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An extension of the weight share method when using a
continuous sampling frame

Guillaume Chauvet, Olivier Bouriaud and Philippe Brion'

Abstract

The definition of statistical units is a recurring issue in the domain of sample surveys. Indeed, not all the
populations surveyed have a readily available sampling frame. For some populations, the sampled units are
distinct from the observation units and producing estimates on the population of interest raises complex
questions, which can be addressed by using the weight share method (Deville and Lavallée, 2006). However,
the two populations considered in this approach are discrete. In some fields of study, the sampled population is
continuous: this is for example the case of forest inventories for which, frequently, the trees surveyed are those
located on plots of which the centers are points randomly drawn in a given area. The production of statistical
estimates from the sample of trees surveyed poses methodological difficulties, as do the associated variance
calculations. The purpose of this paper is to generalize the weight share method to the continuous (sampled
population) — discrete (surveyed population) case, from the extension proposed by Cordy (1993) of the Horvitz-
Thompson estimator for drawing points carried out in a continuous universe.

Key Words: Continuous sampling design; Environmental statistics; Forest inventory; Synthetic variable; Variance
estimation.

1. Introduction

The definition of statistical units is a recurring issue in the domain of sample surveys. Indeed, not all
the populations surveyed have a readily available sampling frame. For these populations, the sampled
units (for which a sampling frame is available from which to select units according to a given sampling
design), are distinct from the observation units, which constitute the population of interest on which we

are willing to infer.

This issue has been raised for a long time for studying populations that are difficult to reach, e.g.,
homeless people (see for example Ardilly and Le Blanc, 2001; De Vitiis, Falorsi and Inglese, 2014;
Laporte, Vandentorren, Détrez, Douay, Le Strat, Le Méner, Chauvin and The Samenta Research Group,
2018), or nomad/non-localized populations (see for example Lohlé-Tart, Clairin, Frangois and Gendreau,
1988; Clairin and Brion, 1996; Himelein, Eckman and Murray, 2014). It has also become recently more
and more accurate for business statistics, with the use of a unit “enterprise” not necessarily equivalent to
the unit available in the business registers (Lorenc, Smith and Bavdaz, 2018). In this case, producing
estimates on the population of interest raises complex questions, linked to the fact that the weights of the

observation units need to be based on the design weights of the units selected in the sampling frame.

To deal with this issue, Deville and Lavallée (2006) proposed the so-called weight share method. It is
based on a principle of duality between the sampled population and the observed population, where a

variable of interest defined on the observed population may be written as a synthetic variable defined on
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the sampling frame (see also Lavallée, 2009). Because it creates a link between the observation units and
the sampling units, this method enables the properties of the sampling design to be used to define unbiased
estimators of totals for the observed populations, and to derive variance formulas. In particular, the
sampling weights of the sampling units are used to assign estimation weights to the observation units. This
paper deals with the extension of this method to the case when the sampled population is a continuous
frame. For the sampled population and the observed population, we will use the notations U” and U” in

case of discrete populations, and 7/ and 7/* in case of continuous populations.

We are particularly interested in applications encountered in forest inventories, in which it is common
practice to use a sample of points selected in a continuum and then fixed-shape supports defined from
these points to perform the survey on a discrete population of trees. The approach which consists of
transporting a variable from the discrete population to the continuous population is not new, and has been
considered by Stevens and Urquhart (2000), Gregoire and Valentine (2007) and Mandallaz (2007), for
example. While these previous works were quite similar in their overall approach of the indirect sampling,
the link between the units from the population sampled and the units of the target population are only
implicit.

The work by Stevens and Urquhart (2000) is very similar to ours. They studied the situation when a
finite population of interest is linked to a continuous territory, and they considered a way to transfer a
variable of interest onto the continuous sampling frame. This is similar to the synthetic variable that we
present in equation (3.15). They derived a so-called “aggregation-unbiasedness” requirement, in order to
obtain unbiased total estimators. They also proposed a Horvitz-Thompson variance estimator, making use
of the theory by Cordy (1993). Despite the importance of this paper, it did not have a significant impact in
the literature. It is in particular telling that the article is not quoted in textbooks like Gregoire and
Valentine (2007) and Mandallaz (2007). Therefore, we feel the need for a simple presentation of the
approach, where we clearly state what are the estimation weights, the resulting estimators of totals for the
finite population, and the associated Horvitz-Thompson variance estimators. The weight share method is a

very useful and simple tool for this, as illustrated in the applications considered in Section 3.

In natural populations such as forest trees, the units are distributed spatially over a territory. Estimating
totals of any given attribute of this population requires undergoing spatial sampling. To this end, Gregoire
and Valentine (2007, Chapter 10) introduce the so-called Monte Carlo integration approach, and call the
synthetic variable the “attribute density”. Several examples are given for devices used in the practice of
forest inventory (e.g., point relascope sampling, line intersect sampling). However, the link with Cordy’s
set-up is not pointed out, and variance estimation is restricted to the case when the points are selected by
independent uniform sampling. Mandallaz (2007, Section 4.2) also develops a related approach, where the
link between the observed, finite population and the sampled, continuous population is performed by
means of the so-called “local density”. The approach is first presented for plot sampling, and then
extended to more complex situations like cluster (trakt) sampling, which is popular for forest inventories

(Lawrence, McRoberts, Tomppo, Gschwantner and Gabler, 2010). However, the method is quite ad-hoc,
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since the local density needs to be computed differently in each situation. On the other hand, the weight
share method enables one to produce general formulas for both point estimators and variance estimators.
In particular, we consider in Section 3.4 the situation of spatial cluster sampling for forest inventories, for
which the weight share method provides a general solution for estimation and variance estimation under

an arbitrary continuous sampling design.

In what follows, we first recall in Section 2 the basic principles of the weight share method in the case
of two discrete populations U” and U”. In Section 3, we extend the method to cover the case when a
continuous population 7/ * is sampled, and we want to infer on a discrete population U”. The results of

two simulation studies are presented in Section 4. We conclude in Section 5.

2. Sampling in a discrete population

In this section, we first define in Section 2.1 our notations when sampling in a discrete population U .
We then recall in Section 2.2 how the weight share method may be used to produce estimates in another

discrete population U” linked to U*. A simple example is presented in Section 2.3 for illustration.

2.1 Notations

We are interested in a discrete population U”, for which the units in the population are enumerable
and a sampling frame may therefore be available. For example, this may be a population of households or
individuals in social surveys, or a register in business surveys. The size of the population U* is denoted
as N”. Suppose that we are interested in a variable of interest y* taking the value y; for unit ieU",
and that we wish to estimate the population total

o= Yyl (2.1)
ieU”

A random sample S* is selected in U” by means of a sampling design p”(-), and we let s* denote a
possible realization of S*. The Horvitz-Thompson (HT) estimator is

o= > d'yl, (2.2)
ies?
where d =1 / n! is the design weight of unit i, and 7" the probability for unit i of inclusion in the

sample. This estimator is design-unbiased for rf , provided that all the 7;’s are > 0.

The variance of 7, is
A A
A4\ _ yi Vi 4 4_4
V/’(TJ’) - z _A_A(”ij L, )’ (2.3)
ijeut i T
where 7T; is the probability that the units i and ;j are jointly selected in S*. If all the 771;.1 ’s are positive,

this variance is unbiasedly estimated by
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4 4 A_A
SA( A4\ _ Yo Yi| %y TR

Vel = —A—A(—A : (2.4)

2.2 Weight share method

Suppose that we are interested in another population U”, with a variable of interest y” taking the

value y; for unit k e U”. We wish to estimate the population total

= >y (2.5)
keU®
We suppose that no sampling frame is available for U”, but that this population is linked to the

population U”. The link between the units in U” and U” is represented by the indicator variables

L (i, k) = 1 if unit§ ieU"and k eU” are linked, 2.6)
0 otherwise.
The set of ancestors for some unit ke U? is Anc, = {l' eU"; L* (i, k) = 1}. The set of descendants for

some unit i e U is Des, ={keUB; LAB(i,k)zl}. For any unit ke U”,

NE = 2 L7 (ik) 2.7)
ieU”
is the total number of ancestors. It is required that any unit k € U” be linked to at least one unit in U";

that is, we suppose that N** >0 for any unit k e U”.

A sample S is obtained in U” by surveying all the descendants of the units i selected in S*. More

formally, we have

§* = | Des,. (2.8)

ies?

. . B
To obtain an estimator of 7,

the weight share method (Deville and Lavallée, 2006) makes use of a
principle of duality between populations U” and U”, based on the link function given in (2.6). The total

B .
7, may be written as

AB ( - B
oy with =y LER

AB
ieU” keU® N+k

, (2.9)

see Deville and Lavallée (2006, Result 2). Equation (2.9) represents the fact that the variable y; may be
distributed over the units in U to obtain a synthetic variable y;'. This is done by sharing each value y;
equally among the ancestors in Anc, .

From equation (2.9), the total Tf can be unbiasedly estimated by performing HT-estimation on the

sample S, with the synthetic variable y;'. This HT-estimator may be rewritten as
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&= Y dlyl = Y whyy, (2.10)
ies? kes?®
with
1 .
wh = 7 ZLAB(l,k) d’,
+k ieS?

see Deville and Lavallée (2006, Result 3). Each unit ke S” is given the sum of the weights of the
sampled units i € S* which are linked to k, divided by the number of links N/. The weights d; of the
units i € S* are therefore shared among the units k£ € S”, hence the name of the method. It is important to
note that the weights w can only be computed if the number of ancestors N/ is known for any unit
k € S®. Therefore, this information needs to be collected during the survey. In some situations, it may be
difficult or even impossible to state whether or not a unit in U” is related to another unit in U”. This is
referred to as link nonresponse by Xu and Lavallée (2009), who propose treatment methods to handle this

problem.

From equation (2.10), the weight share method enables one to attribute to each unit k € S* a weight
w?, which is usable for any variable of interest y; and such that the estimator ff is unbiased. This is a
very strong property. In contrast, the HT-estimator for the sample S” cannot be computed. The inclusion

probability of unit & in the sample S* is

Pr(kes’) = > p*(s). 2.11)
s”fswAAic(,{;@

Computing these inclusion probabilities would require a full specification of both the sampling design

p* () and of the links between both populations, which is usually impossible.

Since ff may be written as a HT-estimator on the sample S, the variance of ff is given by equation
(2.3), with y the synthetic variable given in (2.9), and a variance estimator is given by (2.4). Note that
the variable y can be exactly computed for any unit i € S*, since it is assumed that all the units in U”

linked to the units in S* are surveyed, see equation (2.8).

2.3 A simple example

For illustration, we present a toy example in Figure 2.1. The population U contains N* =4 units,
and the population U” contains N” =5 units. The links between units are represented by the arrows. For
example, unit i=3 in U 4 has four descendants, namely units £ =2,3,4 and 5. Therefore, we have
L' (3,1)=0 and L*(3,2)=L"(3,3)=L"(3,4)=L"(3,5)=1. Unit k=4 has a single ancestor i =3,
whereas unit k=5 has two ancestors i=3 and i=4. Suppose that the sampling design leads to the
selection of the subset s ={2,3}. Then all the descendants of the units in s are selected, resulting in the

observation of the subset

s? =1{2,3,4,5}. (2.12)
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Figure 2.1 A simple example of links between two discrete populations U* and U”.

Now, suppose that the sampled values are

yle, yf=3, yf=3, yf=5. (2.13)

We first compute the synthetic variable y;' for the units i € s*, making use of equation (2.9). We obtain

B B
y?Z+y—3 ~ 1.83,

B

B B B
pr= 22 B Yy s gy

3 2 1 2

4
Yy =

Now, we compute the weights w? for the units k € s® by means of the weight share method, making use
of equation (2.10). Suppose that the sample S* is selected in U” by simple random sampling without

replacement, leading to ;' =0.5 and d' =2 forany i e U". We obtain

A A
Sl Y
3
W = di +d! _a
2
dA
W4 :T3:2’
A
w? =d—3=1
2

The estimate for the total Tf is therefore

t7(s") = Y wiy! ~ 1833

The results are summarized in Figure 2.2.
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Figure 2.2 Computation of the synthetic variable y/ and of the weights 47 obtained by the weight share
method on a simple example.

3. Sampling in a continuous population

In this section, we first define in Section 3.1 our notations when sampling in a continuous universe
/", following Cordy (1993). We explain in Section 3.2 how the weight share method may be extended
to produce estimates in some discrete population U” linked to 7/*. We consider applications to sampling
designs used in forest inventories, for which some analog approaches have been proposed in the literature.
The case of direct plot sampling is first considered in Section 3.3. The application to cluster sampling is

considered in Section 3.4.

3.1 Notations

We first review the set-up for sampling and estimation in a continuous universe 7/* introduced by
Cordy (1993). This framework was strongly motivated by environmental applications, and led to an

extension of the HT-estimator existing for a discrete population, see Section 2.1.

Suppose that we are interested in a continuous population or universe, i.e., as defined by Gregoire and
Valentine (2007, page 93) “that does not naturally divide into smaller discrete units”. This may be a
landscape or a lake, for example. We suppose that the universe 7/ is included in R? with ¢ >1. We are
interested in some Lebesgue integrable function y*:?%/* — R, and we wish to estimate the total

(integral)
o = [ () dx (3.1)

of this function over 7/ “.

A random sample S*= {SIA, s S:A} of n" locations is selected from 7/”, and we let s =
{slA, ooy S:A } denote a possible realization of S*. We assume the existence of the joint probability density
function (PDF)

S(ssonsh) (3.2)
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of the sample locations, along with the existence of the marginal PDF and of the joint PDF

£i(s) and f(s.s)) (3.3)

of s/ and s‘;‘ for i # j. For example, if the sample S* is obtained by n* independent selections of some
point, performed uniformly in 7/*, we have
(s et/”)
£(sf) = — (3.4)
and f(slA, st ) = Hj:lfl (sl.A ), with M* = L/A dx the global measure of the universe, and with 1(-) an
indicator function.
Suppose that the PDF is absolutely continuous with respect to the Lebesgue measure. As noted by
Cordy (1993) and Stevens (1997), there are sampling designs used in practice such that this assumption
does not hold true, such as systematic sampling, for example. For any point x € 7/*, the inclusion density

function is defined by

() = S 7w, (3.5)

This may be seen as a local measure of the number of sampled points by unit of measure. We have in
particular L[ 4 7" (x) dx=n", which is a usual property for sampling designs of fixed size n”. Similarly,

the joint inclusion density function is defined by

7t (x,x') = nz:nz:flj(x, x') (3.6)

i=1j=1
J#i

for x,x' e U ".

The HT-estimator of r;’ is

IS
Il

= D d i (s)y'(s), 3.7)

sest
with d”(x)=1/7"(x) the design weight of some point x. This estimator is unbiased for 7,, provided
that 7 (x) >0 almost everywhere, see Cordy (1993, Theorem 1).

If the function y”(-) is bounded and J.u 4 {1 [n? (x)} dx <o, then the variance of f;’ is given by the

Horvitz-Thompson formula

y ‘(o))
V(Ty) - .LE'UA {)7;4 ();)} dx
o[ [ 2t () 2 (x )}y L) ) (3.8)
xell! xei/l ( ) A (Xf) ’
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or equivalently by the Sen-Yates-Grundy formula

oy ] PN o €O B S €] W
V(Ty) = EJ.XE’UAJ-):’E’UA{ﬂ ()2 (x) -7 (x,x)} {7);"();)_7);”’();')} dxdx', (3.9)

see Cordy (1993, Section 2). The corresponding variance estimators are respectively

5 (2 ()
Virr (Ty) = 521{7);,4 (Z)}
7' (s.8) =7 () 2 ()] 3 (s) ¥ (5)
: s%’ sg‘ﬂ{ 7' (s,s") };ﬂ (s) 7 (s (3.10)

s'#S

and

5 (aay _ L 7' ()’ () =7 (s,8) | [y'(s)  »'(s) ’
VYG(Ty) - 2 Z Z { 7Z'A(S, S!) } {ﬂ_A (S) i (S')} : (3~11)

sest s'es?
s'#s

If in addition both 7”(x)>0 and 7’ (x,x')>0 almost everywhere on /", then these two variance
estimators are unbiased, see Cordy (1993, Theorem 2). Note that the condition on 7*(x, x') may not be

true, for example when using systematic sampling designs.

3.2 Weight share method: the continuous-discrete case

Suppose that we are still interested in the population U” and in the estimation of the total Tf given in
equation (2.5). The units in U” are not directly sampled, but a continuous universe 7/* linked to U” is
sampled instead. The links between the units inside the populations 7/* and U” are represented by the

indicator function

L (3, k) = 1 if xe?/A and keU” are linked, (3.12)
0 otherwise.
We keep the same terminology as in Section 2.2, and we note Anc, for the ancestor subset of some

keU?”, and Des(x) for the descendant subset of some x € ¥/*. Forany keU?”,

M = L (xk)dx (3.13)

AB

is the measure of the ancestor subset of unit k. As in the discrete case, we suppose that M7, >0 for any

keU”.
A sample S” is obtained in U® by surveying all the descendants of the points selected in S*.

Formally, we have therefore

§* = | Des(s). (3.14)

ses?

Statistics Canada, Catalogue No. 12-001-X



148 Chauvet, Bouriaud and Brion: An extension of the weight share method when using a continuous sampling frame

To obtain an estimator of 7/, we establish a duality principle between populations 7/ and U”. This
is summarized in Proposition 1. The duality principle is similar to that obtained with a discrete population:
each value y] is equally shared among the points in the ancestor subset of k. The synthetic function
y*(x) may therefore be interpreted as a local measure of density of the variable y” per unit area. This
approach has already been considered in the domain of forest inventory by Mandallaz (2007, Section 4.2)

and Gregoire and Valentine (2007, Chapter 10), for example, as discussed in the introduction.

Proposition 1. The total Tf may be written as
e? = jy 4 (x) dx (3.15)
with
148 Xk B
ROEDY L7 (% k) v

AB
keU® M+k

Proof. We have

= Y= Y ke [ (k) d

keU® keU® Mf/f
148 B
(x,k)yk d ZJ‘ AyA(x)dx

- >t z 4B
xe B M+k

keU

Proposition 1 makes it possible to rewrite Tf as an integral over the universe 7/, and therefore to make
use of the extended HT-estimator given in (3.7). In turn, this estimator may be written as a weighted sum

over the sample S”. This is summarized in Proposition 2.

Proposition 2. The total Tf may be unbiasedly estimated by

= Y wiyl = DY d(s) y'(s) (3.16)
keS? sest
with
wl = % DL (s, k)d" (s).
M+k sest

Proof. We can rewrite

L% (s, k) yid* (s)
seStkeS? Mf/f;

L (s, k) yid* (s)

- M5
seSt keU® +k
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where the last equality follows from the fact that if seS”, all the units k in its descendant subset
Des(x) are selected in S”. It follows that

L (s, k)

= > d'(s) Y — = Y d(s) y'(s),

ses? keU® +k sest

which is simply the HT-estimator of the integral I » y* (x) dx.

The weight share method thus brings a solution to the estimation of rf , by using a weighted estimator
computed on the sample S” where the weights w/ are given in equation (3.16). Each unit k € S” is given
the sum of the weights of the sampled points s € S* which are linked to k, divided by M "}, the measure
of the ancestor subset of unit k. The principle is therefore the same as with the usual weight share method
applied to discrete populations. It is important to note that, for any unit k € S”, we need to know the

measure M of its ancestor subset.

Since ff may be written as a HT-estimator on the sample S, the variance is obtained from equation
(3.8) or equation (3.9), by using the synthetic variable y“(x) given in equation (3.15). A variance
estimator can be obtained by applying equation (3.10) or equation (3.11). Therefore, variance estimation is

straightforward for the weight share estimator.

3.3 Application to plot sampling for forest inventories

We first consider an application of the weight share method to the case where a forest inventory is
performed by direct plot sampling. We are interested in a population U” of trees located on a territory
U ". A sample of points S* is first selected in 7/ by using a continuous sampling design. For each
point s e S*, the circle C,(s) centered on s with some predetermined radius 7 is drawn. All the trees

k eU” such that their center x, is inside these circles are selected in the sample S” and surveyed.

The link function is therefore

L (x, k) = 1 if x, e.Cr(x), _ 1 if xeg(xk), (3.17)
0 otherwise, 0 otherwise.
For any tree k e U”, the quantity M’ is
M —j L (e k)de = [ 1{xeC,(x,)}dx, (3.18)

which is the area of the intersection between 7/ “ and the circle centered on x,. For any point x e/,

the synthetic variable is

L (x, k) y! e

A > k k
y(x) = — = . 3.19
kgB Mfl? X E;(X) Mflf ( )
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The solution obtained in this case is equivalent to the aggregation function in Stevens and Urquhart (2000,
Section 4.2), to the attribute density in Gregoire and Valentine (2007, Section 10.2) or to the local density
in Mandallaz (2007, equation 4.5).

For illustration, we present a toy example in Figure 3.1. We are interested in a rectangular territory
/" with a global measure M* =7 x8=>56m>. Inside this area, we have a population U® of N® =5
trees. A sample of n* =2 points is selected by independent drawings with the marginal PDF given in

(3.4), which leads to the observation of, say, st = {slA , szA }

Figure 3.1 A simple example of links between a continuous population 7/ * and a discrete population U”.

For each point s € s”, the circle C,(s) centered on s with radius =1 is drawn, and all the trees &
such that their center x, is inside these circles are surveyed. In the example presented in Figure 3.1, we

obtain s® = {1, 4, 5}. The values of the variable of interest for the units in s” are, say:
w=1, y/ =4, y) =3.

We compute the quantities M’ for the trees k € s, applying equation (3.18). For the trees k=4 and 5
the circle C, (x,) is included in %/*, resulting in MY ~3.14. For the tree k =1, we have M/* ~3.00.

We compute the synthetic variable y* (x) for the points in s*, making use of equation (3.19). We obtain
B
(s,) = 2~ 033,
v (s) 3.00

B B
4 Yy Vs
s)= 2o Y5~ oo0s
i) =5 s

Finally, we compute the weights w, for the trees k € s” by means of the weight share method, making

use of equation (3.16). We obtain
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wl= U = 22~ 933

: M™% 3.00

WBZMZﬁwggl

¢ M*E .14 7
+4 °

B ) N S

> M 3.14

The estimate for the total Tf is therefore

ff(sB) = wayf ~ 71.72.

kes®

The results are summarized in Figure 3.2.

Figure 3.2 Computation of the synthetic variable y*(x) and of the weights w’ obtained by the weight share
method on a simple example.

3.4 Application to spatial cluster sampling for forest inventories

When the accessibility to the field is difficult, it is common practice in forest inventories to use clusters
of plots (K6hl and Magnussen, 2015). These clusters have a fixed geometric form determined before the

survey. For instance, plots may be positioned at the corners of a square of 50m size (see Mandallaz, 2007,
Section 4.3).

Suppose that we are again interested in a population U” of trees located on a forest F. Let 7/*
denote a set such that F ¥/, and let ¢,...,e, denote a set of L vectors in R*. For any point
xeU", the cluster c¢(x) is defined as the set of points {x, =x+e;l=1,..., L}. Following the notation
by Mandallaz (2007), we take ¢, as the null vector, and x, =x is seen as the origin of the cluster. Let us
denote by U "' =¢, +U " for [=1,..., L, and V= U;L:1 U/ their union. It is also supposed that the set
/" is large enough to ensure that F < ¢/ for any /=1,..., L (see Mandallaz, 2007, Section 4.3). For
illustration, an example in the case L =4 is presented in Figure 3.3.
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Figure 3.3 An example of cluster sampling in continuous populations.

Lecture note. In the upper panel, an example of cluster of size L =4 originated in the point x is presented. In the left panel, two
continuous populations such that F = ?/* are given. In the right panel, the sets 7/,,,/=1,...,4 associated to 7/" are presented,
where the hatched set stands for /.

Cluster sampling is performed by first selecting a sample S* of n* points in 7/*, according to a
continuous sampling design. For each point x € S, we obtain the associated cluster c(x)= {xl, . xL}
originated in x, = x, and the associated circles C, (x,) are drawn with some predetermined radius ». All
the trees k € U” such that their center x, is inside one of the circles C. (xl ), [=1,...,L for some xeS"*

are surveyed. An example is presented in Figure 3.4.

For any point x € Z/*, the synthetic variable y* (x) is obtained in two steps, using V¢ as a pivotal

population. We first define a link function between V< and U” as

LCB(z,k)z{l if x, eC (2), (3.20)

0 otherwise,
with x, the center of the tree X and z a point in the union set V. This is similar to the link function

defined in (3.17), and following the same lines of reasoning we obtain the intermediary synthetic variable

B
y(z) = yk, forany ze V€, (3.21)

CB
x.€C,(2) +k

where M =J. Ve 1{2 eC, (xk )} dz is the area of the intersection between V¢ and the circle centered on
x,. Then, we define a link function between %/ * and V¢ as

1(x,z2) = {

1 if ZEC(X)Z{xl,---axL}a (3.22)
0 otherwise. '
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Figure 3.4 An example of cluster sampling where »* = 3 points are initially selected from 7/".

In other words, x and z are linked if z is one of the vertices of the cluster originated in x. The quantity

M = 1%(x,z)dx (3.23)

xel!

is the number of clusters having z as a vertex. We give, in Figure 3.5, the values obtained for the vertices

of the clusters in the example initiated in Figure 3.4. We finally obtain the synthetic variable

C B
y (z) 1 ¥y
yA(X) = z W = z W % forany XEIZ/A. (324)
zec(x) +z zec(x) +z xkEC,(z) +k

Figure 3.5 Values of the quantities M/ for the vertices in a cluster sample.

mig=2  Mif=2

MAS =2 MAC = 4 My =4 M =4
mg=s | mge

M =1 M{S =2 L
+x +x MAC = 2 Mf;ﬂ:l
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As proved in Proposition 2, rf may be unbiasedly estimated by ff , and an unbiased variance
estimator is directly obtained by applying equation (3.10) or equation (3.11). Therefore, the weight share
method provides a general solution for both estimation and variance estimation for cluster sampling, under
an arbitrary sampling design performed in Z/“. On the other hand, the solution described in Mandallaz

(2007, equation 4.17) is suitable only when S* is obtained by independent uniform selections from 7/ .

4. Simulation study

In this simulation study, we consider estimation and variance estimation for spatial cluster sampling. We
wish to compare the weight share method with the solution described in Mandallaz (2007, equation 4.17),
in the situation when the sample S* is obtained by independent uniform selections from 7/*. This is the
purpose of the first simulation study described in Section 4.1. We also wish to evaluate the weight share
method in the situation when the sample S* of cluster origins is not selected by independent uniform
sampling, and when Mandallaz’s technique may therefore not be applied. This is the purpose of the

second simulation study described in 4.2.

The continuous population 7/ * that we consider is a square of length 1,000 meters. Inside 7/, the
forest is located on a square territory F of length 600 meters, but the location of the forest and its area are
seen as unknown prior to the survey. A population of N” =30,942 black pines is generated in the forest
’F. The main characteristics of the population of pines in terms of volume (., cube meters) and breast-

height diameter (y,,, centimeters) are summarized in Table 4.1.

Table 4.1
Mean, standard deviation, minimum and maximum for the breast-height diameter and volume for the
population of black pines

Mean Standard deviation Minimum Maximum
Breast-height diameter (centimeters) 17.28 6.38 3.57 41.78
Volume (cube meters) 0.17 0.16 0.00 0.99

We are interested in estimating the following parameters: the total number of trees Tfo = Z reu Ve,
with y, =1, the total volume of wood Tfl =zkeug »i, the mean volume of trees ,ufl =rfl/NB , the
mean breast-height diameter usz =Tf2 / N*, the average volume of wood per square meter of forest
Y,? =15 /M7, where M7 stands for the area of the forest F.

4.1 Comparison between the weight share method and Mandallaz’s
estimator for cluster sampling

We first compare the performance of the proposed estimators to those proposed by Mandallaz (2007,
Section 4.3), in case of cluster sampling (see Section 3.4) where the sample S of cluster origins is
selected by independent uniform sampling from the territory 7/”. We select a sample S* of size

n" =100,200 or 400. A sample of trees is then selected and surveyed by using the cluster sampling
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technique described in Section 3.4, where we use square clusters of size L =4 and length 60 meters, and

plots with a radius » of 25 meters.

For a given sample, the estimators under the weight share method are obtained as follows. The

estimators of the totals Tfo and rfl are obtained from equation (3.16) as

) M
T = — D, v (o), (4.1)

xest

. M
Tfl = Ve ZylA(X)a

n xes”
where y;' and y' are obtained by plugging into equation (3.24) the variables y;, and y,;, respectively,
and where M * is the area of 7/ *. The estimators of the population means ,ufl and ,ufz are

~B ~B
T

T
~B yl ~B y2
yl T AB and :uyz T AB ?®
y0 y0

respectively, obtained by using the plug-in principle, and where ffz is obtained as described in equation
(4.1). The estimator of ¥,* is

~B

where

N 4 1
7 =M 0 it ) = Y % (42)
xes! zec(x) +z

is an unbiased estimator of M”. The estimators proposed by Mandallaz are obtained as follows. The

estimator of ¥,” is

B
}%B — ZXESA ZZE”(X) l{Z € ‘T} Zkecr(z) A/:I]é,(
1, mand zxeSA Zzec(x) 1 {Z S f}

with M7 the area of the intersection between F and the circle centered on x,, see equation (4.17) in

Mandallaz (2007). The estimators of the totals Tfo and Tfl are

i 1 M4 B
B =70 2, 2 Hze T} 3 2

— (2
L n xes4 zec(x) keC,(z) M+k

A 1 M4 P
fl,mand z A Z Z I{ZET} 1;’

T =
n xes4 zec(x) keC,(2) M+k

see equation (4.16) in Mandallaz (2007). The estimators of the population means ,ufl and ,ufz are
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~B ~B
T

T
~AB _ yl,mand ~AB _ y2,mand
/lyl,mand ~ AB and :uy2,mand sy s
y0,mand y0,mand

respectively, obtained by using the plug-in principle.
The sampling and estimation steps are repeated D =10,000 times. For an estimator 0 ofa parameter

6, we compute the Monte Carlo Percent Relative Bias

A DY 6,-0
RB{6} = 100 x Zdel <, (4.3)
and the Monte Carlo Mean Square Error

o Do 2

MSE{6} = —>(6, -6) . (4.4)
The results are given in Table 4.2. For any of the five parameters, both estimation methods lead to
virtually unbiased estimators, and the mean square errors are very close. The estimator of Mandallaz
performs slightly better for 1713 , while the weight share method performs slightly better for the other

parameters.

Table 4.2
Percent relative bias and mean square error for five parameters estimated by means of the weight share
method or by estimators proposed by Mandallaz

Tfo Tfl ”Afl ”fz }713

nt =100 | Weight share RB (%) -0.01 -0.01 0.00 0.00 -0.15
MSE 2.04 107 6.24 10° 122107° 1.81107° 8.76 1077

Mandallaz RB (%) -0.02 -0.02 0.00 0.00 -0.17
MSE 2.06 10 6.29 10° 12510°° 1.85107° 8.65 1077

n' =200 | Weight share RB (%) -0.01 -0.01 0.00 0.00 -0.15
MSE 9.91 10° 3.03 10° 6.07 1077 9.09 107* 4151077

Mandallaz RB (%) -0.01 -0.01 0.00 0.00 -0.15
MSE 9.99 10° 3.05 10° 6.20 1077 927107 4.08 1077

n* =400 | Weight share RB (%) -0.02 -0.02 0.00 0.00 -0.03
MSE 5.03 10° 1.54 10° 2991077 444107 2151077

Mandallaz RB (%) -0.02 -0.03 0.00 0.00 -0.04
MSE 5.07 10° 1.55 10° 3.05 1077 452107 2.12 1077

Note: Relative bias (RB); Mean square error (MSE).

For the estimators obtained under the weight share method, we also considered variance estimation.
We did not perform variance estimation for Mandallaz’s estimators, since in Mandallaz (2007,
Section 4.3), variance estimators are only proposed for spatial means like ¥,”, and not for population
totals or population means. Under independent uniform sampling from 7/, applying equation (3.10)

leads to the unbiased variance estimator
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A
n n _lxeSA sesh

Vir (20) = (Mj) . > {y;;‘(x)—n% Zy{f(s)} , (4.5)

for ffo, and a similar expression for ffl. An approximately unbiased variance estimator for ,&fl is

obtained by replacing in (4.5) the variable y;' (x) by the linearized variable

u! (x) = = {3 ()= @ 3 (), (4.6)

y0

and can similarly be obtained for ,&52. An approximately unbiased variance estimator for 1713 is obtained

by replacing in (4.5) the variable y; (x) by the linearized variable

u) (x) = AIB {ylA (x)—}A’IBy; (x)}. 4.7

y3

The sampling and estimation steps are repeated £ =1,000 times. To measure the bias of a variance

estimator I}HT (0), we use the Monte Carlo Percent Relative Bias

E

V.. (6.)- MSE(6)
MSE ()

E71

RB{7,, (6)} = 100 x et : (4.8)

where MSE(6) is obtained independently from the first run of D =10,000 simulations, see equation

(4.4). The results are presented in Table 4.3. All the variance estimators are approximately unbiased.

Table 4.3
Percent relative bias of a variance estimator for five parameters estimated by means of the weight share
method

n P(25) V() () P(it,) P(57)
100 -1.21 -1.17 -0.48 -0.04 -0.17
200 1.75 1.83 -0.59 -0.76 3.35
400 0.49 0.62 0.40 1.09 -0.29

4.2 Evaluation of the weight share method for cluster sampling with non-
uniform sampling of the clusters

We consider a second case of cluster sampling when the sample S* is not selected by independent
uniform sampling from 7/*, so that the estimators proposed by Mandallaz (2007) can not be used. The
population ?/* is first partitioned into a sub-population 7/,"* of length 300 meters and height 1,000
meters (west part), and a sub-population 7/," of length 700 meters and height 1,000 meters (east part).
The area of %/,* and U;' are denoted as M, and M;', respectively. A sample of size 1, =75, 150 or 300
points is first selected globally from ?/*, and a second sample of size 1, =25, 50 or 100 is then selected
from 7/,". For example, this case may arise if it is of specific interest to perform estimation on the sub-

population 7/, and if an extension sample may be funded to ensure that the global sample selected from
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1.," is sufficiently large. The union of these two samples is denoted as S*. We also let ' denote the
(random) size of S/ =S* N 7/", and n}' denote the (random) size of S;' =S N 1L".

B

.. . . B
Conditionally on »" and n;', unbiased estimators for the totals 7, and 7, are
M M
~B _ 1 A 2 A
Tocond — 4 Z Yo (x) + yl Z Mo (x),
1 )ceS{‘1 n2 xeS{1
M M}
~B _ 1 A 2 A
Tileond = ~ 4 Zyl (x) + yi Zyl (x),
1 xeSlA n2 xesS;

where y;' and y are obtained by plugging into equation (3.24) the variables y;, and y;, respectively.

The estimators of the population means yfl and ,ufz are

~B ~B
T T
A B _ yl,cond A B _ y2,cond
:uyl,cond ~ AB and uy2,cond ~ AB ’
TyO,cond TyO,cond

respectively, obtained by using the plug-in principle. The estimator of ¥,* is

~B

LB _ Tyl,cond
l,cond — ~F
Mcond
where
A A
~y o M 4 M; y
My = —; Z V3 (x) + yl Z V3 (x)
1 xeS/ n2 xeS;

is an unbiased estimator of M7, where y;' (x) is defined in equation (4.2).

The sampling and estimation steps are repeated D =10,000 times. For an estimator 0 ofa parameter
0, we compute the Monte Carlo Percent Relative Bias given in (4.3) and the Monte Carlo Mean Square
Error given in (4.4). The results are given in Table 4.4. For any of the five parameters, the estimators are

virtually unbiased. The mean square error decreases as the sample size increases, as could be expected.

Table 4.4
Percent relative bias and Mean square error for five parameters estimated by means of the weight share
method

s T B e v’
n* =100 RB (%) 0.03 0.03 0.00 0.00 -0.02
MSE 1.85 107 5.67 10° 1.19 107° 1.78 107 851077
n* =200 RB (%) -0.02 -0.02 0.01 0.00 -0.06
MSE 9.40 10° 2.87 10° 5831077 8.70 107* 4341077
n* =400 RB (%) 0.09 0.09 0.00 0.00 0.05
MSE 4.67 10° 1.43 10° 2.90 1077 435107 2.18 1077

Note: Relative bias (RB); Mean square error (MSE).
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We now consider variance estimation. Conditionally on 7' and 7], an unbiased variance estimator

~B .
fOr 7 cona 18

) - MLy b g o]

nl 1 xeS,A SESIA
2 2
M 1 1
+ ( ZA) X =7 > {y(f(x)——A > y{f(s)} , (4.9)
n, 2 1 ess Ry sesd

.. ~B
and can be expressed similarly for 7 .-

obtained by replacing in (4.9) the variable y;' (x) by the linearized variable given in equation (4.6), and

. . . . A B .
An approximately unbiased variance estimator for 1, .4 18

can be obtained similarly for ,&fz. An approximately unbiased variance estimator for Y, ﬁond is obtained by

replacing in (4.9) the variable y;' (x) by the linearized variable given in equation (4.7).

The sampling and estimation steps are repeated E =1,000 times. To measure the bias of a variance
estimator 1}2 (é ), we use the Monte Carlo Percent Relative Bias defined in (4.3). The results are presented

in Table 4.5. All the variance estimators are approximately unbiased.

Table 4.5
Percent relative bias of a variance estimator for five parameters estimated by means of the weight share
method

" V() i) v, (a%) () i (37)
100 3.18 3.16 -3.02 -2.96 -0.28
200 0.97 0.92 -1.59 -1.01 -1.88
400 1.12 1.03 0.05 -0.36 -1.46

5. Discussion

There are several reasons in practice why a population has no tractable sampling frame. When the
population of interest may be linked to a discrete population for which a sampling frame is available, the
usual weight share method (Deville and Lavallée, 2006) makes it possible to obtain probability samples
from the population of interest, as well as unbiased estimators and variance estimators for this population.
We showed that this approach may be generalized in a natural way when the population of interest is
linked to a continuous population, by using a synthetic function on this continuous population which may
be interpreted as a local measure of density. In case of spatial cluster sampling with independent uniform
selection of the cluster origins, our simulation results show that the weight share method and Mandallaz’s
estimator perform similarly. Mandallaz’s estimator can not be applied when the cluster origins are not
selected by independent uniform sampling. In this case, our simulation results confirm that the weight

share method leads to unbiased estimators.

In our view, making use of the weight share method has several advantages. Firstly, it enables to easily

handle the so-called edge corrections, i.e., the fact that some units have an ancestor subset which intersects
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with the area of interest. Using the area of the ancestor subset M7’ in the estimation weights (see
equation (3.16)) leads to exactly unbiased estimators, while alternative edge corrections may be somewhat
cumbersome, see Gregoire and Valentine (2007, Section 10.7) or Roesch, Green and Scott (1993), for
example. Also, our approach enables us to go back to the population which was indeed sampled. This is
necessary to make use of the Horvitz-Thompson estimator, and to compute an unbiased variance
estimator. This is possible in full generality, i.e., under an arbitrary continuous sampling design, by using
the theory developed by Cordy (1993).

This method is obviously not limited to forest inventory. One example is the survey on crop practices
conducted by the French statistical office of the Ministry of Agriculture, until 2006. The sample for this
survey consisted of parcels, selected from the points of the survey Ter-Uti (Chapelle-Barry, 2008). The
Ter-Uti survey is dedicated to the production of statistics on the land use, and the points where the land
use was associated to crop practices are the basis from which to select the parcels. Calculating weights for
the parcels was done by considering that each parcel had a probability of being drawn proportional to its
surface. In this way, the method produced the same weights than the weight share method, except for edge
effects. However, using the weight share method would lead to have a general methodological framework
enabling the derivation of a variance estimator. Other topics, linked to environmental issues, could also
take advantage from the application of this method. This extension of the weight share method should also
be considered for estimators that are not directly Horvitz-Thompson estimators, such as those relative to

two-phase sampling, which are often used for environmental issues.
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