediately assumes comparability of C and U given the propensity score. From the causal inference
perspective, comparability of Rosenbaum and Rubin (1983) is a consequence of a conceptually checkable
assumption while Professor Li begins with the desired comparability by assuming it. If, instead, one starts
from conditional exchangeability as in Rosenbaum and Rubin (1983), a result still may not be satisfactory
because two samples (i.e., C and U\C) remain different by “treatment” of participation in a non-
probability sample. For example, if non-probability samples are hospital records or participants of a certain
educational program, both samples differ due to receipt of care by the hospital or the educational effect.
Even if we do not find such “treatment” that differentiates the non-probability sample and the rest, the
conditional comparability between C and U \C does not necessarily correspond to the finite population
U. To achieve the correct target population, one needs to obtain a distribution of the propensity score in the
finite population U. This task is not simple to carry out as described below in relation to the odds

representation of the propensity score.

Another approach is to deviate from causal inference by starting from the conditional independence
between Y and selection Z into C given X instead of the conditional exchangeability with potential
outcomes. In this case, all derivations in fact remain valid to conclude the result that ¥ 1L Z | X implies
Y1 Z|b(X) as desired. However, a new conditional independence assumption is simply the standard
missing at random (MAR) assumption in the missing data problem, which is also adopted by Chen, Li and
Wu (2020) on their non-probability sample research. The MAR assumption is familiar to many statisticians
and easier to examine than the conditional exchangeability assumption of Professor Li. If this approach is
the one implicitly adopted in Wang, Graubard, Katki and Li (2022), as well as the current paper, it is
worthwhile to discuss additional benefits of this approach over the MAR assumption in addition to the
discrepancy between U\C and U for comparability. If a different approach is adopted, an unverified
relationship between balancing scores and the CE assumption (2.1) should be explicitly derived. As an aside,
we would like to point out that Chen, Li and Wu (2020), is not the only literature that does not use the CE
assumption of Professor Li for the propensity score weighting methods (see e.g. Kim and Morikawa (2023)

for the non-ignorable missing case).

As mentioned above, the comparability of C and U\C allows reliable estimation of the regression
model based on C for items in U\ C but the estimation of Y, v requires consistent estimation of propensity
scores for U to bridge regression given X to the entire population U. However, simple estimation of the
propensity score is not possible because X is not available for all items in U\C. The variable X is
available in a reference sample S from U with a known design but S is not a simple alternative to U \C

because items in S can be also in a non-probability sample C. To address this challenging issue, Wang,
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Valliant and Li (2021) found the relationship between the propensity score into C relative to U and the
propensity score into C relative to the stacked sample of C and U where the same items in C and S are
treated differently (for a rigorous derivation, see Savitsky, Williams, Gershunskaya, Beresovsky and
Johnson (2023)). Using this relationship, Professor Li modeled the latter propensity score by binary
regression to estimate the former. The event for the latter propensity score for a stacked sample is artificially
constructed and conceptually difficult to model. This issue enhances the higher possibility of model
misspecification, which would invalidate design-consistent estimation of YN. The event for the former
propensity score is the original event, and is natural to model. This approach was adopted by Savitsky,

Williams, Gershunskaya, Beresovsky and Johnson (2023).

3. Finite population inference

Another concept we want to discuss is the role of the finite population in non-probability samples. The
goal of the paper is to develop a design-consistent estimator of the finite population average YN. For design
consistency, one assumes series of conditions on the sequence of finite populations with all variables except
selection into samples treated non-random. In contrast, the model-based approach treats the finite population
as a random realization from the super population, and models the stochastic relationship among variables.
In the missing data research, on the other hand, two major approaches (and their combinations) for
estimation are the propensity score modeling and the outcome regression modeling. A more suitable
approach to the design-based approach is the propensity score modeling that models selection into samples
given covariates. This is because one can consider random selections while all other variables can be treated
fixed. On the other hand, the outcome regression modeling assumes a distribution for ¥ given X, and is

suitable for the model-based approach.

Professor Li made a difficult attempt to bridge the outcome regression approach to the design-based
approach. Note that the conditional expectation can be considered as regression with conditioning variables
as covariates. From this view, the approach in the paper seems to be purely the model-based approach based
on the outcome regression. However, Professor Li attempted to carefully develop the conditional
expectation step by step beginning a finite population and a non-probability sample. If the condition was
purely model-based, the variable y in the condition (2.1) is simply a random variable from the super
population. In the conditional approach of the paper, this variable y should be clearly defined in relation to
the finite population U and the non-probability sample C through indices. If y is a random choice of a
variable from a sample S from U, E [y|U]= ZieU 7Y, where 7; is the inclusion probability for the unit
i. In this case, the self-weighting sample S satisfies E;[y|U]= YN but a stratified sample S, for example,
does not satisfy this equality in general. In other words, the claimed issue of bias may not be unique to a
non-probability sample. To fully appreciate the conditional exchangeability condition, a clear definition of
vy in C and/or U is much desired. Moreover, it is desirable to elucidate how the model-based condition of

the CE assumption leads to the design-based result despite conceptual discrepancy.
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