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Robust variance estimators for generalized regression
estimators in cluster samples

Timothy L. Kennel and Richard Valliant?

Abstract

Standard linearization estimators of the variance of the general regression estimator are often too small, leading
to confidence intervals that do not cover at the desired rate. Hat matrix adjustments can be used in two-stage
sampling that help remedy this problem. We present theory for several new variance estimators and compare
them to standard estimators in a series of simulations. The proposed estimators correct negative biases and
improve confidence interval coverage rates in a variety of situations that mirror ones that are met in practice.

Key Words:  Jackknife variance estimator; Hat matrix adjustment; Leverage adjustment; Superpopulation model; Two-
stage sample; Sandwich variance estimator.

1 Introduction

Generalized regression (GREG) estimation is a common technique used to calibrate estimates, reduce
sampling errors, and correct for nonsampling errors. Official surveys of households often use generalized
regression to calibrate sample-based estimates to population controls, assure consistent estimates of
demographic characteristics across surveys, and reduce nonresponse and undercoverage errors. GREG
estimation is also frequently used because it draws strength from auxiliary data, resulting in smaller
sampling errors than other design-based estimators.

Popular techniques used to estimate the sampling errors of calibrated estimators from complex samples
either require extensive computational resources or tend to underestimate the true sampling errors,
especially with small to moderate sample sizes. Two popular techniques used to estimate the sampling
variance of GREG estimators are linearization and replication. Linearization estimators (Sarndal, Swensson
and Wretman, 1989) may not converge to the true sampling error fast enough to produce accurate results in
small to moderate samples. Sarndal, Swensson and Wretman (1992, page 176) remark that “For complex
statistics such as an estimator of a population variance, covariance, or correlation coefficient, fairly large
samples may be required before the bias is negligible.” On the other hand, alternative replication techniques
such as the jackknife and the bootstrap that generally produce larger variance estimates can be
computationally demanding.

Leverage-adjusted sandwich estimators provide an alternative approach to estimating design-based
sampling errors that also have model-based justifications. Royall and Cumberland (1978) applied this
approach to develop estimators of the prediction variance of estimators of finite population totals. From a
model-based framework, Long and Ervin (2000) and MacKinnon and White (1985) demonstrated how the
sandwich estimator could be used for variance estimation for estimators of regression parameters even when
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E-mail: timothy.l.kennel@census.gov; Richard Valliant is Research Professor Emeritus, Survey Research Center, Institute for Social Research,
University of Michigan, Ann Arbor, MI. E-mail: valliant@umich.edu.



428 Kennel and Valliant: Robust variance estimators for generalized regression estimators in cluster samples

the variance component of the working model was misspecified. Valliant (2002) took this approach to
estimate the design-based variance of GREG estimators under one stage of sampling. This paper extends
Valliant’s work to clustered sample designs.

In Section 2, we introduce the GREG estimator and present several alternative variance estimators for
it. All derivations are contained in the Appendix. In Section 3, we show how the new variance estimators
perform in several simulations. In Section 4, we summarize our findings with a conclusion.

2 Theoretical results

Suppose that the population has i =1, 2, ..., M clusters. In cluster i there are N, elements so that
there are N = Z:\:l N, elements in the population. The universe of clusters is denoted as U and the
universe of elements in cluster i is U,;. An analysis variable y,, is associated with element k in cluster i.
The population total of y is t,, = Z:\:lz:jl Y. Each population elementalso hasa p -vector of auxiliary
variables, X, , that can be used in estimation. A two-stage sample is selected without replacement at the
first and second stages. The selection probability of cluster i is z;, and =, is the conditional selection
probability of element k in cluster i. The overall selection probability of element ik is 7, = 7;7,.
Denote the set of sample clusters by s and the set of sample elements within cluster i by s,. The number
of sample clusters is m while the number of sample elements selected from sample cluster i is n,. The
total sample size of elements is n = zies -

As a working model, suppose that Y, the N -vector of analysis variables, follows the following linear

model:
E.(Yy) = XB 2.1)
cov, (Yy) =¥
where the subscript £ denotes expectation with respect to a model; X = [X], X7, ..., Xg]T isthe N x p

matrix of auxiliaries with X, being the N, x p matrix of auxiliaries for the N, elements in cluster i; and
B is a parameter vector of length p. Elements within clusters are assumed to be correlated while elements
in different clusters are independent under the model. Thus, the covariance matrix ¥ isan N x N block
diagonal matrix with diagonal matrices ¥, = [y, ] A key feature of the variance estimators we

propose is that the particular form of y, does not have to be known to construct variance estimators. The

NixN;

proposed variance estimators will be consistent regardless of the form of W.

Sarndal et al. (1992, Chapter 8) discuss three different GREG estimators that can be used in clustered
samples. These three estimators depend on the available data. We consider their case B which occurs when
unit-level data are available for the complete sample and control totals are available for the population. In
this case, the GREG estimator is

= gTIy, (2.2)
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where y. is the n-vector of y’s for the sample elements, fy,[ is the 7 -estimator of the total of the y’s,
ty, Is the p-vector of population totals of the x’s, t, is the = -estimator of t,,, and (if ¥ is known)
B = AXTW Ity with A = XTW 11X, X, the matrix of sample auxiliaries, and II = diag [z, ]
(ies,kes;); ¥, is the part of ¥ associated with the sample elements; and g7 =17 +
(tu, —t,.) AXTW;t where 1, isavector of n 1's.

The component of the g -weight for sample cluster i is g =1] + (ty — fm)T A-XIWY L with
X& = [xil, xinj being the p x n;, matrix of auxiliaries for sample elements in sample cluster i, ¥
is the n; x n; part of ¥, for sample elements in sample cluster i, and 1, is a vector of n; 1’s. Since ¥
is generally unknown, a surrogate value Q may be used for ¥;1; Q = | is a common choice. Below, we
assume that a general Q is used in the GREG rather than ¥ ;1.

2.1 Current variance estimators

Sarndal et al. (1992, Result 8.9.1) present an estimator of the design variance of fygf, which involves
joint selection probabilities of clusters and elements within clusters. In the case of Poisson sampling at both
stages, their estimator is

Z(l ”)( ) Z z(l ”k\l) gze: (2.3)

ies ies 7T kes; ﬂk“

where £2 = zsi JiCi /ﬂ'k“ , 9, is the k™ component of the g, vector, and e, =y, — XjB. This
estimator is computationally simpler than the general form that uses joint selection probabilities and may
perform reasonably well for zps designs where the variance of estimators can be approximated by formulas
that assume independence between selections.

An estimator that is appropriate if the first-stage sample is selected with replacement is

Z( i (24)

with e; = zkes‘ €ix /ﬂ'ik and g = mflzigS e,;. The jackknife linearization estimator is (Yung and Rao,
1996)
= —Z(ez. - (2.5)

where e,, = Zkgsi 0.8 /ﬂ'ik and €, = mflzigS e,; with g, beingthe kt* component of the g, vector.
The jackknife is another popular variance estimation technique. Krewski and Rao (1981) present several
asymptotically equivalent ways of writing the jackknife. The following form of the jackknife estimator is a
convenient starting point for the calculations that follow:
m-1

O = == 2 (0~ T0)° (26)

les

where £ is the value of the GREG estimator after removing cluster i and £, is the average of all £

estimates. Using (2.6) can be computationally demanding because m different estimates of , must be

y(
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430 Kennel and Valliant: Robust variance estimators for generalized regression estimators in cluster samples

computed. The estimators, v,,., v,,, and v, _are all design-consistent under the conditions in Krewski and
Rao (1981) and Yung and Rao (1996). One of their key conditions is that clusters be selected with
replacement. This assumption simplifies theoretical calculations but is only a convenience since the
theoretical results have been shown in many empirical studies to be good predictors of estimator
performance in without-replacement designs as long as the first-stage sampling fraction is small.

2.2 New variance estimators

We use the model-based framework to construct new variance estimators. First, we derive the model-
based variance of fyw. Assume that model (2.1) holds and that sampling is ignorable in the sense that the
probability of a unit’s being in the sample given Y, and X depends only on X (e.g., see discussion in
Valliant, Dorfman and Royall, 2000, Section 2.6.2 and the additional references therein). Then, we construct
estimators of the model variance, using hat-matrix adjustments to account for heterogeneity in the data. We
evaluate the design-based properties of the new variance estimators in a simulation.

To calculate the model variance of fygf, define y, as the population vector of analysis variables for
cluster i, and y as the vector for sample elements. As shown in Appendix A.2, under model (2.1) the
model-based variance of { gris

var, (fygr - th) = Zgrnfl‘ysinflgi - 22 [giTHﬁCOV; (ysi' yi) 1Ni ] + 17 Y1,

ies ies

L -2L, +L,

where var, (yg) = ¥
and N 1’s.

si» the part of ¥ associated with elements in s;, and 1, and 1, are vectors of N,

The model-based error variance of fyw requires knowledge of ¥ for the full population. Without some
strong assumptions that link the sample and nonsample covariance structures, components of ¥ associated
with the nonsample cannot be estimated from the sample. However, as shown in Appendix A.2, under some
reasonable conditions the orders of the terms are L, =O(M2/m) and L, =L, =O(M) so that L,
dominates the variance as the number of sample and population clusters increase. Thus,

av, (E7 ~t,,) = Y07 A, Mg, @)

les

where av, denotes asymptotic model variance under the assumptions in Appendix A.1. A robust estimator
of the right-hand side of (2.7) can be formed even when ¥, is unknown. On the other hand, if the number
of population clusters increases at the same rate as sample clusters, (i.e., f = m/M converges to a non-
zero constant), then L,, L,, and L, may all contribute importantly to the asymptotic variance. In this paper,
we will only consider estimation of L,.

Unless the true variance matrix of y is known, ¥, must be estimated. In Appendix A.3 we show that
in large samples var, (e;) ~ ¥, where e; =y -y, with §; = X B and X beingthe n, x p matrix

of auxiliaries for sample elements in sample cluster i. Substituting e,e” for ¥ in (2.7) yields the

si

sandwich estimator
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vg = D 07t Mg, (2.8)

ies
Based on results in Appendix A.3, vy is approximately unbiased for av . (fygr - tuy) in large samples. This
sandwich estimator is also closely related to the design-based, ultimate cluster estimator for a sample design
in which clusters are selected with replacement, which is, in turn, similar to both v, and v, in with
replacement sampling. Consequently, v, has both desirable design-based and model-based properties.

In small to moderate-sized samples, v, will be model-biased and will often underestimate the true
variance. A hat-matrix adjustment can be made as a correction. As shown in Appendix A.3,

.
E.(eef) =var (&) = (I, —Hy) ¥y (1, —Hi) + >, Hy¥ HT (2.9)
j#isi, jes
where H; = XTA-X QM (i, j =1,..., m) with Q; and II; being the n; x n; parts of Q and II
associated with sample cluster j. As in (Li and Valliant, 2009; Valliant, 2002), the H; can be collected into a
survey weighted hat matrix:

I
I

X A-IXT QI

XGAIXIQ I ... X AXT Q I}

(2.10)

X GAXIQ I ..o X, AXTQ I}

Based on the assumptions in Appendix A.1, H = O (m-t), from which we conclude that var, (e;) = ¥ ;.
The diagonal submatrices H, are matrix analogs to leverages in single-stage sampling. In ordinary least
squares regression, the vector of predicted values can be written as § = Hgyy with Hgg =
X (XTX)™ XT. Leverages are diagonals of the hat matrix, H, s, and can be used to correct for a small
sample bias in e2 = (y, — §,)* as an estimator of var, (y;). We use the H;; in an analogous way below.

To adjust for the fact that e e is model-biased for small to moderate samples, we make leverage-like
adjustments to e.eT. If Q =1 and the sample is self-weighting (i.e., IT = cl for some 0 < ¢ < 1), then
var, (e;) = (Ini - H“)‘I’si (see Appendix A.3). Solving for ¥ . and substituting into (2.8) gives the
variance estimator:

si

vp = D g7IA(l, - Hii)_leieiTlI;lgi (2.11)

ies

which, in this special case, is also approximately unbiased since H, = O (m-1). One undesirable feature
of v, is that it can be negative or can have negative contributions from some clusters if v, =
giTHi-l(lni - H“)fleieiTHi-lgi < 0. For such clusters, replacing v, with v, = g II;%e,e II;1g, will
assure a positive variance estimator. This adjustment is used in the simulation in Section 3.

In Appendices A.4 and A.5, we show that the jackknife variance estimator can be written exactly as
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432 Kennel and Valliant: Robust variance estimators for generalized regression estimators in cluster samples

Vs = ””T_l{Z(Di - D) - 2_2(0i -D)F, + Z Fiz} (2.12)
where
F =(6,-6)-~ (K, -K)

D, = g'TH'_l(Ini - Hii)ilei

K, = (15X, —miJmaX ) (B-R,); K =m2Y K,

G, =170 (1, —H;)
1

R, = AXIQM;1 (1, —H;) e,.

This form of v, results in a significant reduction in computations since only one GREG estimate is
needed, rather than m estimates. (Of course, recomputing the GREG for every jackknife replicate may still
be advantageous if an elaborate nonresponse adjustment affects the size of the true variance.)

In large samples v, can be approximated by

m-1 —
0, = TZ(Di B D)z (2.13)
or by
m-1
Ly, = TZDiZ
= i _129?11?1 (Ini - Hn)il eel (Ini N Hii)il g;. (2.14)

The estimators, v,, and v,, are clustered versions of the single-stage approximations to the jackknife in
Valliant (2002, equations (3.5), (3.6)).

As sketched in Appendix A.6, v, U, , Uy, U;,, Uy, and v, are all asymptotically equivalent as
m — o. Since vy, and v, are design-consistent, the alternative estimators above can be expected to
perform well over repeated samples when the size of the first-stage sample is large, and when model (2.1)
is approximately correct. One caveat is that the sampling fraction of clusters must be small so that estimators
made from a without-replacement, first-stage sample will perform as if the sample had been selected with-
replacement.

None of these sandwich-like estimators includes finite population correction factors. Thus, they may
tend to overestimate the sampling variance when a large proportion of the sample clusters is selected. To
account for this, we can further adjust all of the variance estimators in an ad hoc fashion by multiplying the

variance estimators by a finite population correction factor, denoted f__, as developed by Kott (1988). This

pc’
results in the following adjusted estimators:
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*
|

- fpczgiTHi_leieiTHi_lgi

ies

- fpczgrnrl (Ini - Hii)ileiei—rniilgi

ies

Vs = T = 3(D, - D) ~23(D, - D)F, + 3

ies ies ies

m —\2
f — D.-D
Pcm_lz( 1 )

ies

*
|

*
UJl
1

fch:giTHi_l(lni - Hii)7 eieiT(Ini - Hii)71 Hi_lgi'

ies

Uj,

When a simple random sample is selected in the first stage, f , =1- m/M . According to Kott (1988), an
appropriate correction when the first stage is selected with varying probabilities is f  =1- mzzl p?
where p; is the single draw probability for cluster i, i.e., the probability that cluster i would be selected
in a sample of size 1.

3 Simulation

We performed a series of simulation studies to test the performance of the new variance estimators in
different populations. In each simulated sample, we computed the quantities listed in Table 3.1. To evaluate
the variance estimators, we calculated the average of the variance estimates, compared those averages to the
empirical mean square error, and computed coverage probabilities of confidence intervals based on the
different variance estimates. Table 3.2 summarizes the sample designs for the 18 simulation studies. The
column called Label gives the headings used in later tables. The sample designs are used in three populations
described below.

Table 3.1
Statistics of interest for clustered GREG variance simulation
Statistic Description
Ay” Estimated total from the Horvitz-Thompson Estimator
o Estimated total from the GREG
ve  Empirical variance
v,  Design-based variance estimator that assumes Poisson sampling at both stages from Sarndal et al. (1992) in (2.3)
v,, With-replacement variance estimator in (2.4)
v, Jackknife linearization variance estimator from Yung and Rao (1996) in (2.5)
vz Sandwich estimator in (2.8)
v,  First hat-matrix adjusted sandwich estimator in (2.11)
U,  Jackknife variance estimator in (2.6)
v,;,  First approximation to the jackknife variance estimator in (2.13)
v,,  Second approximation to the jackknife variance estimator in (2.14)
v Sandwich estimator with a finite population adjustment
vy First hat-matrix adjusted sandwich estimator with a finite population correction
vy Jackknife variance estimator with a finite population correction
vj,  First approximation to jackknife with a finite population correction
v;,  Second approximation to jackknife with a finite population adjustment

) —+
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3.1 Data

We conducted simulations on three populations to assess the design-based performance of the variance
estimators under a variety of situations. In the first population, we investigated the performance of the
variance estimators when the first-stage sampling fraction was large and the sample size was moderate. The
focus of the second simulation study was on the performance of the variance estimators under a relatively
messy dataset and a small first-stage sample size. The final simulation study shows the performance of the
variance estimators in large samples.

Table 3.2
Simulation designs for three populations

Label Population First stage sample m Second stage sample No. of samples
1 srsfixed Third Grade srswor 25 n, =5 1,000
2 srs fixed Third Grade srswor 50 n, = 1,000
3 srsepsem Third Grade Srswor 25 fi = 25 1,000
4 srsepsem Third Grade Srswor 50 fi =35 1,000
5 ppsepsem Third Grade ppswor 25 n =5 1,000
6 ppsepsem Third Grade ppswor 50 n =5 1,000
7 srsfixed ACS srswor 3 n, =9 5,000
8 srs fixed ACS srswor 15 n, =9 5,000
9 srsepsem ACS srswor 3 f = ooy 5,000
10 srsepsem ACS srswor 15 f, = i 5,000
11 pps epsem ACS ppswor 3 n =9 5,000
12 pps epsem ACS ppswor 15 n =9 5,000
13 srsfixed Simulated srswor 300 n;, = 1,000
14 srs fixed Simulated srswor 1,500 n, =2 100
15 srsepsem Simulated Srswor 300 f = s 1,000
16 srs epsem Simulated srswor 1,500 f = er 100
17 pps epsem Simulated ppswor 300 n =3 1,000
18 pps epsem Simulated ppswor 1,500 n =3 100

3.1.1 Third grade population

The first simulation study used the Third Grade population from Appendix B.6 of Valliant et al. (2000).
This dataset contained the mathematics achievement scores for 2,427 third graders in 135 schools. The
relatively small number of schools in this population and the fairly constant number of students in each
school made it ideal for studying samples with large sampling fractions.

We used GREG to estimate the average mathematics achievement score for third graders. Altogether,
we selected 1,000 samples in each of six sample designs listed in Table 3.2. In the first sample design, we
selected 1,000 simple random samples without replacement (srswor) of 25 schools. Within each sampled
school, we selected exactly five students via srswor. Because the number of students in each school varied
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from school to school, this sample design resulted in different unconditional probabilities of selection, but
a fixed sample size of 125 students. The second sample design was similar to the first, except we selected
50 schools. Selecting 50 of the 135 schools resulted in a large first-stage sampling fraction of 0.37,
necessitating a finite population correction factor. Both the samples of m = 25 and 50 might be considered
to be of “moderate” size.

In the third sample design, we selected 1,000 simple random samples of 25 schools without replacement.
Within each sampled school, we selected students at a constant rate of 22, yielding 1,000 samples with
random sizes centered around 125 students. The result of this design was that each student had the same
unconditional probability of selection. The fourth sample design was similar to the third, except we selected
50 schools. The sample sizes were also random under this design, with an average of 250 students. Since
the third and fourth sample designs resulted in every unit getting the same chance of selection, these sample

designs are labeled srs epsem (equal probability selection mechanism) in subsequent tables.

In the fifth design, we selected 1,000 samples of 25 schools with probabilities proportional to the number
of students in each school. Within each sampled school, we selected exactly five students, yielding 1,000
samples with exactly 125 students each. The sixth sample design was similar to the fifth, except we selected
50 schools. We selected 1,000 samples of size 250 students using this design. The fifth and sixth designs
are epsem. Like the second and fourth sample designs, this sample design also had a large sampling fraction
and warranted the need for a finite population correction factor to adjust the variance estimators.

From each sample, we estimated the average achievement scores for the finite population using a GREG
estimator and assuming that the number of students in the population was known. The assisting model was
meant to replicate the clustered linear regression model in Section 9.6 of Valliant et al. (2000). The eleven
explanatory variables used to model each student’s math achievement score were: an intercept, sex (male
or female), ethnicity (White/Asian, Black, Native American/Other, or Hispanic), language spoken at home
is the same as the test (Always, Sometimes/Never), type of community (Outskirts of a town or city,
Village/City), and school enrollment. The total mathematics achievement estimated with the GREG
estimator was divided by the number of students in the population, 2,427, to get the average achievement
score. The average achievement score for the population was 477.7. For the full population, the R-squared
for the student-level linear model was 0.9735, indicating a very strong linear relationship.

3.1.2 American Community Survey population

The second simulation study used Census 2000 Summary File 3 data and American Community Survey
(ACS) 2005 - 2009 Summary File data. The goal was to estimate the total number of housing units in the
U.S. state of Alabama as reported in the ACS Summary File. Block group counts from Census 2000 were
used as covariates in the assisting model.

To create the population, first all block group data were extracted from the ACS Summary File and the
Census 2000 Summary File 3. Then, the two files were merged at the block group level. Block groups with
1,000 or more housing units in Census 2000 were removed because such large block groups had different
characteristics than the majority of blocks. In many sampling designs such large units would be placed in a
separate, certainty stratum and not contribute to the variance of estimates. Also, block groups with extreme
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436 Kennel and Valliant: Robust variance estimators for generalized regression estimators in cluster samples

growth in the total number of housing units were also removed. Specifically block groups that had gained
more than 10 units over twice the 2000 census count were removed.

Clusters were defined as counties and block groups were treated as units. Treating block group as a unit
is motivated by the common task of selecting a sample of blocks, listing them, and then using the listings to
estimate the total number of housing units in the finite population.

Clusters with fewer than 10 block groups or more than 120 block groups in them were removed from
the frame of clusters. Overall, there were 61 clusters (counties) containing a total of 2,051 block groups and
1,109,499 housing units in the edited dataset. Altogether, six counties and 1,278 block groups containing
1,030,471 housing units were removed from the Alabama file.

Figure 3.1 shows two scatterplots. The first plot shows the total number of housing units in the block
group as reported on the ACS summary file as a function of the 2000 Census housing unit count. Each point
represents one of the 2,051 block groups in the finite population. The diagonal line is a nonparametric
smoother, indicating a strong relationship between the two variables. The plot also shows some evidence of
heteroscedasticity because the points appear to fan out as the 2000 census count increases. The second plot
shows the residuals obtained by regressing the 2000 census housing unit count on the ACS housing unit
count using ordinary least squares (OLS) plotted versus the ACS housing unit count. As the number of
housing units reported on the ACS file increases, the model predictions appear to seriously underestimate
the true number of housing units. This suggests some degree of nonlinearity in the mean function. In
addition, there is noticeable heteroscedasticity in variance.

800 —

1,500 — 600 |

€
3 1,000 =
O ) <
2 =
(72}
? &
<
500
0 -
\ \ \ I T T \ T T I
0 200 400 600 800 1,000 0 500 1,000 1,500
Census 2000 HU Count ACS HU Count

Figure 3.1 Scatter plot and residual plot for ACS population. Gray lines are nonparametric smoothers.

As in the first simulation study, we tested six different sample designs. We selected 5,000 samples in
each of six different selection mechanisms listed in Table 3.2. In the first sample design, we selected 5,000
simple random samples of 3 clusters without replacement. In large national surveys, it is not uncommon to
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select a small number of primary sampling units in each stratum. In this case, we treat Alabama as if it were
a single design stratum and its 61 counties as clusters. Three counties within that stratum were sampled.
Within each cluster, we selected nine block groups using srswor. The second design was similar with 15
clusters and 9 block groups per cluster. The first two sample designs resulted in highly variable weights.
The other designs (rows 9-12) were parallel to those in rows 3-6 for the Third Grade population. The sample
sizes of m = 3 and 15 are small so that theoretical, large sample properties are less likely to hold.

From each sample, we estimated the total number of housing units in the finite population using a GREG
estimator. The assisting model included an intercept and the Census 2000 count of housing units; the
heteroscedasticity noted above was not accounted for in the GREG. For the full population, the R-squared
was 0.819, again indicating a strong linear relationship.

3.1.3 Simulated population

A population was created with a large number of clusters to assess the asymptotic characteristics of the
variance estimators. Generated using a classic linear model, a total of 30,000 clusters were created, each
with a random number of units. The number of units in each cluster was determined by adding three to a
uniform random integer between 0 and 7. This created clusters ranging in size from 3 to 10 units. Altogether,
the population contained 195,164 units within 30,000 clusters. For each unit, a positive covariate was
created as x, ~ 1,000exp N (0, 1) where N (0, 1) is a normal random variate with mean of 0 and standard
deviation of 1. A random response was created such that y, ~ N (1,000 + 2X,, %*) Figure 3.2 shows
scatter plots of the relationship between x, and y, for the finite population.
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Figure 3.2 Scatter plot and residual for simulated population. Gray lines are nonparametric smoothers.

We selected samples using the six different probability selection mechanisms listed in rows 13-18 of
Table 3.2. The types of sample designs are parallel to those used for the Third Grade and ACS populations.
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In designs 14, 16, and 18, we selected 100 simple random samples of 1,500 clusters without replacement.
We only selected 100 samples due to the excessive amount of computer time it took to select and process
each sample. The sample sizes of m = 300 and 1,500 are large so that theoretical, large sample properties
should hold.

From each sample, we estimated the total of the response using a GREG estimator. The true finite
population total was 839,149,969. The assisting model included an intercept and x with Q = I. For the
full population, the R-squared was 0.953, indicating a very strong linear relationship. Figure 3.2 shows a
scatter plot of the population as well as a residual plot based on an OLS regression of x, on y, for the full
population. There is clear evidence of heteroscedasticity of errors.

3.2 Results

We explored the bias, variability, and confidence interval coverage of the new and existing variance
estimators. We only show tables for some of the simulations to conserve space. Table 3.3 shows the means
of the 7z -estimator and the GREG estimator as well as the ratios of the average values of the variance
estimators to the empirical mse’s for all populations and sample size combinations across all simulations.
Both the 7z -estimator and the GREG estimator are approximately unbiased; however, the GREG estimator
is much more efficient.

Table 3.3

Simulation Results for estimates for means and variance estimators for three populations and six sample designs
in each population. Values in rows for variance estimators are ratios of mean estimated variance to empirical
mse of the GREG. See Table 3.1 for descriptions of the variance estimators

Estimator | srs fixed Srs epsem pps epsem
Third Grade Population

m =25 m =50 m=25 m =50 m=25 m =50
Average 7 /N 477.23 477.11 476.29 476.85 47731 477.75
mse 7 /N 663.12 264.75 2,013.90 981.54 142.93 53.17
Average fg /N 474.27 476.37 476.95 477.24 477.50 477.85
mse 9 /N 218.96 66.66 114.08 50.10 121.57 41.32
v, [mse(t9) 0.76 0.87 0.73 0.82 0.66 0.91
v, [mse(tg) 0.75 111 0.79 1.06 0.73 1.19
vy [mse(ie) 0.88 1.16 0.85 1.10 0.78 1.24
v, [mse(fy) 0.87 1.15 0.82 1.08 0.74 1.22
v, [mse(tg) 1.26 1.32 1.09 1.25 0.95 1.36
v, [mse(tg) 2.22 1.54 150 1.46 1.23 154
Ve [Mse (E9) 2.03 1.49 1.44 1.43 1.19 1.51
v,, [ mse(fye) 2.22 1.55 1.56 1.49 1.28 157
vy [mse(tg) 0.71 0.73 0.67 0.68 0.60 0.74
vy [mse () 1.02 0.83 0.88 0.79 0.76 0.83
vy, [mse(tg) 1.81 0.97 1.22 0.92 0.99 0.93
Ve [mse () 1.66 0.94 1.17 0.90 0.95 0.92
v, [mse(fy) 1.81 0.98 1.27 0.94 1.03 0.95
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Table 3.3 (continued)

Simulation Results for estimates for means and variance estimators for three populations and six sample designs
in each population. Values in rows for variance estimators are ratios of mean estimated variance to empirical
mse of the GREG. See Table 3.1 for descriptions of the variance estimators

Estimator | srs fixed Srs epsem pps epsem
ACS Population (numbers in thousands)
m=3 m =15 m =3 m =15 m=3 m =15
Average tr /N 1,119.13 1,108.23 1,112.89 1,113.89 1,111.48 1,109.02
mse t7 /N 181,329.24 27,650.01 201,618.77 32,926.98 15,991.69 2,619.32
Average fg /N 1,081.68 1,103.34 1,104.45 1,108.45 1,106.36 1,108.46
mse tg /N 11,220.86 921.82 2,111.84 408.19 1,874.39 352.65
v, [mse(fy) 2.70 0.90 0.44 0.83 0.53 0.92
v, [mse(fy) 117 0.98 0.68 1.03 0.87 1.14
vy, [mse(fy) 2.18 0.91 0.65 0.99 0.79 111
v, [mse(tg) 2.80 1.00 0.43 0.92 0.53 1.03
v, [mse(fy) 6.09 1.32 0.84 1.08 0.89 115
v,, [mse(tg) 17,191.52 1.85 2.36 127 1.64 1.29
Ve [Mse (E9) 4,678.25 1.47 1.37 1.19 1.05 1.21
v,, [ mse(fg) 17,190.86 1.72 3.07 1.36 2.35 1.38
vy [mse(fg) 2.66 0.76 041 0.70 0.49 0.68
vy [mse(tg) 5.79 0.99 0.80 0.82 0.83 0.76
vy, [mse(fy) 16,346.03 1.40 2.25 0.96 1.52 0.85
Ve [mse (E9) 4,448.17 111 1.30 0.90 0.97 0.80
v, [mse(fye) 16,345.41 1.30 2.92 1.03 2.19 0.91
Simulated Population (numbers in millions)

m = 300 m = 1,500 m = 300 m = 1,500 m = 300 m = 1,500
Average f7 /N 838.91 838.71 838.13 843.13 838.74 839.06
mse £ /N 1,588.43 250.20 2,303.19 563.77 1,218.73 253.13
Average fg /N 838.57 839.10 838.81 840.01 839.39 839.08
mse fg /N 156.29 23.07 117.18 19.63 105.64 25.24
v, [mse(tg) 0.91 111 0.91 113 1.01 0.89
v, [mse(tg) 0.94 1.13 0.91 117 1.01 0.90
vy, [mse(fy) 0.91 113 0.92 115 1.02 0.90
v, [mse(fg) 0.91 113 0.92 1.14 1.02 0.90
v, [mse(tg) 1.03 115 0.96 1.16 1.07 0.91
v,, [mse(fg) 1.50 117 1.03 118 113 0.93
Ve [ mse () 1.48 1.17 1.03 1.18 1.12 0.93
v,, [ mse(fye) 1.50 117 1.03 118 113 0.93
vy [mse(fg) 0.90 1.07 0.91 1.09 1.01 0.85
vy [mse(tg) 1.02 1.09 0.96 111 1.05 0.86
v, [mse(tg) 1.48 111 1.02 1.12 112 0.88
Ve [Mse (E9) 1.47 111 1.01 112 111 0.88
v;, [ mse(fye) 1.48 111 1.02 113 112 0.88
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The performance of the variance estimators depends on the sample design and the population. Some of
the estimates in Table 3.3 from the ACS population with the simple random sample of 3 clusters and 9 units
in each cluster stand out as being extremely poor. The inverses of the probabilities of selection vary quite a
bit for this sample design. The variability of these weights, coupled with some extreme observations in the
population, causes instability for some of the variance estimators. Namely, v;,, Uy, Usgs U3y Uros U51
are extreme overestimates on average. All six of these estimators contain explicit or implicit hat matrix
adjustments which can be quite large and seriously inflate the variance estimators when coupled with large
sampling weights. On the other hand, v, which also has a hat matrix adjustment, performs reasonably well
for all populations and sample sizes. Noteworthy is the result that v, is much less of an overestimate for
the mse in the combination (ACS, srs fixed, m = 3, n, = 9) whereas other hat-matrix adjusted estimators
wr» and to a lesser extent, v, and v, , tend to be
underestimates at the smaller sample sizes in the Third Grade and ACS populations and for all sample

were extreme overestimates. The estimators, Vg U

designs in those populations, but the problem diminishes for the larger sample sizes.
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Figure 3.3 Boxplots of ratios of standard error estimates to the empirical standard errors for 1,000 SRS
samples from Third Grade population. Vertical reference lines at 1.

The boxplots in Figure 3.3 show the variability of the estimators more clearly for srs’s of size m = 25
and 50 from the Third Grade population. The boxplots depict the estimated standard errors (SES) as a
fraction of the empirical SE for the samples in each simulation. A ratio of 1 means that the estimated variance
was equal to the empirical variance. Some samples yield large SE estimates, even though the majority of
samples are much closer to the empirical variance. The degree of overestimation and the incidence of
extreme values decreases substantially with the larger sample size as is evident by comparing the figures.
The hat-matrix adjusted estimators also tend to somewhat overestimate the true variance, as evinced by the
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boxes that are shifted above the reference lines drawn at 1. This can be an advantage for confidence interval
coverage.

Table 3.4 shows the six-number summaries of the ratios of the SE estimates, v/ v, to the square root of
the empirical variance, /v, for the Third Grade population for four of the sample designs. As indicated
by the median value of the ratios for v,,, v, U;;, U],, U, and v3,, they are generally centered near
the empirical SEs, but can have extremely large values in some samples that affect their averages. (The
problem of outlying values is even more severe in the ACS population; details are not shown here.) The

estimators that are least affected by extremes are v, v,,, Uy, Ug, Uy, Uy, and vy. However, the

wr !

estimators that incorporate fpc’s often are underestimates except in the case of srs and m = 25.

Table 3.4

Six-number summaries for alternative standard error estimators for Third Grade population in four sample
designs. v is empirical variance across simulated samples. See Table 3.1 for descriptions of the variance
estimators

Jv Distribution of ~/'v /v,
Min 15t Qu. Median Mean 3 Qu. Max
srsm= 25 Jo, 0.46 0.71 0.82 0.86 0.96 3.59
Joo 0.48 0.73 0.84 0.87 0.97 1.71
vy 0.48 0.75 0.88 0.92 1.03 3.75
Jog 0.47 0.74 0.87 0.92 1.02 3.85
NES 0.53 0.84 1.00 1.08 1.20 6.84
Ju,, 0.59 0.96 1.16 1.31 1.43 14.47
NP 0.57 0.93 1.13 1.26 1.38 13.69
Jo, 0.59 0.97 1.17 1.32 1.44 14.48
vh 0.42 0.67 0.79 0.83 0.92 3.48
vp 0.48 0.76 0.90 0.97 1.08 6.17
Joui, 0.53 0.87 1.05 1.18 1.29 13.06
NP 0.52 0.84 1.02 1.14 1.25 12.35
vl 0.54 0.88 1.06 1.19 1.30 13.07
srs m= 50 Ju, 0.62 0.84 0.92 0.94 1.01 1.64
Jo. 0.67 0.95 1.04 1.06 1.15 1.73
vy 0.68 0.96 1.06 1.08 1.18 1.94
NES 0.68 0.96 1.06 1.07 1.17 1.95
NES 0.71 1.01 1.13 1.15 1.26 2.20
Ju,, 0.75 1.08 1.20 1.24 1.35 2.88
NP 0.74 1.06 1.18 1.22 1.33 2.79
Jo, 0.75 1.09 1.21 1.24 1.36 2.86
vh 0.54 0.76 0.84 0.85 0.93 155
vp 0.56 0.80 0.89 0.91 1.00 1.75
Joi, 0.59 0.86 0.95 0.98 1.07 2.29
N 0.58 0.84 0.94 0.97 1.06 2.22
vl 0.60 0.86 0.96 0.99 1.08 2.27
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Table 3.4 (continued)

Six-number summaries for alternative standard error estimators for Third Grade population in four sample
designs. v is empirical variance across simulated samples. See Table 3.1 for descriptions of the variance
estimators

Vv Distribution of ~/v/\[v.
Min 1t Qu. Median Mean 3rd Qu. Max
pps m = 25 NDR 0.48 0.71 0.79 0.80 0.88 1.33
Joo. 0.51 0.76 0.84 0.84 0.92 1.30
Uy 0.50 0.76 0.86 0.87 0.96 1.46
Jog 0.49 0.75 0.84 0.85 0.94 1.43
NES 0.53 0.83 0.94 0.96 1.06 1.66
Jo,, 0.59 0.94 1.06 1.09 1.21 2.15
N 0.57 0.92 1.04 1.07 1.18 2.10
Jo, 0.60 0.96 1.08 111 1.23 2.19
Joi 0.43 0.67 0.76 0.76 0.84 1.30
Jop 0.47 0.75 0.84 0.86 0.95 1.51
3, 0.52 0.84 0.95 0.98 1.08 1.90
ND 0.51 0.82 0.93 0.96 1.06 1.86
v, 0.53 0.86 0.97 1.00 1.10 1.93
pps m = 50 Jog 0.72 0.88 0.95 0.95 1.01 1.28
Vs 0.78 1.00 1.09 1.09 1.16 1.47
Jo, 0.81 1.01 111 111 1.19 1.52
Jog 0.80 1.00 1.09 1.09 1.18 1.50
NeS 0.84 1.06 1.15 1.16 1.25 1.64
Jou,, 0.88 111 1.22 1.23 1.33 1.83
NP 0.88 1.10 1.21 1.22 1.31 1.81
Jo, 0.89 1.13 1.23 1.24 1.34 1.85
Joi 0.62 0.78 0.85 0.85 0.92 1.16
Jop 0.65 0.82 0.90 0.90 0.97 1.28
Joi, 0.68 0.87 0.95 0.96 1.03 1.43
ND 0.67 0.86 0.94 0.95 1.02 1.42
v, 0.69 0.88 0.96 0.97 1.04 1.44

Lastly, Table 3.5 shows the 95% confidence interval coverage for all of the estimators based on t-
distributions. That is, we computed, [£¢" —t; g nyv 0, T +togs V0 | Where ty, , is the 97.5"
percentile from a t -distribution with m — 1 degrees of freedom. We then noted how often the true value
fell below, above, and inside this range. In addition to the new and old estimators, Table 3.5 also shows the
confidence interval coverage attained when the empirical variance, v, was used to form the confidence
intervals. Ideally, the population total should be within the estimated 95% confidence interval for 95% of
the samples. The true total should be below the 95% confidence bounds for 2.5% of the samples and above
the confidence bounds for the same percentage of samples.
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The jackknife-based estimators, vy, vy, and v,,, cover at higher rates than the other variance
estimators because they are larger. In small samples, jackknife-based estimators cover above the nominal
level. The traditional variance estimators, Vg Uy and v, under-covered in a number of cases, although
their coverage was almost always higher than 90%. Note that v, is generally an improvement over v, due
to the hat-matrix adjustment that makes v, larger.

The variance estimators that incorporate hat matrix adjustments (v, v;,, U4, and vy) generally
increase Cl coverage rates compared to the other choices. This advantage was especially noticeable for the
ACS population where, for example, v,, covers in less than 90% of samples in the combinations, (v},
m = 3), (srsepsem, m = 3), and (srs epsem, m = 15). Although, in principal, an fpc would seem useful in
some of the population and sample size combinations, Cls based on the variance estimators with fpc’s cover
at lower rates than their counterparts without the fpc’s. For example, in ACS (srs epsem, m = 15) the
coverage rates for vy, v, v3,, U, and v;, range from 86.1 to 90.6% while the rates for the versions
without fpc’s range from 90.2 to 93.4%.

Table 3.5
Coverage of 95% confidence intervals for population totals based on t-distributions and alternative variance
estimators. See Table 3.1 for descriptions of the variance estimators

Variance Third Grade ACS Simulation Third Grade ACS Simulation
est. Lower Middle Upper|LowerMiddle Upper|Lower Middle Upper|Lower Middle Upper|Lower Middle Upper|Lower Middle Upper
srs m= 25 srsm= 3 srs m = 300 srs m = 50 srs m= 15 srs m =1,500
Ug 29 956 15| 0.7 993 0 27 950 23| 34 91 15| 33 958 10| 10 9.0 30
U, 74 907 19| 24 973 04| 43 935 22| 59 928 13| 66 923 10| 10 950 40
Oy 70 905 25| 92 888 20| 39 928 33| 41 9.0 09| 75 910 15| 10 9.0 3.0
Uy 55 932 13| 65 921 14| 44 934 22| 33 91 06| 72 914 14| 10 950 40
Ug 59 927 14| 31 93 06| 43 935 22| 34 960 06| 65 925 10| 10 950 40
Up 38 954 08| 16 980 04| 37 942 21| 24 971 05| 51 943 06| 1.0 950 40
U;, 1.7 980 03| 06 993 01| 36 944 20| 20 977 03| 39 957 04| 10 950 40
Uek 21 976 03| 32 99 08| 36 944 20| 20 977 03| 56 937 07| 10 950 40
vy, 16 981 03| 16 980 03| 36 944 20| 20 977 03| 45 950 05| 1.0 950 40
oM 86 894 20| 34 960 07| 44 934 22| 78 898 24| 95 885 20| 10 950 40
Vg 55 933 12| 16 980 04| 38 941 21| 64 922 14| 75 911 14| 10 950 40
V3, 29 966 05| 06 993 01| 36 944 20| 52 938 1 58 933 08| 1.0 950 4.0
Ve 37 957 06| 34 9.7 09| 36 944 20| 55 934 11| 79 906 16| 1.0 950 40
(5 27 99 04| 17 979 04| 36 944 20| 50 939 11| 66 923 11| 10 950 40
srsepsem m = 25 | srsepsem m= 3 |srsepsem m = 300 | srsepsem m = 50 | srsepsem m = 15 |srsepsem m=1,500
Ug 1.7 9.2 21| 00 999 01| 24 947 29| 23 95 22| 11 971 18| 3.0 940 30
U, 56 912 32| 65 915 20| 26 941 33| 51 922 27| 83 904 13| 30 9.0 10
Oy 58 912 30| 96 872 32| 31 933 36| 34 951 15| 93 897 11| 30 950 20
Uy 51 924 25| 65 912 23| 26 941 33| 28 9.0 12| 82 909 09| 30 9.0 10
Ug 52 923 25| 84 883 33| 26 941 33| 29 9.7 14| 88 902 10| 30 9.0 10
Up 37 943 20| 55 928 17| 25 943 32| 23 99 08| 78 916 07| 30 960 10
U;, 19 973 08| 26 967 07| 23 949 28| 20 979 01| 69 926 05| 3.0 960 1.0
Uek 22 968 10| 47 940 13| 23 949 28| 21 978 01| 73 921 06| 3.0 960 1.0
vy, 18 975 07| 25 969 06| 23 949 28| 20 979 01| 62 934 04| 30 960 10
LR 66 895 39| 89 878 34| 27 939 34| 77 887 36| 117 861 22| 30 9.0 1.0
Vg 51 925 24| 57 924 19| 25 943 32| 60 916 24| 106 880 15| 30 960 1.0
V3, 34 949 17| 28 95 07| 23 949 28| 46 937 17| 92 897 11| 30 960 10
Ve 35 948 17| 49 937 14| 23 949 28| 47 933 2 99 890 12| 30 9.0 1.0
(5 30 954 16| 26 968 06| 23 949 28| 46 937 17| 86 906 08| 30 960 1.0
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Table 3.5 (continued)
Coverage of 95% confidence intervals for population totals based on t-distributions and alternative variance
estimators. See Table 3.1 for descriptions of the variance estimators

Variance Third Grade ACS Simulation Third Grade ACS Simulation
est. Lower Middle Upper|LowerMiddle Upper|Lower Middle Upper|Lower Middle Upper|Lower Middle Upper|Lower MiddleUpper
pps m= 25 pps m= 3 pps m = 300 pps m = 50 pps m= 9 pps m = 1,500
U 1.7 959 24 0 1000 00| 29 942 29| 23 93 24| 07 980 13| 20 950 30
v, 62 900 38| 47 943 10| 29 939 32| 31 941 28| 51 944 05| 20 920 6.0
Uy 51 911 38| 56 928 15| 31 936 33| 20 970 10| 53 943 04| 30 920 50
vy 49 920 31| 49 935 15| 29 940 31| 19 969 12| 49 947 03| 20 920 6.0
Ly 53 915 32| 72 905 23| 29 939 32| 20 968 12| 56 941 04| 20 920 6.0
Up 38 941 21| 44 944 11| 27 947 26| 17 974 09| 48 949 03| 20 920 6.0

Uy, 27 91 12| 26 970 04| 26 950 24| 16 979 05| 43 955 02| 20 920 6.0
ek 28 958 14| 42 949 09| 26 950 24| 16 979 05| 47 9.1 02| 20 920 6.0

vy, 22 97 11| 21 975 04| 26 950 24| 15 980 05| 39 960 01| 20 920 60
vy 74 878 48| 76 900 24| 29 939 32| 50 906 44| 89 898 13| 20 920 60
vy 53 916 31| 47 940 13| 27 945 28| 41 922 37| 81 909 10| 20 920 60
v, 36 943 21| 28 968 04| 26 950 24| 30 941 29| 72 920 07| 20 920 60
Dl 40 937 23| 45 945 10| 26 950 24| 31 940 29| 79 911 10| 20 920 60
v, 35 946 19| 22 974 04| 26 950 24| 29 944 27| 68 926 06| 20 920 60

One feature of v, and vj is that both the cluster-specific contributions, v,; and vf;, as well as the
overall variance estimates can be negative. In the simulations, the adjustment described after (2.11) was
used to avoid negative contributions. Negative estimates were more common when the second stage sample
sizes were small and the weights were quite variable. For example, for the ACS population, almost 28% of
the simple random samples of 3 clusters and m, = 9 resulted in at least one negative variance contribution
for a cluster. More commonly, about 10% of the samples contained at least one negative variance estimate
for a cluster. In the Third Grade population, 16% to 27% of the samples had at least one negative value of
vp; - In the simulated population with large sample sizes, v, was negative in less than 5% of the samples.
With the ad hoc correction of setting I, — H;, to I,, v, is one of the most attractive variance estimators
because it tends to slightly overestimate the empirical variance, has some of the best confidence interval
coverage, and has reasonable variability compared to other variance estimators.

4 Conclusion

Leverage adjustments to standard variance estimators have been shown to reduce bias and improve
confidence interval coverage based on general regression estimators in single-stage samples. This paper
extends those results to two-stage samples by presenting new adjustments based on hat matrices. Our theory
provides the justification for the adjustments and illustrates that some of the proposed estimators are related
to the delete-a-cluster jackknife that is a common procedure in survey estimation.

To test the theory, we conducted a series of simulation studies on three populations designed to assess
performance in a variety of situations. In a school population a large sampling fraction of first-stage units
was used. In a second population, based on American Community Survey data, the effects of small sample
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sizes were tested. In a third simulated population, we examined large sample performance. Both simple
random sampling and probability proportional to size sampling of clusters were used.

The relationships of the variance estimators were similar across all sample designs. The with-

replacement variance estimator, v, which is the default choice in survey software packages, the jackknife

wr t
linearization estimator, v, , and the design-based variance estimator, Vg, that assumes Poisson sampling
at each stage as a computational convenience, are often negatively biased leading to confidence intervals
that cover at less than the desired rate. Some of the jackknife-related estimators—v,,, , v;,, and v,,—which
explicitly or implicitly include hat-matrix adjustments, are prone to producing large, outlying values when
the first-stage sample is small. This is especially true when the first-stage is selected by srs but is less so in

pps sampling when an efficient measure of size is used.

The variance estimators proposed here, particularly v, provide alternatives to estimating the variance
of GREG estimators in complex samples. At the expense of somewhat inflating the variability of the
variance estimator, the hat-matrix adjusted sandwich estimators, denoted here by v, v,;, and v,,, give
confidence interval coverage that is closer to the nominal value in small to moderate samples. Depending
on the sample design and population characteristics, hat-matrix adjusted estimators can produce less biased
variance estimates and better inferences when compared to the standard methods.
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Appendix
Theoretical results
A.1 Assumptions

The assumptions used to obtain asymptotic results are listed below. The number of population and
sample clusters approach infinity; however, the number of population clusters increases at a faster rate than
the number of sample clusters. Certain population quantities are assumed to be bounded.

All m/M >0asm-—owand M - .

A.1.2 All N, and n; are bounded.

Al13 7z, =0(m/M) forall ik.

A.1.4 All elements of X, ¥, and Q are bounded.

A.1.5 The sample design is such that <2 (t, —t,,) 5N (0, V), where V isa px p positive
definite matrix, i.e., (t,, —t,) =0, (M/vVm).

X
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Since II = O () elementwise and A = XTQ-I-1X, can be written as the sum of n terms and n; is
bounded while m — o, A = O(M). By definition g7 =1, +(t,, - EX”)T A-1XTQ,. The second term
in g, is O, (m-¥2); consequently g; converges to a vector of 1’s. Using A =O (M) along with
assumptions A.1.3and A.1.4, H; is O (m-1) elementwise.

A.2 Model variance of GREG
Let y be the vector of all sample elements in cluster i and y, be the vector of all elements in cluster
i. The variance of the GREG, with respect to the working model (2.1) is:
var, (i ~t,) = var, (So7 My, - Sy,

les
= ZgiTHi_l\IlsiHi_lgi — 2cov, (Z g Iy, 21?\1— yi) + 17 Y1,
ies " \ies ieU '
Since 1Ty, =) 1Ty, +Zie(u_s)1ryi and elements in different clusters are uncorrelated,
we have,

var, (for —t,) = > oTI*W Mg, — 2> [g7M;tcov, (yg, Vi) 1y |+ 17 W1,

ies ies

=L 2L, +L,.
Since A1 =0 (M) and g; and ¥ are bounded, we have L, = O (M2/m). Because ¥ is bounded,

sI

cov, (Yq ¥i) =0() and L, =O(M). L; is the sum of N terms. Since the N, are bounded,
L, = O(M). Thus, L, isthe dominant term of the prediction variance.

A.3 Proof that var, (e)=~Y,

In this section in order to simplify the notation, we omit the subscript s on y, ¥, and ¥ . The
residual can be written in terms of a hat matrix as follows.
e =Y, -V
- (Ini - Hii)yi - z Hyy

j#isi, jes
where I, isthe n; x n; identity matrix. The model variance of e, is then
var, (e;) = var, [('m —~Hy)yi - ZHiij}
j#i

= (1, = Hg)var (y)(1, - Hii)T + 2 Hyvar (y;) HY
j#i
= (1, —H) ¥ (1, —H) + > H¥ HT (A1)
J#i
As noted above, H; = O (m-t). Thus, var, (e;) = ¥, + O (m-).
To justify vy, note that the second term of (A.1) can be written as

D> H¥HT => H,¥ HT —H,¥HT.

ji jes
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The sum over the full cluster sample is

1]

> H,¥ H] = XA (Zx;an;l\Pjn;lexjj A-IXT.

jes jes

In the special case of Q; = ¥;* and IT; = cl for some constant ¢ € (0, 1) (i.e., the sample is self-
weighting), we have
D H W HT = c2X,A [Z ij\Il;lij A-XT,

jes jes
along with H; = cX;A-1X¥;t and A = ctX¥-1X. Using these simplifications, szSHijTjHJ =
H,,¥,. Substituting this result in (A.1) and simplifying gives
var, (&) = (1, = Hy) ¥, (1, =H,)" + X Hw H
j#i

:(Ini _Hii)‘Pi' (A2)

This is the basis for the adjustment of v, to obtain v,.

A.4 Proof that B, = B— R, for cluster samples

In this section, we omit the subscript s on X, y,, Xy, Yq, X5, and y; to simplify the notation.
The subscript (i) denotes removal of the it cluster from the full sample matrix or vector. For example,

B, isanestimate of B based on all sample clusters except cluster i and is

(i
~ 1
Buy = (XHWa X)) XHWaYe

where W, = QI ;. Using Lemma 9.5.1 in Valliant et al. (2000), we have

By = (AL +ASXTW, (1, —H, )" X,A%) X[,

WY -
Since X{W;Y, = XTWy — XTW,y; and B = A-1XTWYy, we have
By = AL (XTWy - XTW,y,)
FAIXTW, (1, —Hy) " XA (XTWY - X,W,y,)
=B - AXTW, (I, —Hy) (1, —H)y, + ASXTW, (1, —H,) 9,
~ASXTW, (1, —H,) Hyy,
=B-AXTW, (1, —H;) e,

Thatis, B,

,=B-R,.

A.5 Jackknife variance estimator of clustered GREG in terms of leverages

We now simplify the delete-a-cluster Jackknife variance estimator of the clustered GREG. As in
Sections A.3 and A.4, we omit the subscript s on various terms to simplify the notation. The estimated total
after removing the it cluster is defined as
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cw M m . s
iy = m_1 1ty(i> + |t — m_1 o [ Bo
mlT -ty ~ mlnTiI[;lyi

m-1 m-1

miT X miTTEX 7 .
+11 X, - + (B-R))
m-1 m-1

miTI-ty  ml; Iy,
m-1 m-1
m T T2 B 1 T T2 B

— _1(1NxU - 17 1X) (B - Ri)—m(leU -ml] X, )(B-R;)
m ml] I;ty, m 1

o —4 - 17X, -1THX)R, ——K..
m—l m—l(N U n ) i m—1 i

+

1t‘
Adding and subtracting -z 17 TI; (I — H“)f1 e, and doing a substantial amount of simplification leads
to
m 1

giTH'_l(Inl - Hii)_lei + m—lGi -

for m ;
y(i) m-1

Taking the difference between the delete-one estimates and the average of those estimates gives

gr — .
y i

m-1 m-1

cw eq M _ m - 1 _

o~ =-——7(Bi -D)+ m_l(Gi _G)_m(Ki -K)
m _ . 1 _

=—— (D,-D G, -G)-=(K, - K)|.
(0,2 0) = (6~ 6) - (K, - K|

Letting F, = (G, - G) - m-1 (K, — K) leads to the formula for v, in equation (2.12). Next, since
H, =0(m%)and §, = X,B,

F = (6,-6)- (K, - K)

(
o1 11 . .
~ {—Hﬂilyi +—=>17 Hilyi} -~ —[—mlg mX,B+> 17 HilxiB}
1 m 1 m 1 1

ies ies

Thus, F, = 0(1), and v, in (2.6) and (2.12) is asymptotically equivalent to v,, in (2.13).

Finally, to justify v,, in (2.14), we write v,, in the computational form

0y, = %{Z(gruiei)z —%(Zgruieiﬂ (A3)

ies ies

where U; = II;1 (1, — H“)fl. Note that the model variance of D, is

var, (D)

var, (giTUiei)

g,/ U Tvar, (e;)Ug;.

Because U, =O(M/m) and the sum in Zies var, (D;) contains n =mn terms, the variance of
Zies g7U.e; is O(M2/m). Next, scaling v,, to be appropriate for a mean, the first term in the brackets
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in(A.3)is N2 Zies D2 = O(m-1). Since the second term in brackets has model expectation 0 and variance
that is O (m-1), it converges in probability to 0, and v,, is asymptotically equivalentto v,,.

A.6 Asymptotic equivalence of variance estimators

In this appendix we sketch arguments for why several variance estimators are asymptotically equivalent.
Using design-based arguments, Yung and Rao (1996, Appendix) showed that the jackknife linearization
estimator, v, , for the GREG is asymptotically equivalent to the design-consistent estimator, v,,,, in
stratified multistage designs with a large number of strata and a bounded number of sample clusters selected
from each stratum. Using regularity conditions in Rao and Shao (1985), that result can be extended to cover
designs in which either (i) the number of strata is large and the number of clusters per stratum is bounded
or (ii) the number of strata is limited and the number of sample clusters per stratum is large, as is the case
in this article.

The jackknife linearization estimator in Section 2 can be expanded as

2
N0, = N2 g7 Tie;e] Mg, - N-Zm(m-lz ngrlei) - (A4)

The first term in (A.4) equals v,. Because, under some reasonable assumptions, g, and e, are bounded,
and I1;* = O (M /m) by assumptions A.1.2 and A.1.3, the first term in (A.4) is O (1/m). The second term
isalso O (1/m), but the model expectation of €, = m-lzies g II;'e, is zero as long as (2.1) holds. Since
€, is a mean, its model-variance will approach 0 as m — o. Thus, the second term in (A.4) will converge
in probability to 0 and v, =~ vg.

In Section A5 it was shown that v,,, and v,, are asymptotically equivalent. Under A.1.1-A.1.4,
H, =O(m-). Consequently, v,, and v, are approximately the same as v, as m — oo. Thus,
Uy, = Uy by extension of Yung and Rao (1996), both of which are design-consistent. Further, v, is
asymptotically equivalent to v,,, v;,, by, and v;. As a result, the alternative variance estimators
considered here all have both model-based and design-based justifications.
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