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Small area benchmarked estimation under the basic unit
level model when the sampling rates are non-negligible

Marius Stefan and Michael A. Hidiroglou?

Abstract

We consider the estimation of a small area mean under the basic unit-level model. The sum of the resulting
model-dependent estimators may not add up to estimates obtained with a direct survey estimator that is
deemed to be accurate for the union of these small areas. Benchmarking forces the model-based estimators to
agree with the direct estimator at the aggregated area level. The generalized regression estimator is the direct
estimator that we benchmark to. In this paper we compare small area benchmarked estimators based on four
procedures. The first procedure produces benchmarked estimators by ratio adjustment. The second procedure
is based on the empirical best linear unbiased estimator obtained under the unit-level model augmented with a
suitable variable that ensures benchmarking. The third procedure uses pseudo-empirical estimators
constructed with suitably chosen sampling weights so that, when aggregated, they agree with the reliable
direct estimator for the larger area. The fourth procedure produces benchmarked estimators that are the result
of a minimization problem subject to the constraint given by the benchmark condition. These benchmark
procedures are applied to the small area estimators when the sampling rates are non-negligible. The resulting
benchmarked estimators are compared in terms of relative bias and mean squared error using both a design-
based simulation study as well as an example with real survey data.

Key Words:  Small area; Benchmarking; Empirical estimator; Pseudo-empirical estimator; Constrained estimator.

1. Introduction

Small area estimation (SAE) has grown in importance in recent years due to the demand for reliable
small area statistics. Direct estimators are used to estimate parameters of interest when the sample size is
reasonably large. However, they have large standard errors and coefficients of variation when it comes to
applying them to small areas, as the realized sample size will be quite small. It is therefore necessary to
use models that borrow strength from other related areas or from past surveys to have stable estimators for
these small areas. Model-based estimates typically show a substantial improvement over direct estimates
in terms of mean squared error (MSE).

The available theory for small area estimation is based on either area-level or unit-level models,
depending on the level of available auxiliary information. Unit-level based methods use the data of the
individual units as auxiliary information, whereas area-level based methods use aggregates or means of
the data of the units within the small areas. Fay and Herriot (1979), denoted hereafter as the FH model, is
the most used area-level model in small area estimation. The one-fold nested error regression model
proposed in Battese, Harter and Fuller (1988), also known as the basic unit-level model, is frequently used
when unit-level information is available. We denote this model as the BHF model. Both are special cases
of a general linear mixed model in SAE (see Rao and Molina, 2015 for an excellent account of the small
area estimation).

Small area means or totals are the most frequent linear parameters estimated in SAE. In these cases, the
most popular small area method is the use of linear mixed models to derive the best linear unbiased
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124 Stefan and Hidiroglou: Small area benchmarked estimation under the basic unit level model

predictors (BLUP) for the small area mean or total. BLUP estimators minimize the MSE among the class
of linear unbiased estimators. Alternatively, it can be shown that the BLUP estimator can be obtained by
solving mixed model equations with unknowns given by the fixed and random parameters of the model.
The mixed model equations result from the maximization of the joint density of the data and the vector of
random small area effects. A BLUP estimator depends on the variances (and covariances) of random
effects which can be estimated by the Henderson method of fitting constants (FC), the maximum
likelihood (ML) or restricted maximum likelihood (REML). Using these estimated components in the
BLUP estimator leads to a two-stage estimator referred to as the empirical best linear unbiased predictor
(EBLUP).

A potential difficulty with EBLUP estimators is that when they are aggregated over all the small areas,
they may not agree with the overall estimate for a larger area obtained via direct estimation. Statistical
agencies favor an overall agreement between the sum of the model-based small area estimates and the
direct estimate at a higher level that corresponds to the union of the small areas. Benchmarking is a
method of modifying the model-based estimates to agree with the direct estimator for the larger area.

Existing benchmarking methods are either frequentist or Bayesian. In this paper, we focus on the
frequentist approach to benchmarking (for Bayesian benchmarking procedures, see You, Rao and Dick,
2004; Datta, Ghosh, Steorts and Maples, 2011 and Nandram and Sayit, 2011). The frequentist methods
can be applied to obtain benchmark small area estimates for both the area-level and unit-level models.

We briefly summarize the existing literature for both types of models. We first describe the procedures
developed to benchmark area-level based estimates. Pfeffermann and Barnard (1991) obtained a
constrained benchmarked estimator by maximizing the joint density of the data and the vector of random
small area effects given the benchmark restriction. Their benchmark estimator was constructed with
modified estimates of fixed and small area effects that are solutions to the constrained maximization
problem. Wang, Fuller and Qu (2008) developed a benchmarked EBLUP for the FH area-level model, by
minimizing a loss function subject to the constraint given by the benchmark condition. They obtained a
second benchmarked estimator by adding a suitable auxiliary variable to the FH model without imposing a
constraint. They showed that the EBLUP estimator based on the augmented FH model is self-
benchmarked: the estimator satisfied the benchmark condition without further adjustments. Bell, Datta and
Ghosh (2013) generalized the result in Wang et al. (2008) to the case of multiple benchmark constraints
by considering a more general loss function. You, Rao and Hidiroglou (2013) obtained another self-
benchmarked estimator under the FH model by replacing the regression vector used in the EBLUP
estimator with an alternative estimator that depends on the benchmarking weights.

We now turn to procedures that benchmark unit-level model-based estimates. The objective is to obtain
small area estimators that benchmark to a direct estimator at a given level of aggregation of the small
areas. The direct estimators that are mostly used by Statistical agencies are the Generalized Regression
Estimator (GREG) in Sarndal, Swensson and Wretman (1989) or more generally the calibration estimator
based on procedures in Deville and Séarndal (1992). You and Rao (2002) developed a pseudo-EBLUP
predictor (YR predictor) that incorporates survey weights. A property of this estimator is that it is
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self-benchmarked, that is, the sum of the small area estimates adds up to an estimator that has the same
form as the GREG. However, it is not a direct estimator because the estimated regression vector that is
part of this estimator reflects the error structure of the nested error model. Assuming that the sampling
rates are negligible, Stefan and Hidiroglou (2020) proposed several procedures to ensure that the EBLUP
and pseudo-EBLUP estimators would benchmark to the GREG estimator, given that both the model and
the GREG estimator used the same vector of auxiliary variables. Ugarte, Militino and Goicoa (2009)
developed a restricted EBLUP estimator for a small area total that satisfies the benchmarking property to a
synthetic estimator.

The objective of this paper is to compare several benchmarked estimators of a small area mean for the
basic unit level model when the sampling rates are non-negligible. We compare six benchmarked
estimators: two benchmarked estimators based on the procedures proposed by Stefan and Hidiroglou
(2020), two restricted estimators based on the procedure proposed by Ugarte et al. (2009) and two ratio
estimators obtained by multiplying each small area EBLUP and YR estimators by a common adjustment
factor. The paper is organized as follows. Section 2 presents a summary of EBLUP and pseudo-EBLUP
estimators under the basic unit-level model. Section 3 describes the six benchmarked estimators. The first
two estimators are based on simple ratio adjustments. Then, we show how the two benchmarking
procedures proposed by Stefan and Hidiroglou (2020) in the case of negligible sampling rates can be
adapted to produce benchmarked small area mean estimators when the sampling rates are non-negligible.
Finally, we describe the restricted EBLUP estimator of Ugarte etal. (2009) and propose a pseudo
restricted estimator which is a variant of the restricted EBLUP that incorporates survey weights. We also
propose a re-parameterized restricted maximum likelihood (reREML) method for estimating the variance
components. This method of estimation is useful when computing restricted EBLUP small area mean
estimators as it results in strictly positive variance components estimates. Section 4 presents the results of
a Monte Carlo simulation based on generated data sets, whereas Section 5 reports the results of a
simulation study based on a real data set. Finally, Section 6 gives some concluding remarks.

2. EBLUP and pseudo-EBLUP estimation

Consider the one-fold nested error regression model

yij=xiTj[$+vi+eij,i:1,...,m;jzl,...,Ni, (2.1)
where y; is the variable of interest for the j™ population unit in the i"" small area, x; = (X;y, .-, xijp)T
is a vector of auxiliary variables with x;; =1, B :(,Bl, ﬁp)T is a px1 vector of regression

parameters and N, is the number of population units in the i small area, U;. The random small area
effects v; are assumed to be i.i.d. N (0, o), and independent of the unit errors e;, which are assumed
i.i.d. N (0, o). We draw samples s; of size n; independently within each small area i, according to a
specified sampling design with first-order inclusion probabilities denoted by =, for j =1,..., N,. The

total sample size is n, where n = zim:lni. The resulting basic design weights are given by d; =1/7;.

ij 1
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126 Stefan and Hidiroglou: Small area benchmarked estimation under the basic unit level model

We assume that the sample design is ignorable, and that selection bias is absent. This implies that model
(2.1) also holds for the sample data:

yij:xiTjB+vi+eij,i:1,...,m;jzl,...,ni, (2.2)
Model (2.2) is a special case of the general linear mixed model. Defining y; = (Viy, ---, Vi )T,
X = (X - X, )T ,V=(v,...,v,) and e = (T )T , it follows that model (2.2) can be

expressed in a matrix form by stacking the observations. The resulting equation is
y =XB +Zv +e, (2.3)

where y =col,_, (Y;), X=col.,(X;), Z=diag,,{1,} and e=col_.,(e;), with 1  a
vector of dimension n, composed of ones. We denote by G and R the variance matrices of the random
vectors v and e respectively. Then G = oI, and R = o?l,. It follows that the variance matrix of
vector y, denoted as V, isgivenby V =R + ZGZ".

The parameters of interest are the small area means Y;, where V; = Ni‘lz?:'lyij, i=1..,m If N,
is large, the sampling fraction f, = N, *n,, of the i"" small area is negligible. This set-up corresponds to
the case of an infinite population or negligible sampling rates. It follows that the small area means Y, can
be approximated by ; (see Rao and Molina, 2015, page 174), where x4 =X B +v, and

X, = lexu/’\'i is the vector of population means of the x;’s for the i"" area. An estimator of ; is
given by 2, = XTp + V, (Rao and Molina, 2015, page 175), where  and V, are estimators of p and v,
respectively. If N, is not large enough or if the sampling rates f; are not negligible, parameters Y, cannot
be approximated by linear combinations of p and v;. This corresponds to the case of a finite population.
Let r; be the set of the N, — n, unobserved vy -values in small area i. If we assume that we know the
X;;’s for each individual in the population, an estimator Y_, of Y, is based on the observed values

Yy, J €5;, and predicted values §; = xip + Y, for j e r,. Thatis, estimator Y; is given by

2 1

Yi :N_(Z Yi Zyu) (2.4)
i \es jen

Much of the SAE theory deals with the infinite population case, whereas the literature on the finite

population case is more limited. In this paper we focus on finite population (or non-negligible sampling

rates) case, thereby constructing estimators based on (2.4).

2.1 EBLUP estimation

We denote by p and v =(V,...,V,)" the BLUP predictors of p and v respectively. These
estimators are given by f=(X"V'X)"X'Vy and v =GZ"V*(y — XB). Under the normality
assumption of e and v, it can be shown that p and ¥ can be obtained by maximizing the joint density of
y and v with respectto p and v. This is equivalent to minimizing the function

p=(—-Xp-27Zv) R (y — Xp — Zv) + vIGlv. (2.5)
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This leads to the following mixed model equations

Am _ b, (2.6)
V
where
XTRIX  XTRZ XTR
A= and b= Y. 2.7)
Z'RX Z'/R'Z+G" Z'Ry

(see Rao and Molina, 2015, page 99 for details). The variance components (o?,c?) in equations (2.6)
and (2.7) are generally unknown. Three methods of estimation, FC, ML and REML, are commonly used
in SAE to estimate the variance components (o2, 2). A well-known difficulty with these methods is
that the estimate of o7 can take on negative values. This estimate is truncated to zero when this occurs,
that is &2 is set to 0. Empirical versions of A and b, denoted as A and b, are obtained if the unknown
variance components (o2, o2) are replaced by estimators (&2, 62). It follows from equation (2.6) that
EBLUP estimators of model parameters (B, v), denoted as p and ¥ = (Vy, ..., \7m)T , are given by

ﬁ _ A-1R
@ = Ab. (2.8)

Using (2.8), it can be proved that § and ¢ are

(ﬁj _ {(xT\”/lx)1 xT\A/lyJ’ 29)
o)\ 6zv(y - xp)
where G = 621 and V = 621, + 622Z".

Remark 1. It is easier to invert matrices G = 621, and R = 621, than V. Consequently, it is simpler to
use the mixed model equations (2.8) than equations (2.9) for computing p and ¥. However, when G2 is
equal to zero, equations (2.8) cannot be used because the G~ term in matrix A does not exist. In such
cases, p and ¥ can only be computed using (2.9).

Under model (2.2), it can be shown that § and ¥, in ¥ = (V,, ..., V)" satisfy

i 2% (yy = xiB - )

i=l jes;

0. (2.10)

Estimators B and V¥, are used to compute EBLUP predictions §£®-“" for the N, — n, unobserved
units in small area i: yE®*° = x[B + ¢, for j e r,. An EBLUP estimator of Y;, denoted as Y;*"%, is
obtained by replacing in (2.4) §; by 95°*. It follows that Y,*®-*" is

U]

7 EBLUP _ i TR _
Yi N [z Y + X B+ (N, ni)vi}v (2.11)

jes;
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128 Stefan and Hidiroglou: Small area benchmarked estimation under the basic unit level model

where X, = ngr X

X;; represents the sum of non sampled values X;;.

2.2 You-Rao estimation

You and Rao (2002) proposed a pseudo-EBLUP small area mean estimator (YR estimator) that
incorporates the design weights d; into the formula of the EBLUP estimator. A property of the pseudo-
EBLUP estimator is that the design consistency is preserved as the area sample size increases.
Furthermore, the YR predictor offers protection against model failure or an informative sampling design
(see among others Hidiroglou and Estevao, 2016 and Verret, Rao and Hidiroglou, 2015 for details).
Pseudo EBLUP estimators can be constructed using the procedure in You and Rao (2002) with survey
weights w; that may be calibrated on some vector of auxiliary variables. Let B¥® and
"R = (VYR ..., 07R)" be the YR estimators of p and v respectively based on weights w; (see You
and Rao, 2002 for details). The estimators *® and VR satisfy the estimating unit-level based equations

DD WX, (y“— - XiTjﬁYR - ViYR) =0. (2.12)
i=l jes;
Equations (2.12) represent the survey-weighted version of equations (2.10). You-Rao predictions y; R of
y; are computed as ¥~ = xiTjﬁYR + V"% for j er. Replacing §; by §;® in (2.4) leads to the YR
estimator of Y, in the case of non negligible sampling rates:

A 1 n
e PR AR URL (2.13)
i Lies;

Estimators B® and ¥® can alternatively be obtained as solutions to weighted mixed model
equations similar to (2.6) (see Huang and Hidiroglou, 2003 for details). To this end, we define matrices
W, =diag,_ ., {w;}, W =diag,_,., {W,} and Q@ =diag,.,., {®}, where o, = zjesi Wﬁ/zjesi w
for i =1,..., m Let ¢, be the sample weighted version of ¢, where

ij

é, = (Y — XB — Zv)" W/2RWY2 (y — XB — Zv) + v QY2G 1QY?%y, (2.14)

with W¥2 and QY2 representing the square root of matrices W and € respectively. In the first term of
¢.,» the model error associated with the observation y; is weighted by the corresponding survey weight
w;;, whereas in the second term of ¢,, the factor o, in the diagonal matrix € represents the weight
attached to the small area effect v,. It can be shown that the minimization of ¢, with respectto p and v
leads to (B"®, ¥"®). It follows that (B"R, ¥"®) are given by

[BYRJ =Alb,, (2.15)

¢ YR
\

where the known values of A, and b, are given by
xTwl/ZR—lwl/Zx XTwl/ZR—lwl/ZZ xTwl/ZR—lwl/Zy
= a w—
(ZTWl/ZR_lWl/ZX ZTwl/ZR—lwl/ZZ+Ql/2c—lgl/2j [ZTwl/ZR—lwl/Zy

w

], (2.16)
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and
and

w

and b, are empirical versions of A, and b, obtained by estimating G and R by G = 621 |
= 621, respectively. Equation (2.15) can alternatively be written as

{ﬁYRj _ [(XT\71x)_ XT\7—1y J 2.17)

8 G,Z™V, (y - Xp*?)

X )>>

where G, = QV2GQY? and V,, = WV2RW Y2 + 2G Z".

3. Benchmarked estimators

We now proceed to develop benchmarked estimators of the small area means Y, using unit level model
(2.2) or augmented versions of it. We assume that a reliable direct estimator Y, = Z.le, o Wi Vi of the
population total Y is available, where Y = Z LYioand Y, =N, Y. is the total of small area i. Let Y be
the model-based small area estimator of Y,. It is desirable to ensure that the aggregated values of Yi, agree
with the reliable estimator Y,. The small area means estimators \7, i=1..,m are said to be

benchmarked to Y, if

inﬁ:m. (3.1)
i=1

Let YW be a GREG estimator with weights calibrated at the population level on a vector of auxiliary
variables xj. This estimator is analogous to the combined regression estimator if one views the small
areas as strata. The vector of auxiliary variables xj; may or may not be the same as x;;. We distinguish
two cases in this context: x; < Xj and Xx; & Xx;. The first case, x; < xj, implies that all the
i» and that x* may or may not have addltlonal components that are
different from those contained in x;. The second case, X; & x”, implies that some of the components of
X;; do not appear in xIJ We assume that the first component of both vectors x;; and xIJ are equal to one,

components of x;; also belong to X;

as they represent an intercept term.

For a given sample s, auxiliary data xIJ and basic design weights d; = / i » the GREG estimator of
the population total Y is given by

YA GREG z Z WGREG y.j ’

i=l jes;

where the GREG weights w**¢ are given by

=1 jes;

-1
g =, (106 -5 ($ 5 e | x| @2

In equation (3.2), X" = Z X;, where X = zj'lej represents the known small area total, whereas

XHT = zi=1Xi”T and X" =  d,x; represent respectively the direct design-based Horvitz-

jes; U7
Thompson estimators of X™ and X;. Note that
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33w = X (3:3)

i=l jes;

Using the GREG weights w;**¢, estimators of N, and X; are given by

(] GREG GREG (¢ GREG GREG y
N, JEZS: Wi and X ,Z‘ W (3.4)
The small area estimates \ﬁEBLUP and ?YR given respectively by (2.11) and (2.13), do not satisfy the
benchmarking equation (3.1) for Y, = Y 6R¥C: that is the total estimates Y 52t = LNYFBLUP, and
YR = ZL NYiYR do not match the GREG estimator Y % We need to adjust Y,¥8-"* and Y,"® so
that the sum of these modified small area estimators add up to Y ®*€¢ when they are summed over all the
m small areas.

A very simple modification to the Y,®®-%"’s and Y;¥*’s is called ratio benchmarking. It consists of
multiplying each Y,*®"* and Y,"® by the common adjustment factors Y 5% / > NYEP and
Y GREG/ZI ,N Y "R respectively, leading to the ratio benchmarked estimators

. . Y GREG . . Y GREG
YEBRat - YEBLUP and YYRat — YYR (35)
ib i m N_?EBLUP ib i ™ Zuo N_?YR .
=1 i =1
It readily follows that both YﬁbEBRat and \ﬁbYRa‘ satisfy equation (3.1) with Y, = Y ®%€¢_ In equation (3.5)
and hereafter the subscript b denotes that the estimators are benchmarked to Y SR€¢,

Note that the \ﬁEBLU”’s and YAiYR’s in equation (3.5) are multiplied by the same factor regardless of
their precision and ignoring the particular small area characteristics, such as the variability of the units
within a small area, or the small area sample size. Consequently, the resulting benchmarked estimators,
\ﬁbEBRa‘ and \ﬁby Rat based on this simple procedure, are just proportional modifications of estimators
YAiEBLUP and YiiYR respectively, to obtain the desired concordance. This limitation can be avoided by using
the small area model (2.2) to construct the benchmarked estimators.

We now proceed to show how model (2.2) can be used to obtain estimators benchmarked to Y ®R€¢, In
Sections 3.1 and 3.2 we adapt the procedures in Stefan and Hidiroglou (2020) for obtaining benchmarked
estimators to the case of non-negligible sampling rates. In Sections 3.3 and 3.4 we introduce two restricted
benchmarked estimators based on the procedure proposed by Ugarte et al. (2009). The benchmarked
estimators of Sections 3.1 and 3.2 rely on the assumption that X; < Xi:, Whereas the estimators of
Sections 3.3 and 3.4 can be computed for any vector x;; or X;;.

ij?

3.1 Augmented EBLUP benchmarked estimators

The GREG weights W™ should be used in the estimation to achieve benchmarking to Y ®*¥¢. A

possible way that w;**

(2.2) with a suitable auxiliary variable that is a function of wg"®¢. This procedure is based on the

can be incorporated in the estimation is by augmenting the small area model

augmented model approach used by Wang etal. (2008), Whereby estimates obtained using the FH
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area-level model could be forced to add up to specified totals. Stefan and Hidiroglou (2020) adapted the
Wang et al. (2008) approach under the basic unit-level model and for negligible sampling rates. They
showed that benchmarking to Y ®*¥¢ could be obtained by augmenting model (2.2) with the GREG
weights w**®. We extend Stefan and Hidiroglou (2020) to the case when the sampling rates are non-
negligible. For this case, benchmarking to YCRE¢ is achieved by augmenting model (2.2) with

q; = W;"=° — 1. This leads to the augmented model given by

Vi = xiTjﬁla + 0B + Vi H e i =1 .., m jes, (3.6)

The random effects v,, are assumed to be i.i.d. N (0, o2 ) and independent of the unit errors e;,, and the
€;,’s are assumed to be i.i.d. N (0, o%). The EBLUP estimators of B, = (B,, B,.)" and v, in (3.6) are
respectively denoted by f, = (fﬂa, ﬁZa)T and V.. We can now spell Result 1 for §, and V,,.

Result 1. The EBLUP estimators ﬁa and V,, based on model (3.6) obey the following equation

m m T m m
ZZ Yi t (zxirj ﬁla + Zinﬁza + Z(NiGREG - ni) Vi = y eRee, (3.7)
i=1 jes, = =1 =1

where g, = > af =2 (Wi -1°%

Proof: See Appendix A.

It follows from equation (3.7) that small area estimators benchmarked to Y ®*¥¢ are given by

o 1 N N n
Y P = N [Z Yij + XiBra + Qifoa + (NiGREG - ni) Via:|' (3.8)
i jes;

I
EaN

The subscript a indicates that Y t2-Y"

iab

is based on an augmented small area model.

3.2 You-Rao benchmarked estimators

The procedure proposed by You and Rao (2002) can be used with any survey weights w;. However,
there is no guarantee that the resulting YR estimator will be benchmarked to Y ®*¢. When the sampling
rates are negligible, Stefan and Hidiroglou (2020) obtained benchmarked estimators with the You and
Rao’s (2002) procedure based on the weights w;; = Wi?REG of the GREG estimator. When the sampling
rates are non-negligible, we now show that the weights w; = w**® —1 lead to YR benchmarked
estimators.

Let Y7 and ¥¥® = (0%, ..., VY®)" be YR estimators of p and v respectively with w; replaced by

WERES — 1. Using "%, V'R and the N, — n; estimates §;/® = xiTjAYR + V" for j er, aYR estimator,
denoted as Y,Y®, can be computed with equation (2.13). However, Y,® is not benchmarked to Y GRe¢

GREG

even if it uses the weights w;™> —1. The original YR procedure leads to a self-benchmarked estimator

in a limited number of cases.

To achieve the benchmark to Y *%¢ a YR modified estimator, denoted as \ﬁbYR, is defined as follows:
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~ 1 N A
YR = v [z Yy + X B+ (NEgREe ) \79“*] (3.9)

jes;
The following proves that \?iby R defined by (3.9) benchmarks to Y "¢,

Result 2. Let B¥® and O™® = (VR, ..., 0"R)" be respectively the YR estimators of B and v,
constructed with weights wS" ¢ — 1. Then, (B¥?, ¥YR) satisfy the following equation:

m

zz yl] + ZX"BYR + Zl: NGREG — \7YR YAGREG.

i=l jes; i

Proof: See Appendix A.

Given X CREG

equations

are calibrated on x;; at the small area level if they satisfy the following

the weights w;; i

ij?

ZWGREG =X, for i=1..m (3.10)

jes;

Equations (3.10) implies equation (3.3), however, the reverse is not true. If the weights WGREG satisfy

CREG are also calibrated on x.. at the small area

(3.10), and since x; < X;, it follows that the weights w; i

ij?
level. In turn, this |mpI|es that NGREG = N;, as we assume that vector X;; contains the constant regressor
equal to 1. It follows that Y,"® = Y,bY R Thus, the YR estimator Y,"? constructed with wRee —1 is self-
benchmarked to Y ®€¢ in the special case when the GREG weights are calibrated at the small area level

(see You and Rao, 2002).

3.3 Restricted EBLUP benchmarked estimator

In Section 2 we showed that the EBLUP estimators of (B, v) can be obtained if the function ¢ defined
in (2.5) is minimized with respect to (B, v). It therefore follows that an EBLUP estimator can be viewed
as the solution to an unrestricted minimization problem. The idea of restricted EBLUP estimators is to
obtain new estimators of (B, v) by minimizing ¢ subject to the restriction given by the benchmark
condition. The procedure was used by Pfeffermann and Barnard (1991) under the FH area-level model.
More recently, Ugarte etal. (2009) applied the procedure under the BHF unit-level model to obtain
benchmarking to a synthetic estimator. Ugarte etal. (2009) described the restricted estimator as a
generalized least squares estimator subject to a restriction by noticing that the minimization can be
conducted as in the econometrics theory of regression estimation under linear constraints. We now
describe the procedure in Ugarte et al. (2009).

We denote by B? and ¥F = (97, ..., ¥*)" the new restricted EBLUP estimators of (B, v). Then, the
restricted EBLUP estimator of Y,, denoted as YAREBLUP, is given by equation (2.4), where ¥, are replaced
by 9§ = xj B + V7, for j e r,. We impose that the estimators Y REBLUP 'i =1, ..., m be benchmarked to
Y GREG | that is they satisfy equation (3.1) with Y, = Y ®R¢. After carrying out some algebra, it can be
shown that the benchmark to Y ®R€¢ of estimators YAibREBLUP, i =1 ..., m is equivalent to the following
linear constraint equation
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alpr + alvR =Y oREC, (3.11)

where a, =" X, a,=(N, = n, .., N, —n)" Y, =Y - D Yy is the total of non-
observed y; valueswith i =1,..., m; j er, and Y SR =Y OREC _ Zi"llzjesi y; isan estimator of Y,
based on Y °R€¢. The restricted EBLUP estimators (R, ¥®) are therefore obtained as the solution to the
minimization of function ¢ given by (2.5) subject to the linear constraint (3.11).

The Lagrange multiplier method can be used to solve the constrained minimization of ¢. After

straightforward algebra, it can be shown that estimators (ﬁR OR) are given by

[ﬂRj — (ﬁj + 1A A—1a|:Y"rGREG —aT (ﬁﬂ’ (3'12)
R v) a'Aa v

where (B, ¥) are the (unconstrained) EBLUP estimators of (B, v), A is the empirical version of matrix
A defined in (2.7), and a = (a] a})" . Then, using 95 in (2.4), the estimator Y,**"“" can be rewritten as

2 1 ~
el DI TR AR U A (3.13)

Jes

A

Remark 2. The matrix A does not exist for samples when &2 = 0. In such cases, we noticed that

v

A

equation (2.8) cannot be used to compute the unconstrained estimators (f, ¥). However (B, ¥) can still
be computed when &2 = 0 because the alternative equation (2.9) can be used for (B, ¥). Equation (3.12)
clearly shows that the constrained (BR, ¥®) cannot be computed for samples when estimator 62 is
truncated to zero, and no alternative equation exists in these cases.

It, therefore, follows that the methods of estimation for the variance components commonly used in
SAE cannot be used to compute the restricted EBLUP estimator. In Section 3.4 and Appendix B we
describe an alternative method that produces a strictly positive estimation of o2 that can be applied in
conjunction with (§7, ¥*) such that a restricted benchmarked estimator of Y, always exists.

3.4 Restricted You-Rao benchmarked estimator

We showed in Section 2.2 that YR estimators of B and v can be obtained as a solution to mixed
model equations obtained by minimizing the sample weighted function ¢, given by (2.14). That is, we
showed that, by defining a function ¢, with weights {w;},i=1...,m; jes; and {@;},i=1 ..., m,
and then minimizing ¢,, we obtain the same estimators as those given by the You and Rao’s (2002)
procedure. We now minimize function ¢, under the benchmark constraint given by (3.11). The result is a
restricted YR estimator that is benchmarked to Y REC,

Minimization of ¢, given the benchmark restriction (3.11) results in estimators of Y,,i=1,..., m
that are guaranteed to be benchmarked for any weights that define the function ¢,,. Thus, one may choose

any set of weights w; in ¢,. In a limited design-based simulation study, we compared three restricted

GREG __ 11 “ Wij — Wi(j_'aREG

YR estimators based on three options with respect to w;: i. w; = w; and

iii. w; = d;. We found no significant difference between these three estimators in terms of design mean
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squared error. Given this last point and that the unrestricted benchmarked YR estimators described in
Section 3.2 were based on w; = w"*® —1, we chose to define the restricted YR estimator based on these
weights.

Let 4, be defined in terms of w; = wP*™ —1 and o, = Zjesi wﬁ/zjeSi w; . Minimization of ¢,
with respect to (B, v) subject to the benchmark constraint (3.11) results in the restricted YR estimators of
(B, v), denoted as (BR"R, ¥R"R). They are given by:

0 RYR 0 YR 1 R R n YR
B — ls + _ A;Vl a YrGREG _ aT B , (314)
vRYR vYR aT Awa vYR

where estimators (§"®, ¥"®) are given by (2.15), and A, is the empirical version of A, given by
(2.16). Using PR and VR of OUR® = (VFF, ..., 0FF)" | restricted YR estimates

AR xiTjﬁRYR + V"% of unobserved y; for j e r, are then used to compute a benchmarked restricted
YR estimator:

2 1 n
YRR = o [Z yi + XIBR® + (N, —n) vaR]. (3.15)
i Lies;

As in the case of the restricted EBLUP estimator, the estimators (B*Y%, ¥5'%) given by (3.14) do not
exist if FC, ML or REML results in a truncated estimate for o?. Consequently, Y, can only be estimated
by Y,® with a method of estimation for the variance components that always leads to strictly positive
estimates for o2.

A null estimate of o2 poses no problem in computing EBLUP and YR estimators. However, we
noticed that the restricted EBLUP and the restricted YR estimators cannot be computed if 62 = 0. In
order to get around this problem, we use a method proposed by Moghtased-Azar, Tehranchi and Amiri-
Simkooei (2014) that guarantees that the estimator of o will be strictly positive. This method is based on
the concept of a re-parameterized restricted maximum likelihood estimation (reREML). Their idea is to
use functions whose range is the set of all positive real numbers, namely positive-valued functions (PVFs),
for unknown variance components in the stochastic model instead of using variance components
themselves. Their numerical results showed the successful estimation of non-negativity estimation of
variance components (as positive values) as well as covariance components (as negative or positive
values).

We used a Fisher-scoring algorithm to obtain iteratively the reREML estimates of the variance
components of the basic unit-level model given by (2.2) (see Appendix B for details). We also carried out
a small simulation and found out that for area sample sizes equal to or larger than 3, the Fisher-scoring
algorithm converged in less than 15 iterations. When we only considered the samples that produced a null
estimate 62 = 0, we observed that the algorithm converged even faster (see Figure 4.1 in Section 4).

4. Simulation study

We report in this section the results of a design-based simulation study as it is in line with measures
that are computed by the National Statistical Offices. A design-based study is one where a fixed finite
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population is first generated using an assumed model, and then for each simulation run, a sample is drawn
employing the fixed finite population. The aim of the simulation study is to evaluate the properties of the
benchmarked estimators described in Section 3 in terms of design bias and design mean squared error. We
considered two scenarios: Scenario 1 corresponds to the case of correct modeling, whereas Scenario 2
corresponds to the case of incorrect modelling. Model diagnostics such as those given in Rao and Molina
(2015, pages 114-118), can be used to test whether the models are correct or not. Such model diagnostics
include residual analysis to detect departures from the assumed model, selection of auxiliary variables for
the model, and case-deletion diagnostics to detect influential observations.

4.1 Simulation set-up for generating the finite populations

For each scenario, we considered five populations. Each population had m = 30 small areas, with
N, = 100 population units within each small area. The populations corresponding to Scenario 1 were
created using the following model

Vi =B + X8 +V; + €y, i=1....m j=1..., N, (4.2)

where S, =10 and p, = 5. For generating the populations in Scenario 2, we split the 30 small areas into
three equal groups of small areas, denoted as G,, for ¢ =1, 2, 3. The first group G, contains areas
i =1, ...,10, the second group G, contains areas i =11, ..., 20, and the third group G, contains areas
i =21, ..., 30. The model within a given group is given by

Vi = Bo + XBu, + Vi + €y, 1eG,;j=1...,N;, (4.2)

where  (f,, =10, B, =1) for areas ieG, (B, =20, B,=5) for areas ieG,, and
(Bos =30, B,; =10) for areas i € G,. Both (4.1) and (4.2) use the auxiliary variable x; = (1, x; )T
whose values x;, j =1, ..., N; were generated from an exponential distribution with mean equal to 5 and
variance equal to 25.

The random components in (4.1) and (4.2) were generated from the normal distributions v, ~ N (0, 52)
and e; ~N (0,02). The five populations corresponding to Scenario 1, denoted as A1, B1, C1, D1 and E1,
were generated based on (4.1) and the following variance parameters doublets: i. (o2, =0.2, o2 =20) for
population Al; ii. (o3,=1 o2=20) for population B1; iii. (63, =2, o2=20) for population C1;
iv. (63, =4, o2 = 20) for population D1; and (o2, = 20, o2 = 20) for population E1. Note that, for
populations A1 through E1, the value of o is kept fixed, whereas the values for o7 vary. The o2’s are
chosen to obtain the following variance ratios 5:03/0-82 as 0.01, 0.05, 0.1, 0.2 and 1. The five
populations in Scenario 2, denoted as A2, B2, C2, D2 and E2, were generated based on (4.2) with the
same variance parameters doublets as for Scenario 1.

A stratified sampling design was used by drawing independent probability proportional to size samples
(pps) of size n, within the i™ small area. The small area sample sizes were taken n, =3 for
I =1, ..., m. The selection probabilities were computed as p; = bij/Z?:‘lb” , Where the size measures
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are b; = x;. We used Conditional Poisson Sampling (CPS) to select the pps samples within each small
area (see Tillé (2006), Chapter 5). The basic design weights are given by d; = 1/(n;p;).

In Scenario 1, we fitted the nested regression model (4.1) and its augmented version to pps sampling
data selected from one of the five populations generated with model (4.1). This scenario represents correct
modeling as the model fitted and the model used to generate the finite population coincide. In Scenario 2,
we fitted the nested regression model (4.1) and its augmented version to pps sampling data selected from
one of the five populations generated with model (4.2). This scenario represents incorrect modeling as the
model fitted and the model used to generate the finite population do not coincide.

We selected G = 30,000 stratified pps samples from each of the ten finite populations: populations Al
to E1 corresponding to Scenario 1, and populations A2 to E2 corresponding to Scenario 2. For
g=1...,G let (62FE9), 52RE9)) and (G2RE9), 52°REW@)) denote respectively the estimates of (o2, o2)
given by the truncated REML method and its re-parameterized version, that correspond to the g™ sample.
The starting values in equation (B.2) were o{® =log (0.1 + 627@) and af® = log(&2"=®). Equation
(B.2) reached convergence in less than 15 iterations for all the populations and both scenarios. Based on
the G simulated samples selected in each of the five populations corresponding to Scenario 1, we
computed the Monte Carlo value of the probability to obtain a zero truncated REML estimate for o2 as

G

31630 <o),

1
P, (62 =0)=—
MC( ) G =

v

where | (A) is an indicator function with value 1 if condition A holds, and 0 otherwise.

Table 4.1 displays the Monte Carlo values of the probability to get a zero estimate for 627¢. It can be
seen that the simulated probability P,,. (62FF = 0) can be as high as 0.47 for § = 0.01. As § increases,
this empirical probability decreases. Table 4.1 clearly shows that estimates (627€, 62%€) cannot be used
to compute the restricted EBLUP and YR estimators for samples selected in populations Al, B1, C1
and D1.

Table 4.1
Values of P (627 =0): Scenario 1
Pop Al Pop B1 Pop C1 Pop D1 Pop E1
6 =0.01 6 =0.05 6=01 6=02 d=1
Py (627 = 0) 0.47 0.40 0.21 0.06 0.00

Figure 4.1 displays the number of iterations to convergence of the Fisher-scoring algorithm for the
estimate 6% of o?. The algorithm stops when the value of | §2REC+D — 52 REM | s |ess than 10°°,
where &2RE(") represents the r™ iteration computed with equation (B.2) in Appendix B. The percentages
of Figure 4.1 are based only on samples with a truncated REML estimate of o2, that is 2% = 0. We

only considered populations Al, B1, C1 and D1, as these four populations have non-negligible
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probabilities for 627 to be null. Figure 4.1 clearly shows that the convergence is attained in a maximum
of 11 iterations.

Figure 4.1 Percentage of iterations to convergence in samples with 2% = 0.
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4.2 Comparison between the benchmarked estimators

The aim of the simulation study is to compare the benchmarked estimators described in Section 3 in
terms of design bias and design mean squared error. We used both scenarios as we wanted to check how
benchmarking protects against incorrect modeling. Furthermore, we considered the benchmark to two
GREG estimators: Y,°R€¢ and YGRS, Estimator Y,°f® has weights given by (3.2) calibrated on the
auxiliary vector x; = (1, X;) associated with the small area model. It follows that estimator YR
corresponds to the case x; < xIJ The second GREG estimator VZGREG has weights given by (3.2) based
on auxiliary vector x,J = (1, x“) where the values xIJ J =1, ..., N, were generated from an exponential
distribution with mean equal to 5 and variance equal to 25, and independently of the values

*

Xy, § =1, ..., N;. It follows that estimator Y,2*¢ corresponds to the case x; ¢ Xj, since the auxiliary

ij !
variable x; associated with the unit-level model (4.1) do not belong to vector xIJ used to obtain the

weights associated with Y SREC,

Statistics Canada, Catalogue No. 12-001-X



138 Stefan and Hidiroglou: Small area benchmarked estimation under the basic unit level model

For a fixed f|n|te population, let Y; be the mean of the small area i and Y a generic estimator of Y,.
We denote by Y ) the value of YI based on the g™ simulated sample, for g =1, ..., G. The estimators
described in Section 3 respect the benchmark property regardless of the method used to estimate the
variance components. Since the restricted benchmarked estimators are based on estimates

(G2eRE@) | 52REQ)) e decided to use reREML for computing Y@ for each estimator Y, evaluated in
this simulation study.

We considered the following performance measures:

Average Absolute Relative Bias

1

1 m
=— Z ,  Wwith  ARB; =
m =31

s

Average Relative Root Mean Squared Error

— 1 1 & (Y® 2
RRMSE = — > RRMSE; with RRMSE; = | = >'| — -1| .
m i=1 G g=1 Y

This portion of the simulation is summarized in four tables. We provide the results separately for
Scenarios 1 and 2. The results for the case when the benchmarking is to Y,°% (the case x; < x}) are
summarized in Tables 4.2 (Scenario 1) and 4.3 (Scenario 2). Those for the case when the benchmarklng is
to Y, 2R (the case X; & X;) are summarized in Tables 4.4 (Scenario 1) and 4.5 (Scenario 2).

Benchmarking to Y,**¢ (the casex;; < X;;)

We computed the ARB and RRMSE for two non benchmarked estimators, Y,=-% and Y, "%, as well
as their corresponding estimators benchmarked to Y,°%¢. For Y,¥®-“" we have three benchmarked
estimators Y EBRat Y,,beLUP and Y TEBLUP * given respectively by equations (3.5), (3.8) and (3.13). For Y, R,

the corresponding benchmarked estimators are \ﬁbY Rat \ﬁbY R and ﬂ?YR, given respectively by equations
(3.5), (3.9) and (3.15).

We first discuss their properties when the model is correct (Scenario 1). Comparing the ARB’s across
all the estimators in Table 4.2, we observe that there is not much difference between the estimators. The
EBLUP estimators have somewhat smaller ARB’s than the estimators based on the YR procedure. The
benchmarked estimator Y,aEbBLUP has the smallest ARB’s, whereas the ARB’s of the benchmarked
estimators Y,©% and Y.*®* are identical to those of Y.%®-U*. The ARB values associated with
estimators YAiYR, ?ibY Rat and \ﬁbRYR are close, whereas estimator \ﬁbY R has a somewhat larger relative bias,
especially for larger values of 6 = o2 /2. For all the estimators, the ARB’s increase as & increases:

slight exceptions occur when § = 1.

Next, we report on the RRMSE’s. As expected, the smallest RRMSE’s are associated with \ﬁEBLUP,
whereas estimator Y,"™® has somewhat larger RRMSE values due to the use of survey weights under
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correct modeling. Benchmarking results in an increase of the RRMSE. Note that the RRMSE’s of the

A

benchmarked estimators Y,5°*" and \ﬁby R given in Sections 3.1 and 3.2 respectively, are higher than
those associated with the restricted methods Y,7*®-“* and Y,?*® given in Sections 3.3 and 3.4 respectively.
The naive ratio procedures Y,75* and Y,'** have RRMSE’s that are quite comparable to those of the

benchmarked that use the restricted methods. The RRMSE’s increase as & increases.

We conclude the following in the case x; < xIJ and when the small area model is correctly specified.
The restricted benchmarked or ratio type estimators perform better than those that use an augmented
model for EBLUP or a modified YR method. When the restricted or the ratio benchmarking techniques
are used, the resulting estimators have bias values that are similar to those associated with their non
benchmarked versions, whereas their mean squared error values are slightly larger than those of the non
benchmarked versions. The small area estimators and the GREG estimator Y,°**¢ are based on the same
auxiliary variables, whereas the model is correct. Consequently, \ﬁEBLUP and \ﬁYR do not have to be
severely modified to achieve benchmarking to Y,®Re¢.

Table 4.2
ARB (%) and RRMSE (%) for Scenario 1: the benchmark to Y SR€¢ (Xij c X,J)

. Pop Al Pop BL1 Pop C1 Pop D1 Pop E1
Estimator Measure 5 =p0 01 5 =p0 05 5 =|00 1 5 =po 2 5p= 1

, EeLup ARB 1.1 1.9 2.3 2.7 2.6

RRMSE 2.7 3.4 3.9 4.9 6.5

‘AL ARB 1.2 2.0 24 29 3.1

RRMSE 31 3.7 4.2 53 7.2

¥, BRat ARB 11 1.9 23 2.7 2.6

RRMSE 3.2 3.8 4.3 5.2 6.9

AL ARB 1.2 2.0 2.4 2.9 31

RRMSE 3.1 3.7 4.3 5.3 7.4

¥, EaLup ARB 1.0 16 2.1 2.4 2.3

RRMSE 9.6 9.8 10.1 111 13.9

‘AL ARB 12 2.0 25 3.0 3.7

RRMSE 35 4.8 5.4 117 145

¥ ReeLuP ARB 1.1 1.9 2.3 2.7 2.6

RRMSE 3.2 3.8 4.3 5.3 7.0

¥ R ARB 12 2.0 2.4 29 3.2

RRMSE 3.1 3.7 4.3 5.3 7.5

The results for not using the correct model are given in Table 4.3. The value of 5§ does not have much
impact on the ARB’s and RRMSE’s across all estimators. The ARB’s and RRMSE’s of the EBLUP
estimators, whether they are benchmarked or not, are higher than those associated with the YR estimators.
It follows that if we have incorrect modeling, the use of the YR estimators is recommended. Since YIGREG
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and the estimators based on the YR procedure use the same vector of auxiliary information, it follows that
there is not much difference in terms of ARB and RRMSE between the non benchmarked estimator
YR and its benchmarked versions, Y,®*, Y.Y® and Y,;®. However, it can be noticed that the
benchmarked estimator \ﬁbY R has the smallest ARB values, whereas the restricted benchmarked estimator
Y.RYR has the smallest RRMSE’s.

Table 4.3
ARB (%) and RRMSE (%) for Scenario 2: the benchmark to Y 6R&¢ (xij c xU)

. Pop A2 Pop B2 Pop C2 Pop D2 Pop E2
Estimator Measure 5 =001 S5 =005 5=01 5=02 S=1

y, EBLu ARB 423 427 432 43.0 415

RRMSE 59.8 60.5 61.1 60.6 59.0

\?iYR ARB 135 13.8 13.8 13.6 135

RRMSE 4238 432 435 432 42.4

 EeRa ARB 42.9 434 43.9 436 421

RRMSE 61.2 61.9 62.7 62.1 60.3

‘A ARB 138 14.1 14.1 13.9 138

RRMSE 439 44.4 44.7 44.4 435

¥, EsLue ARB 19.8 20.2 20.2 202 19.6

RRMSE 66.2 66.7 67.6 67.3 66.6

AL ARB 10.9 10.6 115 12.5 10.7

RRMSE 473 476 48.1 479 478

¥ ResLUp ARB 41.2 418 418 417 40.6

RRMSE 58.2 59.0 59.1 58.9 57.4

¥ R ARB 12.5 12.7 12.6 12.5 12.5

RRMSE 42.4 429 43.1 429 421

Benchmarking to Y,%%¥¢ (the case x; & X )

The results of this case are given in Tables 4.4 and 4.5 for Scenarios 1 and 2, respectively. The
weighting is with respect to w;**¢ given by (3.2) .We investigated the following four estimators (\?ibEBR“,
YAibREBLUP, \ﬁbY Rat. and \ﬁbRYR) that are benchmarked to YSRE¢. The first two estimators, ?ibEBRa‘ and
YAibREBLUP, are given by equations (3.5) and (3.13) respectively, while the last two, YiibY Rat and \?ibRYR, are
given by equations (3.5) and (3.15).

In Table 4.4, we summarize the average ARB and RRMSE values when the model is correct. That is,
both the sample and the population data respect model (4.1). We first discuss their properties in terms of
the ARB’s. Comparing the ARB’s across all the estimators in Table 4.4, we observe once more that,
under correct modeling, the original EBLUP estimator, Y.%2“"", has the smallest ARB’s. The ARB’s
increase when benchmarking is required, and this is different from what we noticed from Table 4.2. There

is not much difference in terms of ARB between the benchmarked estimators obtained using ratio
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adjustment methods, \ﬁbEBRa‘ and \ﬁbYRat, and those obtained by restricted methods, \ﬁbREBLUP and \ﬁbRYR.
The ARB’s increase as ¢ increases: slight exceptions occur when & =1.

Next, we report on the RRMSE’s. As expected, the smallest RRMSE’s are associated with Y, 8-V
which is optimal under correct modeling. Benchmarking results in an increase of RRMSE. Note that the
RRMSE’s associated with all four benchmarking procedures in Table 4.4 are quite high compared to the
RRMSE’s associated with the non benchmarked estimators Y,¥8“" and Y,YR. The estimators Y25 and
Y.YRat have similar efficiency, whereas Y,%E2-" and Y,?¥® have RRMSE values that are somewhat larger
than those of Y,E%% and Y,Y®*. The RRMSE’s increase as & increases.

When x; & Xj,
that uses the vector X,
extreme situation when x; and x; have no variable in common. It follows that the modifications needed

there are larger differences between the small area estimators based on model (2.2)
and the GREG estimator that uses xj,. Notice that we considered a somewhat

to obtain benchmarked estimators are more accentuated in this case as compared to the case Xx; < X;.
This explains why in Table 4.4 the benchmarked estimators have significantly larger ARB and RRMSE
values than the estimators that are not benchmarked to Y 2Re¢.

Table 4.4
ARB (%) and RRMSE (%) for Scenario 1: the benchmark to \?ZGREG (xij foa xU)
. Pop Al Pop B1 Pop C1 Pop D1 Pop E1
Estimator Measure 5 =001 5 =005 5=01 5=02 s5=1
A ARB 11 1.9 2.3 2.7 2.6
RRMSE 2.7 3.4 3.9 4.9 6.5
‘AL ARB 12 2.0 2.4 2.9 3.1
RRMSE 3.1 3.7 4.2 5.3 7.2
Bt ARB 4.2 43 45 4.9 4.6
RRMSE 13.0 13.2 135 14.0 14.6
AL ARB 4.2 4.3 45 5.0 4.8
RRMSE 13.0 13.2 135 14.0 14.0
¥ ResLUP ARB 4.2 4.3 45 5.0 4.8
RRMSE 13.1 13.3 135 14.1 15.0
?mm ARB 42 4.3 4.6 5.1 5.0
RRMSE 13.5 13.7 13.8 14.5 16.2

The impact of using an incorrect model is given in Table 4.5. We see that YAiEBLUP suffers the most in
terms of both ARB and RRMSE because the EBLUP procedure assumes that the model is correct. The
benchmarked versions of EBLUP, ¥,2% and Y,%®" also have high ARB’s and RRMSE’s. Although
the original You and Rao (2002) estimator, YAiYR, has much smaller ARB than the EBLUP estimator, its
RRMSE is fairly high. The ARB and RRMSE associated with the ratio benchmarked version of YAiYR,
Y.YRat " are a bit higher than those associated with Y;¥R. The benchmarked YR estimator, Y,2"®, which is
based on the restricted procedure given in Section 3.4, has an ARB that is the smallest amongst the
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estimators in Table 4.5. Due to benchmarking, its RRMSE is slightly larger than the one associated
with Y;¥®.

Table 4.5
ARB (%) and RRMSE (%) for Scenario 2: the benchmark to Y SR&¢ (x; @ x})
Estimator Measure Pop A2 Pop B2 Pop C2 Pop D2 Pop E2
d=0.01 d =0.05 §=0.1 §=0.2 =1
¥ EBLUP ARB 423 42.6 43.2 43.0 41.6
' RRMSE 59.8 60.4 61.1 60.7 59.1
?YR ARB 13.6 13.6 13.9 13.7 135
! RRMISE 42.8 43.1 435 43.3 42.4
- mg wm o®m omom
RRMSE ' ‘ ' ' ’
w _ARE_ 479 282 81 83 473
RRMSE ' ‘ ' ' ’
o momomom BB
RRMSE ' ' ' ' ’
e mx om om omom
RRMSE ' ' ' ' ’

5. Real data example

In this section, we compare the benchmarked estimators through a real data analysis. The data set we
studied is the corn and soybean data provided by Battese et al. (1988). They considered the estimation of
mean hectares of corn and soybeans per segment for twelve counties in north-central lowa. The response
variable y; is the number of hectares of corn in the j" segment of the i™ county. The auxiliary
variables, x,; and X,;, are the number of pixels classified as corn and soybeans respectively, in the j®
segment of the i" county. We report only results for Y;, the mean number of hectares of corn per
segment for county i.

Following Battese et al. (1988), we deleted the sample data from the second sample segment in Hardin
county because the corn area for that segment looked erroneous. Among the twelve counties, there were
three counties with a single sample segment. Following Prasad and Rao (1990), we combined these three
counties into a single one, resulting in 10 counties in our data set with sample size n, ranging from 2 to 5
in each county. The total number of segments N, (population size) within each county ranged from 402 to
1,505. Following You and Rao (2002), we assumed simple random sampling within each county, and the
basic design weight was computed as d;; = N, /n; forunit j inthe i™ county.

We base our calculations on the unit level sampling model given by

Vi =By + Xy + Xy BtV + €, j=1...,n;i=1..,10, (5.1)
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where v; and e; are normally distributed errors with common variances o? and oZ. We fitted model
(5.1) to the sample data to obtain EBP estimates of p and v,, denoted as § = (3,, 4., /,) and V,, and
re-parameterized REML estimates of the variance components, denoted as (2%, §2*¢). The EBLUP
estimates of the model fixed effects are S, = 58.5, 3, = 0.316 and f3, = -0.150, whereas the reREML

A

estimates of the variance components are 2% = 135.6 and §2"%* = 155.9. The estimated & is 0.869

"

which is close to 1. For each unit in the sample, we replicated the vector X; (1 X T several times

lijr 20
equal to [d;], the closest integer to the sampling weight d; = N;/n;. Thus, Wje obizined a pseudo-
population of x-values, denoted as X[’ (1 Xfi s ngj) , With county population size equal to N =
n;[N;/n;]. The y-values of our pseudo-population, denoted as Yy, are defined as: yi* =y, for
jes;, and yF =B, + xf,jﬂl ngjﬂz +V, +ef* for jerP, where ef* ~ N(0, 62*°¢) and r” is
composed of the NP — n. non-observed units in the i" small area. Prasad and Rao (1990) used a similar
procedure to generate a pseudo-population with a larger number of counties than the data set provided by
Battese et al. (1988). Their pseudo population composed of twenty counties was obtained in two steps:
first, the values of the auxiliary variables associated with the original data set were duplicated; then, the
values of the response variable were computed from the model, by using the duplicated x -values and the
estimates of the model parameters.

LetY, = (Nips)’lz?j yp* and Y = Zillei"SVi be respectively the mean of the i small area and the
total of the pseudo-population. At the population level we estimate Y by the GREG estimator Y RE¢
based on weights given by (3.2) where the vector x§*" is the two-dimensional vector x§*" = (1, xf,j) St
follows that x§* & x§ given that x5 = (1, xf?, x;’fj) and xP™ = (1, xf,j) :

From the pseudo-population (yIJ , xi'}s), j=1 ..., N” i=1 .., 10, we drew G = 30,000 stratified
simple random samples without replacement of size n,, and treating each county as a stratum. These
sample sizes were equal to those of the original data set. We used the design relative bias (RB) and mean
squared error (RRMSE) to evaluate the performance of six estimators: two non benchmarked estimators,
YEBLUP and VYR and four benchmarked estimators, YAibEBRa‘, \ﬁg’Ra‘, YﬁbREBLUP and YAibRYR, that can be
computed in the case x* & x5 Let Y. be a generic estimator of the i™ small area mean Y., and @
its value associated with the g™ sample, for g =1, ..., G. Its RB and RRMSE values are given by

G V(@ 1 e (Y® 2
Z'T -1 and RRMSE, =, =>|—-1].
Y Gl Y

g=1 9=1 i

G)ll—\

Table 5.1 reports on the design RB and RRMSE of the six estimators of Y, for the ten counties of the
pseudo population. From this example, we see that the RBs and RRMSEs are quite similar across all
estimators and sample sizes. This follows because the model that generated the population data is correct,
whereas both the small area model and the GREG estimator have in common the auxiliary variable equal
to the number of pixels classified as corn.
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Table 5.1
RB (%) and RRMSE (%): the benchmark to Y GRE¢ (X & x&)
County n, Measure YAiEBLUP YiiYR Yiitl)EBRat YL”;/Rat YLiEEBLUP YLiEVR
Cerro Hamilton Worth 3 RB 1.6 14 1.3 1.3 1.0 1.2
RRMSE 5.2 5.4 5.3 5.4 5.6 5.4
Humboldt 2 RB 2.0 1.9 1.7 1.8 1.8 1.8
RRMSE 45 45 45 45 4.4 45
Franklin 3 RB -3.3 -3.4 -3.5 -3.5 -3.5 -3.5
RRMSE 5.2 5.4 5.5 5.5 5.4 5.4
Pocahontas 3 RB 3.1 -3.4 -3.4 -3.5 -3.3 -3.5
RRMSE 6.2 6.5 6.4 6.6 6.4 6.6
Winnebago 3 RB 2.6 2.3 2.3 2.2 2.3 2.2
RRMSE 5.4 5.3 5.3 5.3 5.3 5.2
Wright 3 RB -0.4 -0.6 -0.7 -0.7 -0.6 -0.6
RRMSE 3.7 3.8 3.9 3.9 3.8 3.9
Webster 4 RB -2.6 -2.9 -2.9 -3.0 -2.8 -2.9
RRMSE 5.2 5.4 5.5 55 5.4 5.5
Hancock 5 RB 0.9 0.7 0.6 0.6 0.8 0.7
RRMSE 4.2 4.1 4.2 4.2 4.2 4.2
Kossuth 5 RB 3.5 3.3 3.2 3.2 3.2 3.2
RRMSE 5.9 5.8 5.8 5.8 5.8 5.8
Hardin 5 RB -1.5 -1.7 -1.8 -1.8 -1.7 -1.8
RRMSE 4.2 4.3 4.4 45 4.3 4.4

6. Conclusion

In general, the sum of model-based small area estimates is not equal to a direct estimate obtained
across the union of these small areas. The weight that is associated with the direct estimator can be the
sampling weight or one obtained as a result of using the GREG estimator. The auxiliary data that are used
to obtain the GREG and the unit-level small area estimates may not necessarily coincide. In this paper, we
have suggested several benchmarking procedures for two well-known small area estimators (EBLUP and
YR) that are based on the unit level model. We considered the case when the sampling rates are not
negligible, and that the sample design is ignorable. In the event that it is deemed that the sample design is
not ignorable for some of the survey items, the auxiliary data vector x; in model (2.2) could be
augmented by including an additional variable g; specified function of the survey weights to offset the
potential bias of the EBLUP or YR estimators. Verret et al. (2015) proposed a number of choices for g
that included the survey weight w;. In the case of the EBLUP estimator, benchmarking is achieved by
adding the variable q; = w"*® —1. Since q; should be highly correlated to w;, the suggested
procedure for benchmarking EBLUP should provide good protection against possible non ignorable
sampling. The simulations in Verret et al. (2015) illustrated that the YR procedure, on its own, provides
good protection as well against possible non ignorable sampling. Their simulation also showed that further
protection can be obtained by their setting g;; equal to n,w;.

We extended the benchmarking procedures in Stefan and Hidiroglou (2020) to the case of non-
negligible sampling rates within each small area. These procedures are based on estimators that were
initially developed by Battese et al. (1988) (EBLUP estimator), and You and Rao (2002) (YR estimator)
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when the sampling rates within each small area are negligible. Ugarte et al. (2009) proposed a different
benchmarked estimator which is a restricted EBLUP estimator. We extended the procedure in Ugarte et al.
(2009) to obtain a benchmarked estimator that incorporates the survey weights, and that is essentially a
restricted YR estimator. We also considered two benchmarked estimators based on simple ratio
adjustments applied on the EBLUP and YR estimators respectively. We carried out a simulation study to
compare the properties of these six benchmarked estimators.

If the auxiliary data used to estimate the small area means are the same as those used in the GREG, and
if the model is correct, the restricted procedure in Ugarte et al. (2009) and the ratio adjusted EBLUP
estimator will have the smaller ARB’s and RRMSE’s. On the other hand, if the model is incorrect and
the auxiliary data are the same ones, the YR estimator based on Stefan and Hidiroglou (2020) procedure,
adapted to non-negligible sampling rates, has the smallest ARB’s, whereas the restricted YR estimator
has the smallest RRMSE’s. On the other hand, if the auxiliary data used to estimate the small area means
are not the same as those used in the GREG, we come to the following conclusions. The restricted EBLUP
and the ratio adjusted EBLUP estimators are the benchmarked estimators that have the smallest ARB’s
and RRMSE’s if the model is correct. If the model is not correct, the restricted YR estimator is the
preferred choice both in terms of ARB and RRMSE.

Benchmarking should be based on the EBLUP procedure if the linear mixed effects model is
appropriate. If the linear model and the benchmark (the GREG estimator) have in common a large amount
of auxiliary information, the benchmarked estimators are similar to their non benchmarked versions,
otherwise the loss of efficiency due to benchmarking may be important. If the model is not correct, the YR
procedure should be used to achieve benchmarking. In this case, benchmarking may bring about important
gains in terms of ARB and RRMSE, especially if the small area model and the GREG estimator share a
small number of auxiliary variables. The finite populations associated with incorrect modeling were
generated based on model (4.2), with mean function incorrectly specified. However, there are many ways
in which a model may be wrong, and the conclusions associated with these cases may be different.
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Appendix A

~ ~ A T
Proof of Result 1. The EBLUP estimators B, = ((Bla)T, ﬂZa) and v,,, that are based on model (3.6),
satisfy the equation

m Xij T4 n
Z Z( J (yij - XijBla - qijﬂZa - via) =0. (A-]-)

i=l jes; qij
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Equation (A.1) has the form of equation (2.10) and corresponds to augmented model (3.6). Expanding the
second equation in (A.1), we obtain that

quuxuﬂla + zzq ﬁZa + quu ia zqujylj (AZ)

i=l jes; i=l jes; i=l jes; i=l jJes;

The variable q; is defined as q; = wp**® — 1. The right-hand side of (A.2) is

1]

S ayyy = Y (W — 1)y, =V S Sy (A3)

i=l jes; i=l jes; i=l jJes;
The sums that appear on the left-hand side of (A.2) are given by

Sya Sy -9 -(Ex-3x) <(3x ) e

i=1l jes; i=l jes; i=1 jes;
DIDILHEDI M (A5)
i-1 jes; i-1

c q — < GREG _ S NGREG _ (A6)

PIDILEDION(

i=l Jes; i=l jes; i=1

In establishing that last equality of (A.4), we used that x; < x;; and that weights w; "¢ satisfy equation
(3.3). Result 1 follows by replacing (A.3), (A.4), (A.5) and (A.6) into (A.2).

Proof of Result 2. The survey-weighted estimating equations that defines p¥® and ¥® are given by
(2.12) constructed with the weights w~=¢ — 1

iZ( Fee =L)X (yij - X B - ViYR) =0.
jes;

i=1 i

Since the first term of X;; is one (representing an intercept), it follows that

iZ(Wi?REG —1) (yy - xjp™ —0¥®) =0 (A7)

The terms in (A.7) are given by:

22 (Wi = 1) yy =Y o= - Zm: 2 Vi (A-8)

i=l jes; i=l jes;

Sy -y -(Ex-Tn b0 -(Sn) b o

i=l jes; jes; i=1

and
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ZZ GREG _ )viYR _ i(NiGREG _ ni) 2GS (A.10)

i=l jes; i=1
Plugging (A.8), (A.9) and (A.10) into (A.7) leads to
m m T A m A A
Z Z Yi + (Zxrij BYR + Z(NiGREG - ni) ViYR =Y OREC, (A-ll)
i=1 jes; i=1 =

Equation (A.11) proves Result 2.

Appendix B
Re-parameterized REML estimation of variance components

Let & = (6,, 0,) be the vector of variance components, where &, = o7 and &, = o2. We define the
vector @ = (a,, @,) such that o7 =e* and o? = e*. The restricted maximum log-likelihood function,
denoted as | (a) is

1 1 1
(@) =1(ay, @,) = ¢ ) log| V| ) log| X"VX| - = yTPy, (B.1)

where ¢ is a generic constant, V =e®“ZZ" + el and P =V - V‘1X(XTV‘1X)71 XTV 1. Notice
that PX = 0. The solution to the maximization of | (a) is obtained iteratively using the Fisher-scoring
algorithm by updating the following equation

a™ =g + I(a®) " s(a?). (B.2)

Here, s(a®) = (ol (a)/ba,, ol (a”)/da,)" is the vector of first-order partial derivatives of I (a) with
respect to @, and I(a”) = (I, (a“)))j 1a
with respect to a, where 1, (a) = E(-0%l (a") /6c;0c, ).

is the matrix of expected second-order derivatives of —I ()

Under the BHF model, the first-order partial derivatives of | (a) are given by
1 .
—(a) —tr(PV,) + = y TPV, Py e, j=12, (B.3)

where V,; = ZZ" and V,, = I,. The expected values of the second-order partial derivatives of | (a) are

62 1 a +q, -
[8a dar (a)j w(PV;PVy) e ™, J k=12 (B.4)
k

The re-parameterized REML estimator of & is obtained as

SreRE — (62reRE, 62reRE) — (edl, edz). (85)

\ e
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