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Measuring uncertainty associated with model-based small 
area estimators 

J.N.K. Rao, Susana Rubin-Bleuer and Victor M. Estevao1 

Abstract 

Domains (or subpopulations) with small sample sizes are called small areas. Traditional direct estimators for 
small areas do not provide adequate precision because the area-specific sample sizes are small. On the other hand, 
demand for reliable small area statistics has greatly increased. Model-based indirect estimators of small area 
means or totals are currently used to address difficulties with direct estimation. These estimators are based on 
linking models that borrow information across areas to increase the efficiency. In particular, empirical best (EB) 
estimators under area level and unit level linear regression models with random small area effects have received 
a lot of attention in the literature. Model mean squared error (MSE) of EB estimators is often used to measure 
the variability of the estimators. Linearization-based estimators of model MSE as well as jackknife and bootstrap 
estimators are widely used. On the other hand, National Statistical Agencies are often interested in estimating the 
design MSE of EB estimators in line with traditional design MSE estimators associated with direct estimators for 
large areas with adequate sample sizes. Estimators of design MSE of EB estimators can be obtained for area level 
models but they tend to be unstable when the area sample size is small. Composite MSE estimators are proposed 
in this paper and they are obtained by taking a weighted sum of the design MSE estimator and the model MSE 
estimator. Properties of the MSE estimators under the area level model are studied in terms of design bias, relative 
root mean squared error and coverage rate of confidence intervals. The case of a unit level model is also examined 
under simple random sampling within each area. Results of a simulation study show that the proposed composite 
MSE estimators provide a good compromise in estimating the design MSE. 

 
Key Words: Area and unit level models; Composite estimators of design mean squared error; Empirical best linear 

unbiased predictor; Estimating design mean squared error. 

 
 

1  Introduction 
 

Sample survey data are often used to produce estimates of domain (subpopulation) totals or means. 

Traditional direct estimators for domains, including calibration estimators that use known population totals 

of auxiliary variables, are designed to provide reliable estimators for domains with large domain-specific 

sample sizes. However, direct estimators do not provide adequate precision for domains with small sample 

sizes (called small areas). Yet the demand for reliable small area statistics has greatly increased in recent 

years. It is therefore necessary to resort to indirect estimators that borrow information from related areas 

through known auxiliary information such as censuses and administrative records, to increase the efficiency. 

Indirect estimators based on explicit linking models are widely used; in particular, empirical best (EB) 

estimators based on area level or unit level linear regression models with random area effects. A detailed 

account of EB estimation under those models is given by Rao and Molina (2015), Chapters 6 and 7. 

Section 2 presents EB estimators of small area means under basic area level and unit level models. 

EB-type model based estimators are often deemed suitable by National Statistical Agencies to produce 

official statistics, after careful external evaluations. For example, Beaumont and Bocci (2016) compared EB 

and direct estimates of unemployment rate for small areas obtained from the Canadian Labour Force Survey 
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(LFS) to “gold standard” estimates obtained from the much larger National Household Survey (comparable 

to long form census) and found that the relative error of EB estimates is much smaller than the corresponding 

direct estimates. The authors used a basic area level linear regression model with random area effects to 

produce EB estimates. External evaluations were first used in the pioneering paper by Fay and Herriot 

(1979) under a basic area level model to produce estimates of mean income for small places in the United 

States. 

Model mean squared error (MSE) of the EB estimators is often used to measure the variability of the 

estimators. In particular, linearization-based estimators of model MSE as well as jackknife and bootstrap 

estimators are widely used. Section 3 gives a brief account of model-based MSE estimation, including 

estimators based on unconditional and conditional frameworks. 

The literature on estimating model MSE is very impressive, but National Statistical agencies are often 

interested in estimating the design MSE of EB estimators in line with the traditional design MSE estimators 

of direct estimators for large areas with adequate sample sizes (Pfeffermann and Gilboa, 2017). Estimators 

of design MSE of EB estimators for the basic area level model can be obtained but they tend to be unstable 

when the area sample size is small. To address this problem, Section 4 proposes composite MSE estimators 

obtained by taking a weighted sum of the design MSE estimator and the model MSE estimator. The case of 

unit level models is also studied under simple random sampling within areas. Section 5 reports the results 

of simulation studies on the performance of the proposed composite MSE estimators in terms of design 

absolute relative bias (ARB), relative root mean squared error (RRMSE) and coverage of confidence 

intervals. Both area level and unit level models are considered in the simulation study. Finally, some 

conclusions are given in Section 6. 

 
2  EB estimators 
 

In this section, we present EB estimators of small area means or totals, denoted by ,i  for m  areas with 

small sample sizes. For area level models we assume that direct estimators î  and associated area level 

covariates iz  are available for the m  areas, where iz  is a 1p   vector. In the case of unit level models, 

we assume that unit level data   , , 1, , ; 1, ,ij ij iy j n i m x    are available for the sampled areas, 

where in  is the sample size in area i  and ijx  is a 1p   vector of covariates that can include area level 

covariates. We assume that the area population means iX  are known. 

 

2.1  Basic area level model 
 

We assume that the direct estimator î  is design unbiased (either exactly or approximately for large 

overall sample size ).n  For example, estimators calibrated to known overall means of auxiliary variables 

are approximately unbiased. We can express this assumption as a sampling model ˆ ,i i ie    where the 

sampling error ie  has zero mean and variance .i  We further assume that the sampling variance i  is 

known and not random. In practice, the estimators of the sampling variances are smoothed and the resulting 

smoothed estimator is taken as a proxy for .i  Beaumont and Bocci (2016) propose a method of smoothing 
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the sampling variances in the context of Canadian LFS. The model linking the areas assumes that the i  are 

random, obeying the “matching” linking model ,i i iv   z β  where the random area effect iv  has zero 

mean and variance 2
v  and is independent of the sampling error .ie  We further assume normality of iv  

and .ie  

Combining the sampling model with the linking model leads to the basic area level model 

    iid id
2ˆ , 0, , 0, , 1, , .i i i i i v i iv e v N e N i m      z β    (2.1) 

Main advantages of model (2.1) are that it takes account of the sampling design through the sampling 

model on the direct estimators and that it requires only area level covariates, which are more readily 

available than unit level covariates. 

For known model parameters  2, ,vβ  the “best” estimator of i  is given by 

    2ˆ ˆ, , 1 ,B
i i i v i i i iE          β z β   (2.2) 

where  2 2 .i v v i      The best estimator (2.2) is unbiased for i  in the sense that   0,B
i iE     

where the expectation is with respect to the assumed model (2.1), that is, design-model expectation (Rubin-

Bleuer and Schiopu-Kratina, 2005). It follows from (2.2) that more weight is given to the direct estimator 

î  if the model variance 2
v  is large relative to the sampling variance ,i  and more weight given to the 

synthetic estimator 
iz β  if the sampling variance is large. 

The mean squared error (MSE) of the best estimator under the model (2.1) is given by 

     2
MSE ,B B

i i i i iE         (2.3) 

where the term i i   is often denoted by  2
1 .i vg   It follows from (2.3) that the optimal estimator leads 

to significant reduction in MSE over the direct estimator if i  is small or the model variance is relatively 

small compared to the total variance 2 .v i   This result provides a convincing justification for using the 

model-based approach to produce small area estimates. 

In practice, the model parameters are not known and we replace the parameters in (2.2) by restricted 

maximum likelihood (REML) estimators  2ˆ ˆ, vβ  to get the empirical best (EB) estimator: 

  EBˆ ˆ ˆˆ ˆ1 .i i i i i      z β  (2.4) 

Rao and Molina (2015), Chapter 6, give details of REML estimation of the model parameters. 

 
2.2  Basic unit level model 
 

We now turn to a basic unit level model which uses unit level sample data {( , ), 1, , ;ij ij iy j nx   

1, , },i m   where in  is the sample size in area .i  We assume that the area population means iX  are 

known. We further assume a basic unit level nested error linear regression model for the population and the 

same model holds for the sample (Battese, Harter and Fuller, 1988). The sample model is given by 

 , 1, , ; 1, , ,ij ij i ij iy v e j n i m     x β    (2.5) 
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where the area random effects  iid
20,i vv N   are assumed to be independent of the unit errors 

 iid
20, .ij ee N   Unit level models can lead to significant gains in efficiency over area level models 

because the model parameters can be estimated more accurately using all the observations in the overall 

sample, unlike area level models. 

For known parameters  2 2, , ,v e β  the “best” estimator of the area mean iY  is given by 

    2 2ˆ , 1, , ; , 1, , , , , ,B
i i ij i ij i v e i i i iY E Y y j n j N a y          x β X β x β   (2.6) 

where iy  and ix  are the sample means,  1i i i ia f f    with sampling fraction i i if n N  and 

 2 2 2 ,i v v e in      and iN  is the number of population units in area i  (Rao and Molina, 2015, 

Chapter 7). If the area population size iN  is large and 0,if   then (2.6) reduces to a weighted combination 

of the “sample regression” estimator  i i iy  X x β  and the regression synthetic estimator iX β  with 

weights i  and 1 i  respectively. We denote this approximation to ˆ B
iY  by ˆ .B

i  As the area sample size 

in  increases, the optimal estimator gives more weight to the sample regression estimator. In practice, we 

replace the model parameters by REML estimators  2 2ˆ ˆ ˆ, ,v e β  to get the EB estimator EBˆ
iY  or EBˆ .i  

The EB estimator under the unit level model (2.5) does not account for the survey weights ,ijw  unlike 

the area level model. As a result, the EB estimator is not design consistent as the area sample size increases, 

unless the weights are all equal within the area. 

The MSE of ˆ B
i  is equal to    2 2 2

1 ,i v e i e ig n     while the MSE of the sample regression 

estimator is equal to 2 .e in  It now follows that the optimal estimator leads to significant reduction in MSE 

over the sample regression estimator if i  is small or the model variance 2
v  is small relative to the total 

variance 2 2 .v e in   

 
3  Model-based MSE estimators 
 

In this section, we focus on the model-based MSE of EB estimators under the basic area level and unit 

level models. No closed form expressions for MSE exist, except for a few special cases. This problem has 

attracted much attention in the SAE literature, leading to second-order approximations to MSE which in 

turn are used to obtain second-order unbiased estimators of MSE under the assumed models. 

 
3.1  Basic area-level model 
 

We focus on REML estimators of model parameters, denoted β̂  and 2ˆ .v  A second-order unbiased 

estimator of unconditional model MSE of the EB estimator is given by 

        EB 2 2 2
1 2 3

ˆ ˆ ˆ ˆmse 2 .i i v i v i vg g g       (3.1) 

Here the leading term in (3.1) is given by (2.3) with 2
v  replaced by 2ˆ v  and the remaining two terms in 

(3.1) are of lower order and account for the estimation of β  and 2 ,v  respectively (see Rao and Molina, 
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2015, Chapter 6 for details). The MSE estimator (3.1) is positive and second-order unbiased in the sense 

that its bias is of lower order than 1 m  for large .m  Parametric bootstrap methods have also been used to 

obtain a MSE estimator. However, the resulting MSE estimator is not second-order unbiased and an 

additional bias adjustment is made to ensure second-order unbiasedness. Those adjustments typically 

require double bootstrap methods and some of the adjusted bootstrap MSE estimators may take negative 

values; see Rao and Molina (2015), Chapter 6. 

 
3.2  Basic unit-level model 
 

We again focus on REML estimation of model parameters in the unit level model (2.5). A positive 

second-order unbiased estimator of the unconditional MSE of the EB estimator EBˆ i  is given by 

        EB 2 2 2 2 2 2
1 2 3ˆ ˆ ˆ ˆ ˆ ˆ ˆmse , , 2 , ,i i v e i v e i v eg g g          (3.2) 

where the first term is the leading term given in Section 2.2, the second term is due to estimating β  and the 

last term is due to estimating 2
v  and 2 .e  The EB estimator EBˆ i  and the associated unconditional MSE 

estimator (3.2) are valid when the sampling fraction if  is negligible. We refer the reader to (Rao and Molina, 

2015, Section 7.2.3) for MSE estimation in the case of non-negligible sampling fractions. 

 
4  Design MSE estimation 
 

In this section we first study design MSE estimation and then propose composite MSE estimation that 

provides a balance between the design bias and the coefficient of variation. 

 

4.1  Area-level model 
 

We now turn to estimating the design MSE of the EB estimator by treating the small area parameters i  

as fixed unknown parameters. As noted in the introduction, survey statisticians are often interested in 

estimating the design MSE of EB estimators in line with the traditional design MSE estimators of direct 

estimators for large areas with adequate sample sizes. The design MSE is given by  EBˆMSE d i   

  2
EBˆ ,i iE    θ  where  1 , , m  θ   is the vector of area means. 

Expressing EB
î  as  ˆ ˆ

i ih  θ  with      ˆˆ ˆˆ1 ,i i i ih      θ z β  an exactly unbiased estimator of the 

design MSE is given by 

      EB 2ˆ ˆˆ ˆmse 2 .d i i i i i ih h         θ θ  (4.1) 

Datta, Kubokawa, Molina and Rao (2011) give an explicit expression for the derivative in the second term 

of (4.1) in the case of REML estimators of model parameters. The estimator (4.1) can take negative values 

and can be very unstable in terms of relative root mean squared error (RRMSE) as shown by Datta et al. 

(2011). It follows that (4.1) is not a reliable estimator of the design MSE, although it is design unbiased. 
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Our simulation results in Section 5 study the conditional properties of the MSE estimators (3.1) and (4.1) in 

the design-based framework. 

Some theoretical insights can be obtained by focusing on the case of known model parameters and 

considering the best estimator (2.2) of the area mean .i  In this case, Rivest and Belmonte (2000) obtained 

a design-unbiased estimator given by 

        
22 2ˆmse 1 .B

d i i i i i i i v              z β  (4.2) 

Note that for a large sampling variance i  we have 0i   and (4.2) reduces to 

     2ˆmse .B
d i i i i     z β  (4.3) 

It follows from (4.3) that the MSE estimator can take negative values and, in fact, the probability of getting 

a negative value is close to 0.5 when i  is close to zero or sampling variance i  is large. In this special 

case of known model parameters, we can study the design bias of the model MSE estimator of (2.2), given 

by  mse ,B
i i i    when averaged over the areas. It can be shown that the average design bias converges 

in model probability to zero as m    (Rao and Molina, 2015, page 287). This result suggests that the 

model MSE estimator should perform well in terms of average design bias, provided the assumed model is 

valid. 

The design-unbiased estimator (4.1) is not usable in practice when it takes a negative value for the sample 

at hand. Therefore, we propose a modification of (4.1) that leads to a positive MSE estimator. We denote 

the modified MSE estimator by  EBˆmod-mse .d i  It uses (4.1) when it takes a positive value for the sample 

at hand and replaces (4.1) by the model MSE estimate (3.1) when (4.1) takes a negative value. It is possible 

to use some other positive MSE estimate, for example a naïve positive design-based MSE estimator 

proposed by Pfeffermann and Gilboa (2017). We have not studied this modification in our simulation study. 

We now propose composite estimators of the design MSE that attempt to provide a balance between 

design bias and RRMSE. One composite estimator is obtained by taking a weighted average of the design 

MSE estimator (4.1) and the unconditional model MSE estimator (3.1) with weights ˆi  and  ˆ1 i  

respectively. This composite MSE estimator may be written as 

        EB EB EB
1

ˆ ˆ ˆˆ ˆmse mse 1 mse .c i i d i i i        (4.4) 

It follows from (4.4) that less weight is given to the design MSE estimator when the sampling variance 

is large and this controls the RRMSE of the composite MSE estimator. Also, the composite MSE estimator 

has always a smaller design bias than the model MSE estimator. When ˆi  (or the area sample size) is very 

small, another choice of the compositing weights is to replace ˆi  by ˆi  and ˆ1 i  by ˆ1 i  in (4.4). 

The resulting composite MSE estimator 

        EB EB EB
2

ˆ ˆ ˆˆ ˆmse mse 1 msec i i d i i i        (4.5) 
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gives more weight to  EBˆmse d i  than (4.4) and thus performs better in terms of design bias at the expense 

of increased MSE. Similar to (4.4), the alternative composite MSE estimator (4.5) has always a smaller 

design bias than the model MSE estimator. Both (4.4) and (4.5) can also take on negative values but likely 

not as often due to their construction. To ensure positive composite MSE estimators, we make a modification 

similar to  EBˆmod-mse d i  and replace (4.4) and (4.5) by the model MSE estimate (3.1) when they take 

negative values for the sample at hand. We denote the modified estimators by  EB
1

ˆmod-mse c i  and 

 EB
2

ˆmod-mse c i  respectively. In Section 5, we look at the performance of the two modified composite 

MSE estimators relative to the model MSE estimator (3.1) and the modified design MSE estimator in terms 

of ARB, RRMSE and coverage rate of confidence intervals. 

 
4.2  Unit-level model 
 

We focus on simple random sampling (SRS) without replacement in each area. Even for this special 

design, no closed form expressions for the design MSE of the EB estimator EBˆ
iY  and its estimator are 

available in the literature, unlike in the case of the area-level model. Therefore, we propose a heuristic 

method by evaluating the design MSE of the best estimator ˆ B
iY  given by (2.6), under SRS assuming all the 

model parameters are known and then estimating the design MSE. The resulting design-unbiased MSE 

estimator of the best estimator depends on the model parameters and we replace the model parameters by 

their REML estimators. The resulting MSE estimator is not design-unbiased for the design MSE of the EB 

estimator and it is likely to underestimate the true design MSE because the variability associated with the 

estimated model parameters is not taken into account. We study its design performance in a simulation 

study. 

Under SRS without replacement within area ,i  we have 

    ˆ 1 ,B
i i i i i i iY Y a u U a U      (4.6) 

where iu  is the area sample mean and iU  is the area population mean of the values .ij ij iju y  x β  It 

follows from (4.6) that the design MSE of the best estimator is given by 

        
2 22 2ˆ ˆMSE 1 ,B B

d i d i i i d i i iY E Y Y a V u a U      (4.7) 

where 

    1 2 2 1 2

1

1 , and ( 1) ( ) ,
iN

d i i i ui ui i ij i
j

V u n f S S N u U 


      (4.8) 

noting that the cross-product term is zero under SRS. 

It now follows from (4.7) and (4.8) that a design unbiased MSE estimator of the best estimator is given by 

       22 1 2 2ˆ ˆmse 1 1 ,B D
d i i i i ui i iY a n f s a U     (4.9) 
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where  2 1 2 1 2
1

ˆ 1in
D

i i ij i i uij
U n u N N s 


    and    

212
1

1 .in

ui i ij ij
s n u u


    By replacing the model 

parameters in (4.9) by their REML estimators, a design-based MSE estimator of the EB estimator is 

obtained, denoted by  * EBˆmse .d iY  This MSE estimator is likely to underestimate the design MSE of the 

EB estimator because the best estimator (2.6) does not account for the variability in the estimators of model 

parameters. 

A composite MSE estimator,  * EBˆmse ,c iY  is now obtained by taking a weighted combination of 

 * EBˆmse d iY  and the model-based MSE estimator  EBˆmse iY  with weights ˆi  and ˆ1 i  respectively. It is 

given by 

        * EB * EB EBˆ ˆ ˆˆ ˆmse mse 1 mse .c i i d i i iY Y Y     (4.10) 

Molina and Kominiak (2017) proposed parametric and non-parametric bootstrap estimators of the design 

MSE of EBˆ .iY  They also obtained a composite MSE estimator, similar to (4.10), by using the non-parametric 

bootstrap (NPB) MSE estimator and the parametric bootstrap (PB) MSE estimator as the two components 

of the composite MSE estimator associated with ˆi  and  ˆ1 i  respectively. As noted by the authors, a 

drawback with this composite MSE estimator is “that it requires to run both PB and NPB procedures for 

each area, which makes it computationally slower.” Molina and Kominiak (2017) also proposed a 

parametric design bootstrap (PDB) composite MSE estimator. The PDB estimator avoids running both PB 

and NPB procedures for each area. Both bootstrap composite MSE estimators performed well in a 

design-based simulation study. 

 
5  Simulation study 
 

In this section, we report the results of limited simulation studies on the design performance of the 

proposed composite MSE estimators. Section 5.1 gives results for the area level model, and the unit level 

model results are reported in Section 5.2. 

 

5.1  Area-level model 
 

Following the simulation set up used by Datta et al. (2011), we employ model (2.1) with 30m   areas,

 11,i iz z  for 1, , ,i m   where the covariate values 1 , ,i imz z  are generated independently from 

 1, 1N   and held fixed over the simulation runs. Further,  1, 1 ,β 2 1v   and the sampling variance 

values are (2.0, 0.6, 0.5, 0.4, 0.2), with each different value of i  assigned to six consecutive areas. Noting 

that  0, 1 ,iv N  we generate  ; 1, ,i i m    from the linking model i i iv   z β  and hold them 

fixed over the simulations to reflect the design-based approach conditioning on the area means .i  Then, 

100,000R   simulated samples   ˆ : 1, , ,r
i i m   1, ,r R   are generated from the sampling model 

î i ie    with the sampling error ie  generated from  0, iN   for specified sampling variance i  

which is assumed fixed and known. We note that our simulation setup is not exactly design-based but it is 

“close enough” for the purposes of our study. 
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From the simulated data    ˆ , : 1, ,r
i i i m z   the EB estimates  EBˆ r

i  are computed and the MSE 

of EB
î  is approximated by 

    2EBEB 1

1

ˆMSE .
R

r
i i i

r

R  



   (5.1) 

The MSE estimators for each simulated sample are computed and averaged over the 100,000 simulation 

runs. We denote the means of the MSE estimators over the simulations as EBmse ,i
EBmse ,di

EBmod-mse ,di

EB
1mod-mse c i  and EB

2mod-mse ,c i  corresponding to model, design unbiased, modified design unbiased, 

modified composite 1 and modified composite 2 MSE estimators, respectively. The relative bias (RB) of 
EBmse i  is given by 

  EB EB EB EBRB mse MSE MSEi i i i   (5.2) 

where EBMSE i  is given by (5.1). The absolute relative bias (ARB) is simply defined as EB EBARB RB .i i  

The terms EBARB ,di
EB

modARB ,di
EB
1 modARBc i  and EB

2 modARBc i  are defined in a similar manner. 

We also compute the relative root mean squared error (RRMSE) of the MSE estimators over the 

simulations. We denote those values as EBRRMSE ,i
EBRRMSE ,di

EB
modRRMSE ,di

EB
1 modRRMSE c i  and 

EB
2 modRRMSE c i  for the model, design unbiased, modified design unbiased, modified composite 1 and 

modified composite 2 MSE estimators, respectively. Here RRMSE of the model MSE estimator is 

defined as 

    1 2
2EBEB 1 EB EB

1

RRMSE mse MSE MSE .
R

r
i i i i

r

R 


   (5.3) 

The RRMSE of the other MSE estimators are similarly defined. 

We first compare the average over all the areas of EBmse i  to the average over all areas of EBmse .di  We 

obtain 0.42 and 0.35 respectively, showing that the average of the model MSE estimator, 0.42, is close 

enough to the average of the design MSEs of the EB estimators, 0.35, confirming the theoretical result 

mentioned in Section 4.1. The theoretical result assumes known model parameters, while the simulation 

deals with the general case of unknown model parameters. 

We next examine the probability of getting a negative value for the three MSE estimators: design 

unbiased, composite 1 and composite 2. Figure 5.1 shows the percentage of negative values over the 

simulations for each of the thirty areas. It is clear from Figure 5.1 that the probability of getting a negative 

value for the design unbiased MSE estimator can be as large as 50% for the first six areas (group 1) with 

much larger sampling variance relative to the remaining areas (group 2). On the other hand, it is negligible 

for the areas in group 2. The average probability over areas in group 1 is 45.67% compared to 0.03% in 

group 2. The probability of getting a negative value for the composite 1 MSE estimator is zero across all 

thirty areas, while the average probability for the composite 2 MSE estimator is 9.15% over areas in group 

1 and zero over areas in group 2. The above results suggest that the composite 1 MSE estimator may not 

need modification even for areas with large sampling variances. Note that in the current simulation study 

the composite 1 and modified composite 1 MSE estimators are identical because no zero values were found 

for the composite 1 MSE estimator. 
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Figure 5.1 Plot of the percent of negative values of the MSE estimators: area level model. 

 
We now turn to the ARB of the MSE estimators. Figure 5.2 shows the ARB values across all the thirty 

areas for the MSE estimators: model, design unbiased, modified design unbiased, modified composite 1 and 

modified composite 2 MSE estimators. Table 5.1 gives the mean % design ARB values as well as the 

mean % design RRMSE over the areas in group 1 and group 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.2 Plot of percent ARB of the MSE estimators: area level model. 
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Table 5.1 
Mean % design ARB and mean % design RRMSE of MSE estimators: area level model 
 

MSE Estimator Mean % design ARB Mean % design RRMSE
Areas 1 to 6 Areas 7 to 30 Areas 1 to 6 Areas 7 to 30

Design 0.33 0.39 246.71 33.62
Modified Design 93.49 0.38 221.86 33.58
Model 51.66 25.76 54.98 26.61
Modified Composite 1 34.08 7.60 96.98 24.70
Modified Composite 2 32.00 4.13 146.31 28.20

 

As expected, Figure 5.2 shows that the design unbiased estimator has zero ARB (except for simulation 

errors) across all areas. On the other hand, the modified design unbiased MSE estimator surprisingly exhibits 

a large ARB for the first six areas, with mean value of 93.49% but negligible for the remaining areas 

(0.38%). Model MSE estimator also exhibits large ARB for the first six areas with mean ARB of 51.66% 

that decreases to 25.76% for the remaining areas. On the other hand, the mean ARB for composite 1 MSE 

estimator is reduced to 34.08% for group 1 and small for group 2 (7.60%). The modified composite 2 MSE 

estimator that attaches more weight to the design unbiased MSE estimator reduces the mean ARB to 32.00% 

for group 1 and to 4.13% for group 2. 

Figure 5.3 gives a plot of RRMSE of the MSE estimators across all the thirty areas and Table 5.1 reports 

the mean % RRMSE values for areas in group 1 and group 2. As expected, the design unbiased MSE 

estimator exhibits very large RRMSE for group 1 with mean value of 246.71%. The modified design 

unbiased MSE estimator is equally unstable for group 1 (mean RRMSE of 221.86%) in addition to 

exhibiting large ARB. Model MSE estimator exhibits the smallest RRMSE as expected with mean value of 

54.98% for group 1 compared to 96.98% for composite 1 MSE estimator and 146.31% for modified 

composite 2 MSE estimator. On the other hand, for the areas in group 2 with smaller sampling variances, 

the mean RRMSE of the three MSE estimators is roughly the same: 24.70% for composite 1, 26.61% for 

model and 28.20% for modified composite 2 MSE estimators. The mean RRMSE for the design unbiased 

and modified design unbiased MSE estimators is only slightly larger for group 2 with values of 33.62% and 

33.58% respectively. 

Finally, we turn to confidence interval coverage rates for a nominal value of 95%. Normal theory 

coverage rates for the model MSE estimator are computed as  

            1 2 1 2EB EB EB EBEB 1

1

ˆ ˆ ˆCR mse 1.96 mse 1.96 mse
R

r r r r
i i i i i i

r

R I   



            (5.4) 

where  I   is an indicator function with value 1 if i  is in the calculated interval and 0 otherwise. Coverage 

rates for the other MSE estimators are similarly defined. Figure 5.4 is a plot of the percent coverage rates 

for the MSE estimators. The curve associated with the design-unbiased MSE estimator is not included in 

the plot because it is not possible to calculate the confidence interval coverage rate due to negative MSE 

estimates for some simulation runs. Discarding these simulation runs and calculating the intervals from the 

remaining runs can distort the coverage rate. 

The plot shows serious undercoverage for areas in group 1 with large sampling variance. In particular, 

the mean coverage rate for model, modified composite 1 and modified composite 2 are 68.53%, 78.43% 
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and 72.87% respectively, whereas the modified design MSE estimator show some improvement: 85.82%. 

On the other hand, for the areas in group 2 with smaller sampling variances, the mean coverage rate increases 

to 91.73%, 91.74%, 90.89% and 89.85% for the model, modified composite 1, modified composite 2 and 

the modified design MSE estimators, respectively. Figure 5.4 suggests that the coverage rates for the model 

and modified composite MSE estimators are comparable across all areas with the areas in group 1 exhibiting 

serious undercoverage because of small sample sizes or large sampling variances in those areas.  

 

 
 

 

 

 

 

 

 

 

 

 
 

Figure 5.3 Plot of percent RRMSE of the MSE estimators: area level model. 

 
 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.4 Plot of the percent coverage rates for the MSE estimators: area level model. 
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5.2  Unit-level model 
 

In this section, we report some results of a limited simulation study on the design performance of four 

MSE estimators under a simple unit-level mean model given by 

 , 1, , ; 1, ,ij i ij iy v e j N i m       (5.5) 

where the area random effects  iid
20,i vv N   are independent of the unit errors  iid

20, .ij ee N   The 

MSE estimators studied include the model MSE estimator  EBˆmse ,iY  of the EB estimator EBˆ
iY  (Rao and 

Molina, 2015, Section 7.2.3), the plug-in design-based MSE estimator  * EBˆmse d iY  obtained from (4.9) by 

replacing the model parameters , 2
v  and 2

e  by their REML estimators, the composite MSE estimator 

given by (4.10), and a “conditional” MSE estimator,  EB
CH

ˆmse ,iY  proposed by Chambers, Chandra and 

Tzavidis (2001, Section 2.2.2). 

For the design-based simulation, we use 30m   small areas and first generate the area population sizes 

,iN  from a Uniform distribution  443, 542U  and hold them fixed over simulation runs, following 

Chambers et al. (2011). We generate two fixed finite populations  , 1, , ; 1, ,ij iy j N i m    from 

the mean model (5.5) for specified mean parameter 500   and variance parameters 2 10.40,v   
2 94.09e   for the first finite population (denoted Population A) and 500,  2 40.32,v  2 94.09e   

for the second finite population (denoted Population B). Note that the variance ratio 2 2
v e    is equal 

to 0.11 for Population A and is smaller than the value 0.43 for Population B. We then draw stratified simple 

random samples  , 1, , ; 1, , 30ij iy j n i    without replacement, from each finite population, 

treating each area as a stratum, where the area sample sizes are chosen to be equal: either 5in   or 20.in   

In all, we draw 10,000S   stratified simple random samples and compute the MSE estimates from each 

sample. Independently, we also draw 30,000R   stratified random samples and compute the EB estimates 

from each sample. The MSE of the EB estimator for each area is approximated along the lines of (5.1) using 

the 30,000 simulation runs. Using a large number of simulation runs, 30,000,R   the true MSE of the EB 

estimator is accurately approximated by the empirical MSE. On the other hand, a smaller number of 

simulation runs, such as 10,000,S   is used for studying the performance of the four MSE estimators to 

reduce computations. This two-step simulation setup is often used for the unit level model (see e.g., 

González-Manteiga, Lombardia, Molina, Morales and Santamaria, 2008). Typically, calculating the MSE 

is much faster than calculating the RB and RRMSE of several MSE estimators, particularly bootstrap MSE 

estimators. 

Using the simulated MSE estimates and the simulated MSE of the EB, we compute the relative bias 

(RB), the absolute relative bias (ARB) and the relative root mean square error (RRMSE) of the MSE 

estimators along the lines of (5.2) and (5.3). In the case of Population A and area sample size 5, the plug-in 

design-based MSE estimator leads to underestimation across all areas, with RB ranging from -87.0% 

to -18.1%. This underestimation is due to ignoring the variability in the parameter estimates. On the other 

hand, the model MSE estimator generally overestimates the design MSE with RB ranging from -66.4% to 

150.1%. As a result, the composite MSE estimator reduces the underestimation caused by the plug-in 
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design-based MSE estimator: RB ranging from -55.0% to 115.4%. The conditional MSE estimator 

overestimates the design MSE consistently with RB ranging from 31.7% to 316.1%. Performance of the 

MSE estimators in terms of RB improves as the ratio   increases to 0.43 or the area sample size increases 

to 20. 

Table 5.2 reports the median and mean ARB values for the two populations and the two sample sizes. It 

shows that the composite MSE estimator performs better than the other MSE estimators for Population A 

and area sample size 5, with median and mean ARB equal to 53%. On the other hand, the conditional MSE 

estimator exhibits large median ARB equal to 208% and mean ARB equal to 191%. Median and mean ARB 

values for all the MSE estimators decrease as the ratio   increases to 0.43 or the area sample size increases 

to 20. 

 
Table 5.2 
Median and mean % design ARB of MSE estimators: unit level model 
 

MSE Estimator Population A Population B 
5in   20in  5in  20in 

Median Mean Median Mean Median Mean Median Mean

Design 60.7 54.4 11.2 11.1 8.9 8.9 1.8 2.0

Conditional 207.9 190.7 23.2 19.9 9.4 8.3 0.7 1.0

Model 77.4 81.7 44.0 38.8 29.6 28.4 6.8 8.6

Composite 52.9 53.3 13.1 14.0 7.1 8.8 1.3 1.8

 
Table 5.3 reports the median and mean % design RRMSE values for the two populations and the two 

sample sizes. It shows that the model MSE estimator and the composite MSE estimator perform better than 

the other MSE estimators, especially for Population A and area sample size 5. In the latter case, the plug-in 

design-based MSE estimator and the conditional MSE estimator exhibit large median and mean RRMSE 

values: approximately 400% versus 110% for the model MSE estimator and the composite MSE estimator. 

Performance of all the MSE estimators improves in terms of RRMSE as the ratio   increases or the area 

sample size increases. In the case of population B and area sample size 20, model MSE estimator exhibits 

the smallest median and mean RRMSE: approximately 10% versus 30% for the other MSE estimators. 

 
Table 5.3 
Median and mean % design RRMSE of MSE estimators: unit level model 
 

MSE Estimator Population A Population B 

5in   20in   5in   20in   

Median Mean Median Mean Median Mean Median Mean 

Design 414.5 382.0 62.1 60.3 57.6 57.6 29.3 29.0 

Conditional 416.5 384.5 64.1 62.2 63.9 64.3 28.4 28.1 

Model 107.8 108.5 45.4 41.6 31.6 31.7 8.9 10.8 

Composite 113.7 112.9 37.8 38.1 40.7 41.5 26.6 26.4 
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6  Conclusions 
 

In this paper we studied the properties of alternative MSE estimators in tracking the design MSE of EB 

estimators of small area means. We examined both area level and unit level models. 

In the area level model, we proposed two composite MSE estimators by taking a weighted average of a 

design unbiased MSE estimator and a model based MSE estimator. Modifications to ensure positive MSE 

estimators were also given. Performance of the alternative MSE estimators was studied through simulations 

in terms of absolute relative bias, relative root mean square error and coverage rate of confidence intervals. 

Our results for the area level model suggest that the design unbiased MSE estimator is not usable in practice 

when the area sample size is very small because of a large probability of getting a negative value. On the 

other hand, this probability for the composite 1 MSE estimator (with the same weights as the EB estimator), 

is either zero or essentially negligible. Our simulations for the area level model for areas with very small 

sample sizes suggest that the composite 1 MSE estimator leads to smaller ARB relative to the model MSE 

estimator at the expense of an increase in RRMSE. For areas with larger sample sizes, the ARB of the model 

MSE estimator persists unlike the ARB of the composite 1 MSE estimator. In terms of coverage rates, the 

model MSE estimator and the composite 1 MSE estimator are comparable across all areas, but both can lead 

to serious undercoverage for areas with very small sample sizes. Overall, the composite 1 MSE estimator 

provides a good compromise in estimating the design MSE. 

In the simulation study of the unit level model, our results suggest that the composite MSE estimator 

generally offers a good compromise between the ARB and RRMSE. However, the plug-in design MSE 

estimator used in the composite estimator needs modification to take account of the variability in the 

estimators of model parameters to avoid or reduce the underestimation of design MSE of the EB estimator. 
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