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How to decompose the non-response variance: A total survey 
error approach 
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Abstract 

When a linear imputation method is used to correct non-response based on certain assumptions, total variance 
can be assigned to non-responding units. Linear imputation is not as limited as it seems, given that the most 
common methods – ratio, donor, mean and auxiliary value imputation – are all linear imputation methods. We 
will discuss the inference framework and the unit-level decomposition of variance due to non-response. 
Simulation results will also be presented. This decomposition can be used to prioritize non-response follow-up 
or manual corrections, or simply to guide data analysis. 

 
Key Words: Total variance; Adaptive design; Imputation. 

 
 

1  Introduction 
 

Total survey error is described by Biemer (2010) as the “accumulation of all errors that may arise in the 

design, collection, processing and analysis of survey data”. He classified survey error components into 

sampling error and nonsampling errors, such as, non-response, coverage, measurement and data processing 

errors. These errors may affect variance, bias, or both. The total survey error paradigm aims at maximizing 

survey quality by minimizing total survey error within prespecified resource constraints like budget, people, 

or time. 

At Statistics Canada, the Corporate Business Architecture initiated the Integrated Business Statistics 

Program (IBSP) as the standardized platform for more than 140 economic surveys with the objective of 

achieving efficiency, enhancing quality and improving responsiveness. In particular, reducing collection costs 

while managing non-response error was identified as one of the program’s pillars. Consequently, an adaptive 

design where different units may receive different treatments became a keystone for this program. For more 

details on IBSP, see Statistics Canada (2015). Groves and Heeringa (2006) showed how paradata could be 

used to increase the response rate. Schouten, Calinescu and Luiten (2013) gave a general framework for an 

adaptive design and explained how the R-indicator could be used in this context. 

A new survey process model called Rolling Estimates has been developed as an attempt to address the 

IBSP’s pillar mentioned above. The Rolling Estimates model is based on iterative processing and estimation 

cycles throughout the collection period. Basically, the idea of this model is to compute key estimates with their 

associated quality indicators at several specific times during the collection period. At the beginning, all units 

are assigned to the self-response survey treatment which means that the respondents are asked to complete the 

online questionnaire. Collection efforts like computer-assisted telephone interview non-response follow-ups 

are then performed on units contributing the most to the estimates where the quality is low based on the 

preliminary results of the Rolling Estimates. This can be viewed as an adaptive design since the treatments on 

the units depend on the quality of the estimates produced during the collection period. Most of the work 
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regarding the development of the IBSP’s adaptive design has been done since 2010. Godbout, Beaucage and 

Turmelle (2011), Turmelle, Godbout and Bosa (2012), Mills, Godbout, Bosa and Turmelle (2013) and Bosa 

and Godbout (2014) made use of this idea in the context of the IBSP adaptive design to minimize the number 

of follow-ups in order to reach a targeted quality in terms of coefficient of variation. 

This paper revisits the work done so far for IBSP and presents an approach to decompose non-response 

variance into an item-level score for a given variable of interest within a domain. This item score is basically 

an attempt to estimate the contribution to the variance borrowed by a single unit. Units with a large score will 

contribute the most to reduce the variance and the coefficient of variation which is often used as a quality 

indicator in surveys. However, there are generally many important variables and domains in a survey. The 

proposed approach first computes, for a given unit, item-level scores for important variables and domains. 

Then, item scores can be combined into a single unit-level score in order to rank units. For example, the unit 

score can be a weighted sum or the maximum of its item scores. The most attractive use of the resulting unit-

level score is to prioritize units, the ones with the highest scores, for the most expensive collection operations 

such as telephone follow-up, computer-assisted telephone interview or computer-assisted personal interview. 

This paper assumes total and partial non-response are both treated in the adaptive design, but treatments may 

be different depending on the type of non-response. For instance, telephone follow-ups could be made in the 

case of total non-response whereas questionnaires with partial non-response could be reviewed by analysts. 

This type of adaptive design generates strong interactions between collection operations, observed data and 

measured quality. Bosa and Godbout (2014) showed how this methodology was implemented in IBSP under 

the Rolling Estimates model. 

Emphasis will be placed on the derivation of the item-level score throughout this paper. Therefore, the 

special case of only one variable of interest within a domain is studied. Also, only one imputation method is 

used to impute the variable of interest in the case of non-response so as to simplify the notation and to ease 

comprehension for the reader. 

Section 2 describes the inference framework. In Section 3, the decomposition of the variance at the unit-

level is expressed. In other words, the contribution of each nonresponding unit to the variance is computed. A 

simulation study was conducted to evaluate the proposed score. It is described in Section 4. Finally, Section 5 

expresses some thoughts and conclusions.  
 

2  Inference framework 
 

Assume a sample s  of size n  is drawn from a population U  of size .N  Define the population total by 

 d k kk U
t d y


   (2.1) 

for a variable, ,y  and a domain indicator, ,kd  which takes the value 1kd   if unit k  belongs to the domain 

,d  and 0kd   otherwise. In the context of full response, dt  is estimated by 0ˆ
d k k kk s

t d w y


  where kw  

could be the sampling weight or a calibrated weight if calibration is performed. Because surveys are generally 

subject to non-response, both unit or item, a sample unit is classified into either a responding or a 

nonresponding unit with regard to the variable y  at any given point during data collection. The subset rs  

contains item-responding units whereas ms  contains item-nonresponding units. Note that rs  and ,ms  
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respectively of size rn  and ,mn  form a partition of the sample ,s  , ,s r mP s s  with r ms s s   and 

.r ms s    

The approach proposed in this paper assumes that imputation is used in case of non-response, which is the 

common approach in business surveys. Moreover, this approach can be considered for both item and unit non-

response as long as imputation is used. However, since only one variable of interest y  is considered here for 

simplicity, then no distinction is made if the y  variable is imputed because of item or unit non-response. Also, 

the set rs  and ms  are not indexed by an item number for simplicity without loss of generality. However, the 

action following the calculation of a unit score might be different depending on whether the unit is responding 

or not. 
 

2.1  Estimation under imputation 
 

The framework requires linear imputation methods. In other words, the imputed value, * ,ky  can be written 

as a linear combination of the values reported by the other units. This linear combination is given by 
*

0 .
r

k k lk ll s
y y 


    The quantities, 0k  and lk  do not depend on the values of variable of interest, ,y  

but they may depend on ,s rs  and auxiliary data from the nonrespondents available on the frame, registers or 

elsewhere. Linear imputation methods cover most methods used in practice like auxiliary value imputation 

(Beaumont, Haziza and Bocci, 2011) and linear regression imputation, as well as donor imputation, which is 

often used to impute categorical variables.   

It is common practice to use several imputation methods, referred to as composite imputation, applied 

sequentially to the same variable. More than one linear imputation method can be used to impute 

nonresponding units. Section 2 of Beaumont and Bissonnette (2011) defines composite imputation in detail. 

Briefly, suppose that the set of nonrespondents is broken down into two or more groups and that a different 

imputation method is used within each group. For example, let kx  be the complete vector of auxiliary variables 

for unit ,k  and suppose regression imputation is used to impute the variable of interest. However, if, for some 

cases, kx  were incomplete, another imputation method, based on the available subset of ,kx  would be used. 

The approach presented in our paper can be generalized to include composite imputation as long as linear 

imputation methods are used. For simplicity of notation, the case of a single linear imputation method is 

presented. 

The estimator of the domain total after imputation is given by 

 *ˆ
r m

d l l l k k kl s k s
t w d y w d y

 
    (2.2) 

where kw  is the sampling weight or a calibrated weight. The estimator presented in equation (2.2) can be 

rewritten as 

                                         

 

*

0

0

0

0

ˆ

.

r m

r m
r

r m r m

r r

r

d l l l k k kl s k s

l l l k k k lk ll s k s
l s

l l l k k k l k k lkl s k s l s k s

d l l l l dll s l s

d l l l dll s

t w d y w d y

w d y w d y

w d y w d y w d

W w d y y W

W y w d W

 

 

 

 


   

 



 

   
 

  

  

  

 

  

   
 

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The quantities dlW  and 0dW  denote the compensatory weights (or adjustment weights) defined as  

 
0 0 .

m

m

dl k k lk
k s

d k k k
k s

W w d

W w d















  

They represent the effect of the non-response in the domain, ,d  carried by the respondent unit, ,rl s  

with a reported value, .ly  

 

2.2  Variance estimation 
 

Consider an imputation model, ,  describing the relationship between variable y  and the vector of 

observed auxiliary variables obs .x  Let  . ,E  Var .  and  cov .  denote respectively the expectation, 

the variance, and the covariance with respect to the imputation model .  The imputation model is  

 
 
 

 

obs

2obs

obscov , 0

k k

k k

k k

E y

V y

y y
















X

X

X

  

where ,k k U   and .k k   The matrix obsX  contains all observed vectors obs.x  The quantities k  and 
2
k  can be estimated by ˆ

k  and 2ˆ
k  respectively. We assume that these estimators are unbiased with respect 

to the imputation model .  These estimators will be useful later for estimating the total variance components 

and the unit decompositions of those components. 

The total error of the estimator (2.2) can be expressed as  

    0 0ˆ ˆ ˆ ˆ ,d d d d d dt t t t t t      (2.3) 

where 0ˆ
dt  is the estimator under complete response given by (2.1). The first term on the right-hand side of 

(2.3) is usually referred to as the sampling error and the second term is called the non-response error. As 

proposed in Särndal (1992) and in Beaumont and Bissonnette (2011), the mean square error of ˆ
dt  using 

(2.3) can be decomposed in three components and is given by  

              
     

   

2 2
0

0 0

ˆ ˆ ˆ ˆ ,

ˆ ˆ ˆ2 , ,

pq d d p d pq d d r

pq d d d d r

E t t E V t E E t t s s

E E t t t t s s

  



     
    

 
(2.4)

 

under imputation model, ,  sampling design, ,p  and response mechanism, .q    2ˆ
pq d dE t t   is 

approximately equivalent to the variance  ˆ
pq d dV t t   assuming that the overall bias is negligible. Thus, 

the equation (2.4) is equivalent to          TOT SAM NR MIX
ˆ ˆ ˆ ˆ ˆ ,pq d d d d d dV t t V t V t V t V t       where: 

    SAM
ˆ ˆ
d p dV t E V t  is the sampling variance; 

     2
0

NR
ˆ ˆ ˆ ,d pq d d rV t E E t t s s

     is the non-response variance; 

      0 0
MIX

ˆ ˆ ˆ ˆ2 ,d pq d d d d rV t E E t t t t s s      is the covariance between sampling and non-

response error terms, also called the mixed variance component. 
 

Beaumont and Bissonnette (2011) proposed the following estimators for  SAM
ˆ ,dV t  NR

ˆ
dV t  

and  MIX
ˆ .dV t  
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1.      SAM ORD DIF
ˆ ˆ ˆˆ ˆ ˆ

d d dV t V t V t   where: 

o  ORD
ˆ ˆ

dV t  is the naive sampling variance estimator using the imputed values as though they 

were reported values. 

o     2 2
DIF

ˆ ˆ ˆ1
m

d k k k kk s
V t w d 


   is a correction to  ORD

ˆ ˆ
dV t  in order to reduce the bias 

of  ORD
ˆ ˆ ,dV t  as proposed by Beaumont and Bocci (2009), since the variance component 

 ORD
ˆ ˆ

dV t  relies on the use of imputed values, usually more homogeneous than the reported 

values.  

2.   2 2 2 2
NR

ˆ ˆ ˆ ˆ
r m

d dl l k k kl s k s
V t W w d 

 
    is the estimator of the non-response component of 

variance.  

3.      2 2
MIX

ˆ ˆ ˆ ˆ2 1 2 1
r m

d dl l l l k k k kl s k s
V t W w d w w d 

 
      is the estimator of the mixed 

variance component. 

 
Under complete response, ,ms    the compensation weights are 0,dlW   and the variance 

components,  DIF
ˆ ˆ ,dV t  NR

ˆ ˆ ,dV t  and  MIX
ˆ ˆ ,dV t  are also equal to 0, leaving the total variance as 

   TOT ORD
ˆ ˆˆ ˆ .d dV t V t  Under a census, ,s U  the variance components,  DIF

ˆ ˆ ,dV t  ORD
ˆ ˆ ,dV t  and 

 MIX
ˆ ˆ ,dV t  are equal to 0, leaving the total variance as    TOT NR

ˆ ˆˆ ˆ .d dV t V t  

 
2.3  Non-response bias 
 

The reduction of non-response bias is always a desirable goal. It can be achieved through an adaptive 

design and/or through an appropriate method of dealing with missing values. Our framework assumes that 

the non-response bias is removed through imputation methods that use relevant auxiliary information. In 

practice, it is likely that imputation will only reduce non-response bias, not eliminate it. We may then 

wonder whether adaptive designs could be used to reduce further the bias. In the context of non-response 

weighting, Beaumont, Bocci and Haziza (2014) argued that auxiliary information used in an adaptive design 

to reduce non-response bias can also be used in non-response weighting to reduce the same amount of bias. 

Their argument can also be made in the context of imputation. This justifies our focus on variance reduction 

rather than bias reduction. We acknowledge that some bias may remain after imputation but ignore this bias 

because it may not be possible to reduce it further through an adaptive design without the availability of 

additional auxiliary information. However, it is possible to reduce the variance through an adaptive design.   

 
3  Unit-level error decomposition of variance components 
 

This section describes the approach used to evaluate the contribution of a given nonresponding unit, 

,ms   to the estimated total variance for the estimation of a total for a given variable.  

The unit-level error decomposition, ,  of the total variance for a given unit, ,  is defined as the 

difference between the estimated total variance, and the projected total variance, i.e.,   TOT
ˆ ˆ

dV t   

     TOT TOT
ˆ ˆˆ ˆ .d dV t V t  The superscript    is used to indicate projected quantities when unit   is converted 
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to a respondent. So,   TOT
ˆ ˆ

dV t  can be seen as the expected gain, in terms of total variance, of converting 

a nonrespondent unit   to a respondent. 

In order to get   TOT
ˆ ˆ ,dV t   is moved from ms  to ,rs  generating the new partition  

sP   of the 

sample from sP  where       , ,s r mP s s      r rs s    and    \ ,m ms s   as illustrated in Figure 3.1. 

 

 

 

 

 

 

 

 
 

Figure 3.1 Sample partitions. 

 
Some assumptions are necessary to decompose the variance components. It is recognized that these 

assumptions may not perfectly hold in reality. However, they can be used to generate accurate results, as 

shown in the simulation in Section 4. The required assumptions are:  
 

1. Projected reported value: let ms   be converted to a response and let   * .y y
   

2. Projected imputation parameters: ,mk s   ˆ ˆ
k k
   and  ˆ ˆ .k k

   

3. Projected imputation relationship matrix: mk s   and ,rl s  ( ) 0lk
   if l   or if k   

or  
lk lk
   otherwise. Similarly,  

0 0k
   if k   or  

0 0k k
   otherwise. 

 
Assumption 1 implies that if a nonresponding unit, ,  would have been converted to a respondent, its 

reported value is equal to its imputed value. This is not true generally, but the imputed value is our best 

estimate. The expectation is that this imputed value is close enough to the reported value to estimate the 

error on the variance components. This assumption will have an impact when the sampling variance is 

decomposed. 

Assumption 2 states that the estimated parameters of the imputation model would remain unchanged if 

  were a respondent. In the case of a consistent imputation model parameter estimator, this assumption 

becomes more realistic when rs  is larger. 

Finally, assumption 3 means that the imputation relationship between nonrespondents and respondents 

remains unchanged, except when unit   is involved. In other words, the converted unit, ,  is no longer 

imputed from respondents, but will not be used to impute other nonresponding units. Figure 3.2 shows how 

assumption 3 is reflected in terms of the phi matrix. 
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              Figure 3.2   Initial and projected imputation relationship phi matrix. 

 
Therefore, the compensation weight,  ,dlW   of a responding unit, ,rl s   is projected as 

 

   

 

.

m

m

dl k k lk

k s

k k lk l
k s

dl l

W w d

w d w d

W w d



 

  

  



 









 

 



  

(3.1)

 

The marginal weight from the converted unit   is withdrawn from the original compensation 

weight, ,dlW  to obtain the new  .dlW   Note that    
  0
m

d k k kk s
W w d

 
 

   because   0k

   under 

assumption 3. As mentioned above, it means that   isn’t used to impute nonrespondents. 

In the next subsections, the unit-level error decomposition for unit   is computed for the four variance 

components, as described in Section 2.3. 

 
3.1  Unit-level error decomposition of the naive sampling variance 
 

The quantity  ORD
ˆ ˆ

dV t  depends on the y  values, the final weights and the first-order and second-order 

selection probabilities. The unit-level error decomposition of the naive sampling variance component 

 ORD
ˆ ˆ

dV t  is trivial since the assumption that unit   goes from ms  to rs  does not change weights and 

selection probabilities. Under assumption 1, the projected reported value  y 
  is set to *y  so that 

     ORD ORD
ˆ ˆˆ ˆ

d dV t V t   when   is converted to a responding unit. Consequently, the decomposition of 

 ORD
ˆ ˆ

dV t  is given by 

         ORD ORD ORD
ˆ ˆ ˆˆ ˆ ˆ 0.d d dV t V t V t

     (3.2) 

This result is consistent with the idea that the naive sampling variance point estimate will likely change, 

but it is not expected to decrease with an extra responding unit.  
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3.2  Unit-level decomposition of the correction to the sampling variance 
component 

 

The unit-level error decomposition for unit   of the correction to the sampling variance component, 

 DIF
ˆ ˆ ,dV t  is given by 

 
        

      
 

DIF DIF DIF

2
2 2 2

ˆ ˆ ˆˆ ˆ ˆ

ˆ ˆ1 1 .
m m

d d d

k k k k k k k k
k s s

V t V t V t

d w d w











   
 

 

       

Under assumption 2,  ˆ ˆ ,k k
   so that 

      2 2
DIF

ˆ ˆ ˆ1 .dV t d w         (3.3) 

The astute reader will notice that the actual sampling variance (not its estimation) should not be impacted 

by whether or not a unit is a respondent. However, we decided to include the impact of a unit on the sampling 

variance estimation in order to be coherent in the way we treat the three components  SAM
ˆ ,dV t  NR

ˆ
dV t

and  MIX
ˆ .dV t  

 
3.3  Unit-level decomposition of the non-response variance component  
 

The unit-level error decomposition for unit   of the non-response variance component  NR
ˆ ˆ

dV t  is 

given by 

                        
        

     
 

  
 

NR NR NR

2 2 2
2 2 2 2 2

ˆ ˆ ˆˆ ˆ ˆ

ˆ ˆ ˆ ˆ .
r m r m

d d d

dl l k k k dl l k k k
l s k s l s k s

V t V t V t

W w d W w d
 




  



   
   

 

         
   

  

Under assumptions 2 and 3,  ˆ ˆ
k k
   and   0.dW 

   This can be rewritten as 

                                 2
2 2 2 2 2

NR
ˆ ˆ ˆ ˆ ˆ .

r r

d dl l dl l
l s l s

V t W W w d
      

 

  
 
    

Using formula (3.1), this becomes 

          

    

 

 

22 2 2 2 2
NR

2 2 2 2 2 2 2 2

2 2 2 2 2

ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ2

ˆ ˆ2 .

r r

r

r

d dl l dl l l
l s l s

dl l dl dl l l l
l s

dl l l l
l s

V t W W w d w d

W W W w d w d w d

W w d w d w d

      

        

        

    

    

   

 





   
 

    
 

  

 





 

(3.4)
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3.4  Unit-level decomposition of the mixed variance component 
 

Finally, the impact of unit   on the variance component term,  MIX
ˆ ˆ ,dV t  is given by 

 

        

   

      
 

    
 

MIX MIX MIX

2 2

2 2

ˆ ˆ ˆˆ ˆ ˆ

ˆ ˆ2 1 2 1

ˆ ˆ2 1 2 1 .

r m

r m

d d d

dl l l l k k k k
l s k s

dl l l l k k k k

l s k s

V t V t V t

W w d w w d

W w d w w d
 




  



 

 

 

 

 

    
 


     
 

 

 

  

This equation can be rewritten as follows, under assumptions 2 and 3 and equation (3.1) 

  

      

     
 

   

2 2
MIX

2 2

2 2

ˆ ˆ ˆ ˆ2 1 2 1

ˆ ˆ2 1 2 1

ˆ ˆ2 1 2 1 .

r m

r m

r

d dl l l l k k k k
l s k s

dl l l l l k k k k
l s k s

l l l l
l s

V t W w d w w d

W w d w d w w d

w d w d w w d





  

      

  

  

  

 

 



    
 


      
 

   

 

 



 

(3.5)

 

In Section 2.3, the estimation of the total variance,  TOT
ˆ ˆ ,dV t  has been defined as  TOT

ˆ ˆ
dV t   

       ORD DIF NR MIX
ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ .d d d dV t V t V t V t    Similarly, the impact of unit   on  TOT

ˆ ˆ
dV t  is defined as  

               TOT ORD DIFF NR MIX
ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ,d d d d dV t V t V t V t V t              

where   ORD
ˆ ˆ ,dV t   DIF

ˆ ˆ ,dV t   NR
ˆ ˆ ,dV t  and   MIX

ˆ ˆ
dV t  are respectively given by equations 

(3.2), (3.3), (3.4) and (3.5). 

It can be observed (proofs are given in the appendix) that     DIF DIF
ˆ ˆˆ ˆ

m
d k dk s

V t V t


   and 

    MIX MIX
ˆ ˆˆ ˆ .

m
d k dk s

V t V t


   However, this linear relation doesn’t hold for  NR
ˆ ˆ .dV t  This property is 

important to consider because, for  DIF
ˆ ˆ

dV t  and  MIX
ˆ ˆ ,dV t  the sum of the unit-level errors on all 

nonresponding units, ,mk s  is equal to the corresponding estimated variance component. In the case of 

non-response variance component, the sum of the errors is different than  NR
ˆ ˆ .dV t  The difference is 

given by 

     
2

2 2 2
NR NR

ˆ ˆˆ ˆ ˆ .
m r m m

k d d k k lk k k lk l
k s l s k s k s

V t V t w d w d   
   

        
     (3.6) 

This difference can be relatively small, especially in business surveys characterized with asymmetric 

data. This is the case when  max .
m m

k s k k lk k k lkk s
w d w d  

   This is in line with the results shown by 

Mills et al. (2013). 
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Overall, the total variance can be considered as approximately linear in terms of the unit-level errors, 

especially in the case of sample surveys where  ORD
ˆ ˆ ,dV t  DIF

ˆ ˆ ,dV t  and  MIX
ˆ ˆ

dV t  are significant 

contributors to the total variance. 

 
4  Simulation study 
 

The sum of the item contributions is expected to be close enough to the estimated variance due to non-

response. Simulations were conducted to assess the validity of the proposed score. The goal was then to 

evaluate if the proposed item contribution is a good approximation of the real contribution to the total 

variance of a given unit. In order to do so, the total contributions of a random subset of ms  were compared 

to the difference of the estimated variances where this subset is respectively considered as nonresponding 

units and responding units. 

The following steps explain how simulations were performed. 

1. A population was created, starting from an auxiliary variable x  generated according to a gamma 

distribution with a mean of 48 and a variance of 768. The variable of interest y  was created 

conditionally on x  from a gamma distribution with a mean of 1.5x  and a variance of 16 .x  These 

parameters are the same as the ones set by Beaumont and Bissonnette (2011). 

2. A simple random sample s  was selected from this population and an independent non-response 

subset ms  was generated using Bernoulli sampling. 

a. The nonresponding units from ms  were imputed using ratio imputation, where 

    1
*

r r
k k l ll s l s

y x y x


 
    and  

                             
  2*

2ˆ .r

r

l ll s
k k

ll s

y y
x

x
 









  

b. The population total ˆ,t  the variance components  ˆ ˆ ,V t  and the unit-level decompositions 

  ˆ ˆ
k V t   were estimated, where the subscript   represents any of the variance 

components.  

3. A subset, ,  of units, ,  from ,ms  independently selected from a Bernoulli experiment, was 

moved from ms  to rs  to simulate non-response conversion. Therefore, we have a new partition, 
 ,sP   with   \m ms s    and   .r rs s     

a. The nonresponding units k  from  
ms   were re-imputed using a ratio model which is given 

by       1
**

r r
k k l ll s l s

y x y x 



 
    and  

                             
 

 

** 2

*2
( )

ˆ .r

r

l ll s
k k

ll s

y y
x

x
















  

b. The population total,  ˆ ,t   and the variance components,   ˆ ˆ ,V t 
  were estimated.  
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4. The total of the unit-level decompositions,   ˆ ˆ ,V t
   for units   from   was compared 

to the difference in the variance component estimates,     ˆ ˆˆ ˆ .V t V t 
   The relative difference 

in the decomposition error, DRel,  was calculated as 

                              
        

 
ˆ ˆ ˆˆ ˆ ˆ

DRel .
ˆ ˆ

V t V t V t

V t




  



 



 (4.1) 

 

Steps 1 to 4 were independently repeated with different combinations of population size, sample size, 

response rate, and conversion rate as described in 4.1, 4.2 and 4.3.  

 
4.1  Simulation scenario 1: Fixed parameters 
 

In scenario 1, population size, sample size, response rate, and conversion rate were respectively set to 

400, 100, 70%, and 33.3%, with 200 independent iterations. The results are shown in Figures 4.1 and 4.2. 

Both Figures 4.1 and 4.2 show that the sum of the unit-level decomposition is a good predictor of the 

change in the non-response component estimates. The average relative difference in the variance estimates 

is low at 2.1%, but the standard error is large at 5.8%. Out of 200 relative differences, only 19 are not within 

the +/– 10% range but they are all above 10%. If a nonrespondent is converted to a respondent, we conclude 

that the non-response component of the variance will approximately be reduced by the measured 

contribution of this unit. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.1 Variance difference for the non-response components versus total unit-level decompositions with 
fixed parameters. 
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Figure 4.2 Relative difference in the variance estimates versus total unit-level decompositions with fixed 
parameters. 

 

4.2  Simulation scenario 2: Varying population and sample sizes 
 

In scenario 2, the population size ranged from 100 to 50,000, with sample rate, response rate, and 

conversion set to 20%, 70%, and 33.3% respectively. More iterations (40) were created for the smallest 

population  100 ,N   and less (10) for the largest  50,000 ,N   for operational considerations. The 

results are shown in Figures 4.3 and 4.4. 
 
 
 

 

 

 

 

 

 

 

 

 

 

 
 
Figure 4.3 Variance difference for the non-response components versus total unit-level decompositions, 

varying population sizes. 
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Figure 4.4 Relative difference in the variance estimates versus total unit-level decompositions, varying 
population sizes. 

 
Both Figures 4.3 and 4.4 show that the relative differences in the decomposition errors are more volatile 

for smaller populations but rapidly converge close to 0 as population and sample sizes increase.  This is 

further confirmed by Table 4.1. 

 
Table 4.1 
Count, average and standard deviation of relative differences in the variance estimates by population sizes 
 

Population Size (N) 
Relative Differences in the Variance Estimates in percentage 

Count Average Standard Deviation 

100 33(*) 2.2 10.6 
250 30 1.6 11.4 
500 25 1.0 5.3 

1,000 20 2.2 4.4 
2,500 10 1.2 2.3 
5,000 10 1.2 1.4 
10,000 10 1.6 0.8 
25,000 10 0.7 0.4 
50,000 10 1.3 0.4 

Grand Total 163 1.6 7.3 

(*): Out of 40 replicates created, only 33 had converted units. 

 
To identify the sources of this instability, the relative differences between the estimated imputation 

variance,       2 22 2ˆ ˆ ˆ ˆDRel ,k k k k       and the relative difference between the estimated imputation 

relationship element,       DRel ,lk lk lk lk
       were measured for all units, k    and .l    Note 
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that under the ratio imputation model, both are constant for a given replicate, i.e.,    2 2ˆ ˆDRel DRelk   

and    DRel DRel .lk   After the deletion of 2 extreme replicates, the correlation between the relative 

difference in the variance estimates DRel  and  2ˆDRel   is 0.78 while the correlation between DRel  and 

 DRel   is 0.01. This illustrates that the instability is primarily caused by the variability of the  ˆ ˆ
l l
   

estimates. From this scenario, the conclusions are: 

 Assumption 2 becomes valid for large enough sample sizes and leads to more accurate unit-level 

decomposition for consistent imputation model variance estimators. 

 The unit-level decomposition is robust to assumption 3 validity. 

 
4.3  Simulation scenario 3: Varying conversion rates  
 

In scenario 3, the population and sample sizes were fixed to 2,500 and 500 respectively, and response 

rate is set to 50%. The conversion rates (CR) varied from 10% to 100% by increments of 10%, in order to 

generate different sizes of subset ,  with 15 iterations each. The results are shown in Figures 4.5 and 4.6. 

Both Figures 4.5 and 4.6 show that the relative difference in the decomposition errors becomes biased 

as the size of   increases, as confirmed in Table 4.2. This is primarily due to non-linearity of  NR
ˆ ˆ ,dV t  as 

demonstrated in equation (3.6). The monotone nature of the relationship in Figure 4.5 suggests that the 

ordering of the error contributors is not affected, i.e., the large estimated contributors will have larger effect 

on the variance than the ones with a small estimated contribution.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.5 Variance difference for the non-response components versus total unit-level decompositions, 
varying conversion rates (CR). 
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Figure 4.6 Relative difference in the variance estimates versus total unit-level decompositions, varying 
conversion rates (CR). 

 
 
Table 4.2 
Count, average, and standard deviation of relative differences in the variance estimates by conversion 
rates (CR) 
 

Conversion Rate (CR) 
Relative Differences in the Variance Estimates in percentage 

Count Average Standard Deviation 

10% 15 -3.0 2.4 
20% 15 -3.0 3.9 
30% 15 -0.5 3.0 
40% 15 2.2 3.3 
50% 15 5.7 4.3 
60% 15 11.1 2.4 
70% 15 16.0 2.4 
80% 15 21.9 2.3 
90% 15 28.9 3.5 
100% 15 36.2 1.7 

Grand Total 150 11.5 13.5 

 
Despite the fact that the relative differences in the variance estimates are not null on average, it doesn’t 

prevent the use of the proposed decomposition of errors to identify the largest sources of variance, especially 

in asymmetric populations. Mills et al. (2013) showed through a simulation how this could be successfully 

adapted into an efficient active collection strategy. 
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5  Conclusion 
 

The proposed unit-level score is a good approximation of the unit impact on the variance due to non-

response. It is applicable for different survey designs, compliant with calibration estimators for domain 

totals and works with many common imputation methods. The assumptions on which the decomposition 

relies are generally valid in common surveys using unbiased imputation methods and consistent estimators 

of imputation model parameters. The simulation results show that this approach becomes more accurate 

with larger sample sizes. The decomposition of the non-response variance is biased due to its non-linearity. 

However, the bias is smaller in asymmetric populations and when focusing on a small number of 

nonresponding units. The fact that the ordering of units using the estimated contribution to variance due to 

non-response is similar to the real order is an important aspect when the priority is to identify the largest 

contributors, not necessarily their actual contributions, to the total error. 

This paper presented the method in a univariate context but it can be easily extended to a multivariate 

framework, using a distance function to combine the item contributions into a unit contribution. The idea 

remains to focus our attention in terms of collection treatments or manual verification on cases where the 

unit scores are the highest. In this case the non-response follow-up treatment might be different for unit non-

response compared to partial non-response. For example, a telephone follow-up could be used to collect all 

the items for the total nonresponding units with the larger score; and the partial nonrespondents with a large 

score could be sent to an analyst for review, depending on the budget for follow-up. Moreover, if this score 

can be computed several times during the collection period, then non-response follow-ups will be more 

efficient because the unit score will be more accurate and the quality might become satisfactory for some 

estimates. Simulation results show that the proposed score is a good approximation to the contribution of a 

unit to the variance due to non-response. Subsequently, this score could be used to determine how many 

and which nonresponding units should be followed in order to reach a given estimated coefficient of 

variation.   

This work was initially done for non-response prioritization under the Rolling Estimate iterative adaptive 

design process for IBSP. Following the original plan, key item estimates would be computed with their 

associated quality indicators at several specific times during the collection period. After each specific time, 

the units with the largest contributions according to our method would be prioritized for follow-up. 

 
Acknowledgements 
 

The authors want to thank the reviewers (Cynthia Bocci and Jessica Andrews), the associate editor, the 

referees and the assistant editor for their valuable feedback. 

 
Appendix 
 

Proof 1 
 

       2 2
DIF DIF

ˆ ˆˆ ˆˆ1 .
m m

k d k k k k d
k s k s

V t w d V t  
 

      

 



Survey Methodology, December 2018 307 
 

 
Statistics Canada, Catalogue No. 12-001-X 
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