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Optimizing a mixed allocation

Antoine Rebecq and Thomas Merly-Alpa?

Abstract

This article proposes a criterion for calculating the trade-off in so-called “mixed” allocations, which combine
two classic allocations in sampling theory. In INSEE (National Institute of Statistics and Economic Studies)
business surveys, it is common to use the arithmetic mean of a proportional allocation and a Neyman allocation
(corresponding to a trade-off of 0.5). It is possible to obtain a trade-off value resulting in better properties for the
estimators. This value belongs to a region that is obtained by solving an optimization program. Different methods
for calculating the trade-off will be presented. An application for business surveys is presented, as well as a
comparison with other usual trade-off allocations.

Key Words:  Sampling; calculation of allocation; optimization; dispersion of weights; Neyman allocation.

1 Introduction

In this article, we present a framework that replicates part of the surveys carried out in official statistics,
specifically business surveys, for which the sampling design is most often a one-stage stratified simple
random sampling. A design is created to estimate the total T () or the mean Y of a continuous key variable
of interest y, where y, designates the value of y for individual k" in the population. Survey data are
also used to estimate a collection of other variables, which are sometimes decorrelated or anti-correlated
with y.

When a stratified design is used, the choice of an allocation generally serves a specific purpose, based
on the classic “one objective, one sample” rule. In order to estimate the total T () of the variable of interest
with maximum precision, the Neyman allocation (1934) can be used. The specific allocations meet a precise
need relative to y. Where survey data are used to estimate quantities from other variables, it is desirable
that the design used not deteriorate the quality of the estimators. For example, Cochran (1963) and
Chatterjee (1967) propose a specific allocation for a collection of variables of interest. However, this does
not solve the case of variables that cannot be included in the creation of the sampling design.

If a variable is decorrelated or anti-correlated to the variables used to calculate a specific allocation, it is
known that the variance of the estimate of its total can be very strong (for example, see Ardilly, 2006).
Therefore, using a proportional allocation, even when auxiliary information is available, can be
advantageous. It enables us to be “agnostic” and to avoid constructing a design that will be harmful to
estimate certain variables or certain parameters other than totals or means, or to estimate specific domains.
We can also refer to Chiodini, Martelli, Manzi and Verrecchia (2010a, 2010b) for a more extensive
discussion on the interest of proportional allocation in the trade-off.

We are interested in a certain type of allocation for stratified samplings with H strata (of respective
sizes N,, for which the sum is equal to the size of the population N) of fixed size n. The choice of an
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254 Rebecq and Merly-Alpa: Optimizing a mixed allocation

allocation consists in determining a vector n = (n, ..., n,) verifying constraint z:ﬂnh =n. We are
specifically studying a “mixed” allocation, which consists of a trade-off between the proportional allocation
and another specific allocation, responding to a specific need on one or more variables of interest in a survey:

n, =an,, +1-a)n

a

(1.1)

specific

where n, n . and ng, .. are vectors of size H and « € [0, 1]. This trade-off allocation corresponds to
the ROAUST method (Chiodini, Manzi, Martelli and Verrecchia, 2017) when the specific allocation chosen

is the Neyman allocation (1934). Proportional allocation is defined by:

The purpose of this article is to propose a method for determining «. As a result, we would like to
calculate a parameter that satisfies a certain optimality criterion that we will detail in Section 2.1. In this
article, we will not discuss the composition of the strata, a subject that has been widely explored in the
literature, such as in Baillargeon, Rivest and Ferland (2007) and Dalenius and Hodges Jr. (1959). Moreover,
we are not trying to account for the phenomena of non-response here.

Note that proportional allocation is one that minimizes the dispersion of weights. Choosing a
proportional allocation therefore comes down to the more general logic of choosing a design that minimizes
the dispersion of design weights. The design of the INSEE master sample was designed with this objective
in mind (Christine and Faivre, 2009), in a design-based logic. In a model-based logic, if we seek to estimate
parameters (coefficients of the regression line) and the sampling design is non-informative, then constant
design weights minimize variance of the estimate (see Davezies and D’Haultfoeuille, 2009 and Solon,
Haider and Wooldridge, 2015).

The trade-off allocation involves reconciling two opposite objectives: creating an effective sampling
design for a variable of interest, while keeping the weights as close as possible so as not to deteriorate
estimation on very diverse variables. In the following, we will formalize the optimization program
corresponding to these constraints. We will present a theorem that will define the criterion of optimality that
we seek to resolve. Finally, we will analyze the performances of the allocation determination method that
we are proposing and compare them with some other existing methods in the literature on a practical case,
particularly a survey of businesses conducted by INSEE (French National Institute of Statistics and
Economic Studies).

Several known allocations are already used to perform trade-offs between several objectives. An
allocation frequently used at INSEE is a Neyman allocation under local precision constraints, presented in
Koubi and Mathern (2009). A better-known allocation in the literature is the Bankier power allocation
(1988), which makes a trade-off between the Neyman allocation and an allocation that produces a consistent
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coefficient of variation of the estimate of the total of a variable of interest on each stratum. This allocation
is written as follows:

S, (T, (x))* / Y,

hS s ey, T

where q is a parameter in [0; 1], T, (x) is a measure of the size or importance of stratum h (for example,
the size of the stratum or its economic importance), S2 is the empirical variance of y in stratum h and Y,
its mean.

In the expression of the Bankier allocation, q is a parameter that, like parameter « of the allocation we
are proposing, arbitrates between the two contrary objectives of the allocation: when q is close to 1, the
allocation is very close to a Neyman allocation, but when q tends toward 0, the allocation approaches an
allocation guaranteeing equal coefficients of variation in all strata. However, the article by Bankier (1988)
does not propose a method for choosing this parameter; we will present such a method in this article for our
family of mixed allocations.

In this article, we propose to accomplish this trade-off by solving the following program:

2
min i n, [& - E) + 2 1= Nt ||p (1.2)

n:(nh)hsﬂl, H] =1 nh n

with 2 [0, +oo[, p>1 and |-||, denoting the standard p of a vector of size H (in this equation, the
term on the right represents a distance between the trade-off allocation and the specific allocation chosen
for the survey). We also observe that N/ n is the average weight for the sampled units. As in a stratified
design, the sampling weight for a unit in stratum h is N, /n,; the first term of the optimization program
therefore corresponds to the mean square deviation of the weight vector, or the weight dispersion. This
program therefore corresponds to a trade-off between the two desired objectives. In part 3, we will see that
the interest of the method consists of the choice of an adapted value A; this choice is decisive for finding
the most appropriate balance between the two contrary objectives we are targeting with the allocation, i.e.,
optimality for certain variables brought by the specific allocation and by equal weighting.

The optimization program used for this paper is inspired by the program used in the CURIOS algorithm
(Curios Uses Representativity Indicators to Optimize Samples, Merly-Alpa and Rebecq, 2015), which
performs an arbitration to establish a prioritization operation for the collection of face-to-face surveys by
determining a second-wave allocation. In this paper, we will consider only the problem of determining ex
ante allocations, and therefore we will not use the algorithm in the context of its introduction.

In Section 2, we present the optimization program that solves the satisfaction of these constraints. In
Section 3, we explain how the crucial A parameter should be chosen. In Section 4, we present a practical
application of the mixed allocation on data from French businesses. We conclude in Section 5 by discussing
how we could extend the mixed allocation to other designs than the Neyman allocation.
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256 Rebecq and Merly-Alpa: Optimizing a mixed allocation

2 Optimization program

The program (1.2) is difficult to resolve and analyze, which is why we will simply look for a solution on
a segment between the proportional allocation and a given specific allocation, the Neyman allocation, the
one most frequently used. Often, the choice of an « = 1/ 2 is a good trade-off. For example, this is proposed
in Chiodini et al. (2010a), or in some INSEE business survey designs.

This method combines the benefits of both methods at a low cost. However, we can question the arbitrary
choice of the factor 1/2. In this paragraph, we will present a method based on a minimization program
involving the dispersion of weights as well as the distance to the Neyman allocation to choose a parameter
a such as the “optimal” mixed allocation between proportional allocation and the Neyman allocation:

n™=an +@1-a)n

a prop

2.1)

Neyman *

We situate ourselves here in the context of stratified sampling with H strata, ignoring the influence of
non-response. This could be integrated by considering anticipated response rates or a second Poisson phase,
but this unnecessarily complicates the form of the results. We will focus here on a set of allocations (n_,)

that go through a segment between the proportional allocation (n and the Neyman allocation (n

prop ) Neyman ) '

as indicated in equation (2.1). We therefore limit ourselves to achieving the following minimization
program, a simplified form of that in equation (1.2):

2
H N N
min nah(—“——J + la. (2.2)
",y 0

The term on the right corresponds to the distance between the desired allocation and the Neyman
allocation, up to a constant, integrated in A: this result is shown in Appendix A.

This minimization program depends on the chosen constant 4 > 0. It is clear that when A is large
enough, the term of distance becomes preponderant and we obtain « =0 and therefore n, =ny, ...
Similarly, when A tends toward 0, the factor representing the dispersion of weights becomes preponderant
and the allocation tends toward the proportional allocation.

3 Choosing 4

As mentioned in part 1, we must choose an adapted value for A, which represents the importance we
want to give to each term of the trade-off. We will see in this part that the choice of this value is crucial for
obtaining a good trade-off parameter. For this, we will focus on the variance of the Horvitz-Thompson
estimator of the total of a survey variable of interest obtained with a given allocation when the sampling
design applied in each stratum is a simple random sampling.

The idea is to use a key property of the Neyman allocation, which is its flatness (for example, see Ardilly,
2006). This means that in the vicinity of the allocation, the variance of the estimator of the total for the

Statistics Canada, Catalogue No. 12-001-X



Survey Methodology, December 2018 257

survey variable of interest is close to its minimum value, which is satisfactory from both a theoretical and
an empirical standpoint. The issue is properly defining this vicinity: if we succeed in choosing a value 4
with which we can produce an allocation sufficiently close to the proportional allocation while belonging
to the flat area around the Neyman allocation, we will have succeeded in obtaining weights guaranteeing an
estimate with near-optimal precision for the survey’s key variable of interest with minimal weight
dispersion.

Actually, the choice of 4 and the choice of o are interchangeable. For a fixed value of 4, we can solve
the optimization program of equation (2.2) and obtain a value « (1), and therefore an allocation n
Conversely, directly choosing a value of « favours one of the two aspects of the optimization program

a(2)*

(distance to the Neyman allocation or equal weighting), similar to the choice of 4. Choosing to conserve
parameter A maintains a broader application framework.

We will focus on the variance of the estimator obtained when A varies. From the allocation n,,,, itis
possible to study the variance of the Horvitz-Thompson estimator of the total of a variable of interest
Tor (Y) = zies,{—:, with 7, the probability of inclusion in the sample of unit i (i.e., equal to n, /N, if h
is the stratum that contains i). We then show that there is a “flat” region in the vicinity of the precision
optimum (that is, the Neyman allocation, obtained when A — +). Therefore, choosing a A4 on this flat
region ensures that the precision is only slightly deteriorated from the optimum, while significantly reducing
the variance of the survey weights. Mathematically, it is a matter of choosing as A the torsion point of the

curve, whose existence is ensured by the following theorem:

Theorem 1. Let V (1) be the variance function of T,,; (y) for the allocation obtained for the & solution
of the minimization program of equation (2.2) for sucha A. Therefore, there exists asegment S < [0, + oo [
such that:

- «a(S) =10, 1], where « (4) associates with A the solution of program 2.2.

-V (A) isdecreasing over S.

- Its second derivative admits a maximum in S, which we call the torsion point.
This theorem is illustrated in Appendix B.

We therefore want to take A at the torsion point of the curve, which is also a point of inflection of its
derivative; this amounts to situating the “elbow” of the curve, that is, being right at the limit of the variance
plateau due to the proximity of the Neyman allocation, linked to the flatness of the optimum. The intuition
that justifies this choice is that, on the one hand, the variance of the estimator of the total of the key variable
of interest used to calculate the Neyman allocation decreases when A increases, because the mixed
allocation then approaches the Neyman allocation, and on the other hand, beyond a certain threshold, this
variance varies little and is very close to its limit, the variance obtained with the Neyman allocation. This
threshold corresponds intuitively to the moment when the variance ceases to decrease significantly when A
increases. This point, whose existence is proven by the theorem, is adequately identified by analyzing the
variations of the evolutions of the variance with A4, i.e., by studying the second derivative of the variance
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as a function of A4 and the point where this derivative reaches a maximum, the derivatives of the variance
being negative. Moreover, placing ourselves at the edge of the plateau allows us to limit the maximum of
the value of A4 and therefore the dispersion of weights. Figure 3.1 illustrates this choice.

[#]

3e+12 4e+12 Se+12
1 1

Variance of the Horvitz-Thompson estimator
2e+12

le+12

I I ] ] 1
0 10,000 20,000 30,000 40,000 50,000
Lambda

Figure 3.1 Example of a torsion point of the function Vv (1) for a sampling design explained in Merly-Alpa and
Rebecq (2015).

In the simplest cases, meaning once all the information is available, and when sampling takes place in
one stage, without considering other parameters, the simplest solution to determine the A is to analytically
study the curve of Figure 3.1 using the classic variance calculation formulas of T, (y) in a stratified
sampling design. The torsion point is obtained by searching for the maximum of the second derivative of
the curve V (1). This derivative is generally difficult to calculate analytically, but it is quite possible to find
a numerical maximum when we have an analytical formula (or, failing that, a sufficiently smooth curve) for
V().

Unfortunately, it is not always possible to analytically calculate the variance, such as when other
constraints (combining strata, etc.) come into play, or if all the information is not available at the sampling
stage. In this case, we replace the curve V (1) with a version estimated by Monte Carlo method:

1. Wechoose 4 in [0, 1].

2. The available data are used to simulate the variance of T, (y). For this, we calculate the
allocation resulting from equation (2.2) for 4 and we perform K independent sample draws
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based on this sampling design. For each of the k =1, ..., K draws performed, we calculate
T (y), the Horvitz-Thompson estimator of T (y) obtained with the data from sample k. Next,
we calculate the quantity:
L S(+w 10 2
Ve (W) =——>|T -—>T .
D= 2 TR M- ST )
This quantity is a Monte Carlo estimator of V (4).

Note that these simulations require a proxy variable of the variable of interest available for all
population units. For business surveys, the turnover available in the tax bases can be a good
substitute variable for the actual turnover.

We restart for other values of A covering [0, 1] with a certain step 7. The values of 7 and K
should be chosen by considering the calculation time, which can be quite long depending on the
original population, but also to ensure that the variance due to the simulations is not too great,
which would invalidate the results obtained.

Once these results are obtained for different values of A, we plot the curve of V,,. (1), which
we hope is sufficiently smooth. We can then display the curve and visually place the elbow, which
allows us to choose the final value of A,,.. Another possibility is to search for the maximum of
the second derivative of V. (1) using an optimization algorithm sufficiently robust to noise.
For example, the algorithm of Nelder and Mead (1965) is implemented in the vast majority of
optimization software (e.g., in R or in Python), and Rebecq and Merly-Alpa (2015) show that it
gives good practical results for this type of problem.

In all cases, if determining A at the elbow is difficult, a value should be chosen that ensures that we are

to the right of the actual elbow on the curve. This conservative method ensures that we are on the flat region

of the curve and that the precision of the estimator of the variable of interest is not impaired.

4 Practical application

We are interested in drawing a sample of 1,000 businesses in the industry based on different stratified

sampling designs to learn the total turnover of the sector. The exact field is defined as follows:

Active businesses located in France.
Businesses with a workforce between 1 and 100.

Businesses whose activity sector, measured using the principal activity code, belongs to one of
the industry divisions in the Statistical classification of economic activities in the European
Community (NACE, whose divisions are identical to the 88 divisions of the International
Standard Industrial Classification of All Economic Activities—called ISIC, or CITI in French),
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i.e., in divisions 10 to 33, except 12 (Manufacture of tobacco products) and 19 (Manufacture of
coke and refined petroleum products), which have a structure too atypical for our study.

The initial population is 102,172 businesses. In general, businesses with a large workforce, i.e., more
than 100 employees, are often surveyed exhaustively. Here, we limit ourselves to the non-exhaustive part
of a survey.

This population is stratified according to two criteria:
1. The principal activity, at the division level (first two digits).

2. The employee size group, as follows: 1 to 9 employees; 10 to 19 employees; 20 to 49 employees;
50 or more employees.

this constitutes 88 strata, which will be denoted as (A, B), where A is the sector of activity and B the
workforce.

We then calculate the proportional and Neyman allocations relative to the dispersion of turnover in each
stratum, for n =1,000. Table 4.1 summarizes the characteristics of these two allocations, as well as the
strata where the allocation is maximal, both in division 10 (Manufacture of food products).

Table 4.1
Distribution of sample sizes by stratum for both allocations, and sample sizes for strata corresponding to
maximum sample sizes

Allocation Min. Median Max. Stratum Proportional Neyman
allocation allocation

Proportional 1 3 278 (10, 1-9) 278 80

Neyman 1 5 162 (10, 20-49) 18 162

We want to choose the optimal mixed allocation for the problem presented in the previous paragraph.
For the distance function, we choose the Euclidean distance. Equation 2.2 therefore becomes:

2
N N H
N, ‘F] ) 30 = M) (@.1)
h

h=1

aren[(ljnl]z e [

h=1 «

We then apply the following method to calculate the optimal allocation:

- Calculate, for different values of A, the value of « solution of the minimization program for
equation (4.1).

- Foreach «, calculate the corresponding allocation.
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- For each allocation, analytically calculate the variance of the Horvitz-Thompson estimator for
the total turnover. This is possible because we have the turnover of the businesses in the directory
used as the survey frame.

The curve represented in Figure 4.1 is finally obtained. We note that its general shape corresponds to
what was expected by applying Theorem 1. We visually determine the torsion point, which seems to be
located around 1-107. So we place A =1-107, which is slightly to the right of the elbow, on the flat
part of the curve V (4).

elbow

3e+l14 4e+14 Se+14 6e+14
1 | 1
]
(<]
#° °

Variance of the Horvitz-Thompson estimator for turnover
2e+14

oG

<t
Ll
nll
3

T T T T T T T
0.0e+00 5.0e+06 1.0e+07 1.5e+07 2.0e+07 2.5e+07 3.0e+07
Lambda

Figure 4.1 Variance of the Horvitz-Thompson estimator for total turnover as part of a trade-off with the
Neyman allocation.

We can then use the value of A to determine «o

equation (4.1). Here, we obtain «

using the optimization program of

elbow elbow !

= 0.644. This value of « can be interpreted directly. It is close
enough to 0.5, which shows that the final allocation is also close enough to what is called the classically

elbow

mixed allocation, but it is greater than 0.5, which shows that the program optimum is significantly
approaching the proportional allocation. The allocation obtained is described in Table 4.2 and is compared
with the usual mixed allocation using the arithmetic mean between the two initial allocations.
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Table 4.2
Distribution of sample sizes by stratum for the allocation obtained, and for the two strata corresponding to the
maximum sample sizes for the Neyman allocation and proportional allocation

Allocation Min. Median Max. a Stratum (10, 1-9)  Stratum (10, 20-49)
Proportional 1 3 278 1 278 18
Elbow 1 4 208 0.644 208 69
Mixed 1 4 179 0.5 179 90
Neyman 1 3 162 0 80 162

In terms of sample sizes in the strata for the various allocations, we can see that a maximum is obtained
for the same stratum as the proportional allocation (10, 1-9), but with a less extensive distribution.
Furthermore, stratum (10, 20-49), which has the largest workforce in the Neyman allocation, actually
increases in size relative to the proportional allocation, but still remains well below the Neyman allocation.
We see the appearance of a trade-off between the allocations, as in the usual mixed allocation.

However, we still have to look at the two criteria that motivate this analysis, namely the standard
deviation of the Horvitz-Thompson estimator for the total turnover (in billions of euros), and the dispersion
of weights and its influence on the precision of estimators related to other concepts: to evaluate it, we
introduce a variable z that is not correlated to turnover. Here, we choose the variable z related to the
geographic location of the business defined as follows:

{1 if the company i islocated in lle-de-France
7 =

0 otherwise.

We will use these three criteria to compare our method with the initial allocations (proportional,
Neyman), but also with the classic mixed allocation (with a factor of 0.5), with Bankier power allocations
(1988) for different values of q (where T, («) is taken as the sum of turnover in stratum h) and with the
Neyman allocation under the local precision constraints from Koubi and Mathern (2009). The results
obtained are presented in Table 4.3. In this table, T,,; (CA) refers to the Horvitz-Thompson estimator of
turnover, and T, (z) the Horvitz-Thompson estimator of the variable z.

Table 4.3
Dispersion of weights and variance of estimators of turnover and of z for several allocations
Allocation Parameter | Standard deviation of T,,; (CA) Dispersion of weights Standard deviation of T, (z)
Proportional a=1 24.7 47 10.7
Elbow 0.644 125 1,929 11.6
Mixed 0.5 114 3,473 12.3
Neyman 0 9.8 18,585 17.9
Bankier qg= 025 13.1 36,250 22.2
0.5 11.2 25,922 19.7
0.75 10.1 20,187 18.2
Koubi-Mathern - 12 35,680 22.7
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We observe here that the allocation obtained using A has a precision for the estimate of total turnover

elbow
that is quite close to the Neyman allocation, while the proportional allocation leads to a much larger standard
deviation of the Horvitz-Thompson estimator for total turnover. However, this slight loss in precision is
largely offset by the gain in weight dispersion compared with the Neyman allocation and by a significant
gain in terms of precision over the total of the geographic variable z. Note that the dispersion of weights is
not nil in the proportional allocation because of rounding. When we compare the allocation obtained with
the “mixed” strategy using the factor & =1/ 2, we observe that the loss of a factor 1.1 in the precision of
the total turnover is compensated by the gain of a factor 1.8 in weight dispersion and of 1.1 in the precision
of the total number of businesses located in the Tle-de-France region. The final allocation satisfies our

constraints and meets our specification: to have good precision and low dispersion of weights.

Comparison with the methods in the literature illustrates the contribution of the trade-off on the
dispersion of weights. For the power allocations, we find that by choosing high values of g corresponding
to allocations close to the Neyman allocations, we obtain better precision for the estimate of total turnover
than for our allocation. We note that for all the Bankier allocations and for the Neyman allocation under
constraints, the weight dispersion is greater than for the Neyman allocation, and therefore much greater than
for our allocation. Symmetrically, and as expected, all these allocations contribute to weaken the precision
of the estimated total of the variable z.

As the objective of these competing methods is to obtain better local precision, we will examine several
subdomains of our field (statistical classification A17 of the French economy):

- Domain C1: Manufacture of food products, beverages;

- Domain C3: Manufacture of electrical, electronic and computer equipment; Manufacture of
machines;

- Domain C4: Manufacture of transport equipment;

- Domain C5: Manufacture of other industrial products.

We then compare the precision of the total turnover estimator for each sector. The results are compiled
in Table 4.4.

Table 4.4

Local precisions of the total turnover estimator for several allocations

Allocation Parameter C1l C3 C4 C5

Proportional a=1 0.29 0.30 0.46 0.16

Elbow 0.644 0.16 0.20 0.35 0.07

Mixed 0.5 0.15 0.18 0.30 0.07

Neyman 0 0.12 0.15 0.25 0.06

Bankier q= 025 0.21 0.13 0.18 0.07
0.5 0.17 0.13 0.19 0.06
0.75 0.14 0.14 0.22 0.06

Koubi-Mathern . 0.11 0.11 0.11 0.09
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We observe here that the allocation we propose gives slightly worse results than the classic mixed
allocation on the local precision of the total turnover estimator. However, it is much better than the
proportional allocation and, slightly less so, less effective than the Neyman allocation. Our method of
choosing « is thus an effective trade-off for reducing the dispersion of weights without overly impacting
the overall and local precision of the estimators.

In contrast, and as expected, the allocations with the trade-off objective of maximizing or standardizing
local precision are better than the proposed allocation for the majority of the sectors. Therefore, choosing
between the trade-off we propose and the one proposed by Bankier (1988) comes down to choosing between
better precision for variables not correlated with the variable of interest y (via weight dispersion), like
variable z defined here, for our family of mixed allocations, or choosing better local precision for only this
variable y in the case of the power allocation. However, the advantage of our method is being able to
propose a value of the optimal trade-off parameter « on a certain criterion, which the Bankier method does
not do with parameter g.

5 Conclusion

For the stratified designs, we have studied a trade-off allocation situated on a segment between the
proportional allocation and the Neyman allocation. A theorem guarantees the existence of a flat region in
the vicinity of the optimum and of a particular point that gives an optimal trade-off parameter according to
a certain criterion. As part of a survey of businesses in the industry, simulations are conducted showing how
the calculation can be done in practice and that the usual choice of a parameter of 1/ 2 is not always the
most effective. A comparison with other trade-off allocations, such as the classic Bankier allocation, shows
that our weight dispersion goal produces more equal weighting at the expense of lower precision for the
variable of interest on subdomains of the field. However, it illustrates the variability of the results obtained
for the trade-off allocations according to the value of the parameter used; our method for determining
parameter o remedies this problem often encountered in the study of these allocation families.

It is possible to replace the Neyman allocation in the trade-off with other specific ad hoc allocations. We
postulate that the method remains applicable to obtain the same desirable properties. Different applications
of this work were carried out at INSEE with other specific allocations. In the case of the annual Survey on
the cost of labour and wage structure (ECMQOSS), the specific allocation used for drawing the surveyed
businesses is part of a two-stage design where, in each establishment sampled in the first stage, a sample of
employees is drawn. The allocation used in the first stage is then optimized to obtain the lowest estimate
variance on the estimated total net pay on the final sample of employees, given the dispersion of wages in
each establishment. The allocation also integrates precision constraints on certain dissemination domains.
Curves of the desired shape are still obtained and the trade-off allocation can be implemented.

Statistics Canada, Catalogue No. 12-001-X



Survey Methodology, December 2018

Appendix A

Distance term in equation (2.2)

265

The choice of distance (i.e., a value for p) in the second term of optimization program (1.2) is not

crucial in the proposed context, because we will be able to rewrite the second term as follows where C | is

a strictly positive constant dependent only on the choice of p:
=aC

[P = Memen [, = @€

Let us demonstrate this result. By definition (2.1), we have in each stratum h:

na,h = anprop,h + (1_ (Z) n

Neyman, h
and therefore,

na,h - nNeyman,h = a(nprop,h - nNeyman,h)'

We therefore have for any choice of p:
1
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We will then integrate C , astrictly positive constant, into A.
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Appendix B

Demonstration of Theorem 1

Fora A > 0, the minimization function of program (2.2) is written as follows:

h=1 na,h n
H (N2 N 2
=> ~2—N, +—n_, |+ da
h=1 na,h n
HN2 N2 N2
=> 22—+ —+
h=1 nah n
H N2 N 2
- SLIH
h=1 & =g~ + (1_ a)nNeyman,h n
H Nh N2
= - -—+ Aa.
Hmag+(l-a)=g= N

(A1)
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We now pose for all h < H:

ﬁ =£ r]Neymam,h
"N N,

For each stratum, the £, represent the difference between the uniform and Neyman sampling fractions.
When g, < 0, this means that the Neyman allocation is greater than the proportional allocation; the variable
of interest is more dispersed in this stratum. Let us now derive f:

f’(a)=i NSy (B.1)

h=1 + nNeyman,h 2
ap N,

We deduce from equation (B.1) that the derivative cancels out when:

/1=i No/y - =g (a).

n
h=1 Neyman, h
(aﬂh + N )

Now function g, defined as follows:
N hlBh
nNeyman,h 2
(aﬂh + N )

g, a —>

is decreasing. So:

- If g, isnegative, the denominator decreases when « increases. In this case, its inverse increases
with «. Therefore, we multiply by £, to obtain g,, which implies that g, is decreasing.

- If B, ispositive, the denominator increases when « increases. By inverting and then multiplying
by g, we find that g, is decreasing.

So, if 2 €[g(1), g(0)], we know that there is an «, that cancels the derivative. As f’ evolves
inversely to g, f' is increasing and therefore ¢, is the minimum of f on [0, 1].

Furthermore, as g(«,) = 4 by definition, the decrease of g implies that when A increases in
[9 (1), g(0)], then «, decreases. We therefore use the following lemma, admitted because it is relative to
a classic property of the Neyman allocation:

Lemma 1. The function that at « associates the variance of the Horvitz-Thompson estimator of the variable
of interest X for the allocation n_ , is increasing.

We deduce that VV (1) is decreasing over S. Finally, by continuity, V" admits a maximum over S.
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