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Variance estimation in multi-phase calibration 

Noam Cohen, Dan Ben-Hur and Luisa Burck1 

Abstract 

The derivation of estimators in a multi-phase calibration process requires a sequential computation of estimators 
and calibrated weights of previous phases in order to obtain those of later ones. Already after two phases of 
calibration the estimators and their variances involve calibration factors from both phases and the formulae 
become cumbersome and uninformative. As a consequence the literature so far deals mainly with two phases 
while three phases or more are rarely being considered. The analysis in some cases is ad-hoc for a specific design 
and no comprehensive methodology for constructing calibrated estimators, and more challengingly, estimating 
their variances in three or more phases was formed. We provide a closed form formula for the variance of multi-
phase calibrated estimators that holds for any number of phases. By specifying a new presentation of multi-phase 
calibrated weights it is possible to construct calibrated estimators that have the form of multi-variate regression 
estimators which enables a computation of a consistent estimator for their variance. This new variance estimator 
is not only general for any number of phases but also has some favorable characteristics. A comparison to other 
estimators in the special case of two-phase calibration and another independent study for three phases are 
presented. 

 
Key Words: Calibration; Multi-phase sampling; Generalized regression. 

 
 

1  Introduction 
 

Survey statistics makes use of available auxiliary information on known population totals in order to 

improve survey estimates. A calibration estimator uses calibrated weights which are as close as possible, 

according to a given distance measure, to the initial sampling design weights, while also satisfying a set of 

constraints induced by the auxiliary information. Arbitrary sampling designs are allowed at all phases of 

sampling and the auxiliary information can be used at any phase and is incorporated in the estimation 

process. 

Multi-phase sampling along with calibration to known auxiliary information is a powerful and cost 

effective technique. The process of calibration has been extensively studied and among the multi-phase 

designs the special case of two phases was an exception that was elaborately investigated. Rao (1973) and 

Cochran (1977, chapter 12) provided the basic results for stratification and non-response in two-phase 

sampling. A detailed framework of the linear weighting approach in two-phase sampling appears in Särndal, 

Swensson and Wretman (1992, chapter 9). Other estimation procedures were investigated for important 

sampling designs such as cases when the second-phase sample has been restratified using information 

gathered from the first-phase sample (Binder, Babyak, Brodeur, Hidiroglou and Jocelyn 2000). The variance 

estimation has been a main subject of active research using different approaches such as the linearization 

method as presented in Binder (1996), using jackknife (Kott and Stukel 1997) or other replication 

procedures (Rao and Shao 1992; Fuller 1998; Kim, Navarro and Fuller 2006). More related to our work, 

Breidt and Fuller (1993) gave efficient estimation procedures for three-phase sampling in the presence of 

auxiliary information and Hidiroglou and Särndal (1998) studied the use of auxiliary information for two-

phase sampling while allowing a minor modification in the distance function that results with additive 
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calibrating factors (also known as g  factors) rather than multiplicative ones. A common characteristic of 

these results is the presentation of last phase calibrated weights via calibrated weights of previous phases. 

This is a major drawback, as it requires computation of weights of all former phases in order to obtain those 

of later ones and as a consequence makes it difficult to provide a well established methodology of how to 

estimate the variance of the calibrated estimators in designs with more than two phases. 

To address this problem we use the modification of the generalized least squares (GLS) distance 

function, introduced by Hidiroglou and Särndal (1998), to provide a presentation of the vector of multi-

phase calibrated weights which are presented solely through the initial weights based on the sampling design 

and does not include g  factors. From this presentation we are able to construct multi-phase calibrated 

estimators that have the form of multi-variate regression estimators which in turn enable to derive a general 

formula for a consistent estimator for the variance of multi-phase calibrated estimators that holds for any 

number of phases of calibration. A comparison in the relatively simple case of two phases, where an 

alternative formula for an estimator for the variance exists in the literature, shows that the two estimators 

fundamentally differ in form and interpretation. It is important to note that in that specific case the new 

proposed variance estimator does not show superiority (nor inferiority) in terms of its bias or variance, 

though it demonstrates some other favorable characteristics which will be discussed in section 3.2. However, 

the main goal of this paper is not to prove superiority in the two-phase case but to introduce the alternative 

approach under which the new presentation of the calibrated weights can produce a closed form formula for 

an estimator for the variance of multi-phase calibrated estimators that holds for any number of phases. 

The paper is organized as follows. Section 2 sets up the notation which will be very similar to the one 

used by Hidiroglou and Särndal (1998). Section 3 provides the methodology and presents the special cases 

of two-phase and three-phase calibration in subsection 3.2 more elaborately. In Section 4 we present a 

simulation study to demonstrate some characteristics of the new approach. Finally, in Section 5 we state our 

concluding remarks and offer some areas for future study. 

 
2  Notation 
 

We use a similar notation to the one used by Särndal et al. (1992) and Hidiroglou and Särndal (1998). 

Consider a finite population  = 1, , , , .U k N   A first phase probability sample  1 1s s U  is drawn 

from the population U  using a sampling design that generates the selection probability 1k  for the thk  unit 

in the population. Given that 1is   has been drawn, the thi  phase sample  1i i is s s   is selected from 1is   

through a sampling design with the selection probabilities  
1 1Pr .

iik s i ik s k s
     Note the 

conditional nature of the consequent phase selection probabilities. From this point on we work only with 

weights in the estimation process. The conditioned thi  phase sampling weight of unit ik s  and its overall 

sampling weight will be denoted by 
1

= 1
iik ik sw 


 and *
=1

=
i

ik jkj
w w  respectively. 

Let ky  be the value of the target variable for the thk  population unit with which an auxiliary vector 

 1= , , , ,xk k jk Jkx x x   is associated. Denote by y  the vector of elements of the target variable obtained 

at the last phase of sampling, .p  As outlined in Särndal et al. (1992, chapter 9), we partition the vector x  
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as  1 2= , , , p
  x x x x  with p J  so that at certain phases maybe more than one auxiliary variable is 

obtained. The population total of ,x  =x xkU
t   is assumed to be unknown. However, some demographic 

totals may be known from relatively accurate sources such as census data or other types of administrative 

files. Without loss of generality let 1x  be the vector of variables known for all units in the population .U  

Let 2x  be the vector of variables obtained in the first phase sample 1,s  and so on. For elements in ,rs r p  

the complete information is then summarized in the vector  1 2= , , , .r
  x x x x  Denote also = .

iit tx  

Let rX  be the design matrix with rn  rows representing rn  sampled units, and a number of columns as 

the number of auxiliary variables in the vector .rx  Note that rX  is obtained in sample 1rs   at the th1r   

phase of sampling so we may think of U  as sample 0 .s  In the setting that appears for example in Särndal 

et al. (1992) and Hidiroglou and Särndal (1998), the design matrix rX  includes all auxiliary variables 

1, , ,rx x  and not just ,rx  and is referred to as the full vector. The analysis however is the same in both 

cases. 

The auxiliary information available at each phase of sampling can be used to obtain improved weights 

through the process of calibration which produces calibration factors to be used in the estimation process. 

We use the superscript “*” to denote overall weights, i.e., weights taking all phases into account. The super-

imposed symbol “ ” denotes calibrated weights. The thi  phase g  factors are denoted by ,ikg  resulting 

with thi  phase calibrated weights 1,=ik i k ik ikw w w g   for ,ik s  where 1,i kw   are the calibrated weights of 

the th1i   phase and 0 = 1.kw  For ik s  the calibration with respect to all phases produces overall 

calibration factors denoted as * .ikg  As a result we will have overall calibrated weights * *=ik ik ikw w g  where 
*
ikw  is the overall sampling weight. Denote by iw  the vector with components ; = 1, , ,ik iw k n  and iD  a 

diagonal matrix of size in  with iw  on its diagonal. The same notation will be used with the vectors *,i iw w  

and .ig  

 
3  Calibration with GLS distance 
 

Calibration requires the specification of a distance function measuring the distance between the initial 

weights and the new calibrated weights. Several distance functions have been studied, see a selected 

summary in Deville and Särndal (1992). We concentrate on the generalized least squares (GLS) distance 

measure. The conventional form of multi-phase calibration under the GLS distance finds the values ikw  for 

the set ik s  that minimize the expression  

 
 2

1,

1,i

ik ik i k ik

k s i k ik

c w w w

w w


 




 


 (3.1) 

subject to  

 
1

1,=
i i

ik ik i k ik
k s k s

w x w x



 
    (3.2) 
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(alternatively, one can write 1,i k ik ikw w g  instead of )ikw  where  1, :i k iw k s   are the initial weights at the 

beginning of phase ,i  i.e., the calibrated weights obtained at phase 1;i    :ik iw k s  are the calibrated 

weights of phase i  that we want to obtain; and  :ik ic k s  are specified positive factors used to control the 

relative importance that we are willing to assign to each of the elements of the sum on the basis of the 

auxiliary information available for 1.ik s   For simplicity of notation assume from now on that = 1ikc  for 

all , .i k  The weights resulting from this calibration scheme are 1,=ik i k ik ikw w w g   where = 1ikg   

 
1

1
1, 1,

i i
i l il i l il il i ikl s l s

w x w w x T x



  


    with * *

1,= .
i

i il i l il ill s
T w g x x

  Hence, the calibration factors in 

this process operate multiplicatively with an overall calibration factor *
=1

=
i

ik jkj
g g  for ik s  at the end 

of phase .i  

Distance measure (3.1) may be criticized, because the factors 1,1 i k ikw w  for some i  may not all 

necessarily be finite and positive, as the terms 1,i kg   that appear in 1,i kw   in the denominator can be zero or 

negative, contradicting the notion of distance. An alternative choice of distance function, and the one that 

we shall use in our analysis, is to replace (3.1) with  

 
 2

1,

*
1,i

ik i k ik

k s i k ik

w w w

w w


 




 
 (3.3) 

i.e., with non-calibrated weights in the denominator. It is easy to verify that the overall calibrated weights 

resulting from minimizing (3.3) subject to (3.2) are (for = 2p  see Hidiroglou and Särndal 1998)  

   *
1= 1pk pk k ik pkw w g g g p        (3.4) 

where  

  
1

1
1, 1,= 1

i i

ik i l il i l il il i ik
l s l s

g w x w w x T x



 

 


  
 
    (3.5) 

for pk s  with *= .
i

i il il ill s
T w x x


  The choice of a distance measure in the construction of calibrated 

estimators is not critical since the resulting estimators within a wide range of distance measures are 

asymptotically equivalent to the one that uses the GLS distance measure (3.1), Deville and Särndal (1992). 

This is the case with distance measure (3.3) as well. Since the Horvitz-Thompson estimator *
1 1X w  is 

unbiased for 1t  with standard deviation of magnitude  1 2
1N O n  then  1 2

1 1= 1kg O n  for all 1k s  

and hence   1 2*
1 1 1= 1 .k kw w O n  Inductively  1 2= 1ik ig O n  for all i  and from (3.4) * 1pk pkw w   

in probability with .pn  New techniques to improve estimation were suggested by Farrell and Singh (2002) 

by proposing other types of penalized chi-square distance function. 

 
3.1  Estimation 
 

The motivation to our next analysis comes from the recursive nature of ikw  in (3.4), where calibrated 

weights of previous phases 1, , 1i   are nested in each ,ikg  thus require the computation of the calibrated 
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weights sequentially, i.e., one has to compute all calibrated weights of previous phases in order to obtain those 

of later ones. Let   1
* *ˆ =

i j
ij ik ik ik jk ik jkk s k s

B w x x w x x


 
   and  

1

1
* *

1,
ˆ =

i j
ij ik ik ik j k ik jkk s k s

B w x x w x x





 
    

be estimators for   1

= ,ij ik ik ik jkk U k U
B x x x x



 
    the regression coefficient of x j  on .xi  The difference 

between the two estimators is that while ˆ
ijB   uses the entire set of units known for x j  which is obtained in 

1,js   ˆ
ijB   uses only the subset 1j js s   and thus more variables than ˆ .ijB  Let ˆ ˆ ˆ=ij ij ijZ B B   the difference 

between the two coefficients estimates which is consistent to zero. Denote also 
1 2 1=2

ˆ ˆ=
k j j

k

i i i i ij
Z Z

  for 

2k   and 
1

ˆ = 1iZ  for = 1.k  Let 
1

*
1

ˆ =
i

i i k ikk s
t w x




  and *ˆ =

i
i ik ikk s

t w x
  be two Horvitz-Thompson 

estimators for ,it  based on the units obtained in samples is  and 1is   respectively. Note that all the estimators 

defined in this paragraph use overall design weights *w  and not calibrated weights. In the following lemma 

we provide a presentation of ,pw  the vector of calibrated weights after p  phases of calibration, that relies 

solely on the pre-known sampling design weights  * =1
.

p

i i
w  

 

Lemma 3.1 Consider a multi-phase sampling design with a calibration scheme that produces additive g 

factors as defined in (3.3). A presentation of the calibrated weights at phase p  that is based entirely on the 

design weights is  

 

   

1 1 2

1 1 2

1 2 1 2

1

*

=1 <

1 1

< <

= 1

1 1

p

k p

k

p p

p p n i i i
i i i

p
k p

i i i i i i
i i

w D A A

A A 

  

     

 

  




 
 

(3.6)

 

where    
1 2 1 1 1 2

1
* *ˆˆ ˆ= .

k k k k k ki i i i i i i i i i i i pA t t Z X D X X D


       
 

Proof. See Appendix A. 
 

Note the “Inclusion-Exclusion” form of pw  in Lemma 3.1. The thk   summation involves  p
k

 summands 

1 2
,

ki i iA   for which each  
1 2 1 1=2

ˆ ˆ ˆ=
k j j j j

k

i i i i i i ij
Z B B

 

   contains 2k  summands. Thus, a total of  2kp
k

 

summands. The overall number of terms in (3.6) is therefore 3p  as acknowledged in the proof of the lemma. 

Note also that the terms 
1 2 ki i iA   involve the product of the components 

1 1

ˆ ˆ
i it t   and 

1 2

ˆ ,
ki i iZ   both having 

zero expectation, so the calibrated weight pw  therefore equals to * 1 ,
pp nD   the overall design weight, plus 

correction terms of lower orders of magnitude, and maintains the familiar characteristic of calibrated 

weights. In our discussion so far we have merely provided a presentation to the vector of weights in a multi-

phase calibration process which is constituted of design parameters only and does not include g  factors. 

However, from this presentation of pw  it is possible to deduce an innovative estimator for the variance of 

multi-phase calibrated estimators. Let y  be some variable of interest for which we want to estimate the 

population total .Y  Let   1
* *ˆ = ,

j p
j jk jk jk pk jk kk s k s

w x x w x y


 
   the regression coefficient of y  on ,jx  

and *
HT

ˆ = 1
p pn pY D y  the non-calibrated Horvitz-Thompson estimator computed over the elements in .ps  

Rearranging the terms in (3.6) produces a more conventional presentation of the multi-phased calibrated 

estimator pw y  as a multi-variate regression estimator 
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                                                           
1 1 1

1

HT
=1

ˆ ˆ ˆ ˆ=
p

p

p i i i
i

w y Y t t       (3.7) 

where  

                                                            
     

1 1 1 2 2

1 2

1

1 2 1

1

<

1 1 1

< <

ˆ ˆˆˆ =

ˆ ˆˆ ˆ1 1 .
k k

k

p

i i i i i
i i

p
k p i

i i i i i p p
i i

Z

Z Z

  

    

 

    



  


 
  

A derivation of a consistent estimator for the variance of multi-phase calibrated estimators is now 

straightforward in the sense that it roughly follows the steps used in the derivation of the variance in a one-

phase multi-variate calibration scheme. 
 

Theorem 3.1 Let 1, 1
ˆ ˆˆ =rk rk r r k re x x  

   for <r p  and ˆˆ = .pk pk p ke x y   A consistent estimator for the 

variance of pw y  is 

  
1 2

*

* * *
*

1 , ,

ˆ ˆM

m m m m M

r rm M m

r l

r k r l r kl r k r l
r r p k s l s r l

w
w w w e e

w   

   (3.8) 

where  1 2= min ,mr r r  and  1 2= max , .Mr r r  
 

The proof involves evaluation of the highest orders of magnitude and the estimation of their variance. 

Special attention is given to the evaluation of the joint probability of events  ,i jk s l s   and estimation 

of the covariance between units from different phases of sampling. 
 

Proof. In the first step we will show that the substitution of the coefficient estimators ˆ ; = 1i i p   by their 

true values i  affects the estimation of the variance by a factor of  2 1
pN o n  and hence not affecting the 

consistency of the substituted estimator. To this end note that ˆ ˆ,ij ijB B   are both consistent to .ijB  Write 

 ˆ ˆ=ij ij ij ijB B B B    so  1 2ˆ = .ij ij p jB B O n   Recall that ˆ ˆ ˆ=ij ij ijZ B B   where ˆ
ijB   is based on 1js   while 

ˆ
ijB   over its subsample js  and thus  1 2ˆ =ij p jZ O n  and therefore 

1 2

ˆ
ki i iZ   is bounded by  1 2 .

kp iO n  

Likewise ˆ
j  is  1 2

j p pO n   because y  is observed only at the last phase of sampling .ps  Hence ˆ
i  is 

consistent for i  for all ,i  where ˆ
i  in ˆ

i  are replaced with i  in .i  Consistency does not necessarily 

imply the convergence of the moments and specifically not of the variance. However, for a finite population, 

i.e., a finite probability space, the concepts coincide. It follows that for pn  large enough 

  
1 1 11

HT =1
ˆ ˆ ˆ ˆVar

p

p

i i ii
Y t t      and   

1 1 11
HT =1

ˆ ˆ ˆVar
p

p

i i ii
Y t t      are asymptotically equivalent and 

following the above discussion the difference can be quantified by  

      2 1
HT

=1

ˆ ˆ ˆVar = Var .
p

p

p r r r p
r

w y Y t t N o n       
 

   

The estimator r̂t
  is a summation over units in rs  while r̂t

  is over 1.rs   Rearranging the terms, the variance 

on the right hand side can be written as  *
=1

Var
r

p

ri rir i S
w e

   which is equal to  
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  1 1 2 2 1 2
1 2

* *

1 ,

Cov ,
r rr k r k r l r l k s l s

r r p k U l U

w e w e I I 
   
     

so a sample based estimator would be  

 
   
 

1 2

1 1 2 2

1 2 1 2 1 2

* *

1 , ,

ˆ ˆ 1 .
,r r

r r

r k r k r l r l
r r p k s l s

r r

P k s P l s
w e w e

P k s l s   

  
 
   

   (3.9) 

To compute the covariance between the indicators 
1rk sI   and 

2rl sI   we need to know the joint probability 

of events  , .i jk s l s   If ,j is s  then  ,i jP k s l s   equals the joint probability that both units ,k l  

are in sample  min ,= ,i i js s  multiplied by the conditional probability that unit l  is in sample js  given that it 

belongs to .is  Formally, if j is s  then  
*

*
* 1
,, = ,il

jl

w

i j i lkw
P k s l s w    hence eliminating the dependence on 

2r
s  in the brackets in (3.9) and the result follows. 

Another way to write (3.8) is  

  
*

* * * * *
* *

1 , 1 <

ˆ ˆ ˆ ˆ2 1 .m

m m M M

r m M r rm M m m

r kl

rk rl rkl rk rl r k r k r l r l
r p k l s r r p k s l s r k r l

w
w w w e e w e w e

w w      


    

 
       

When = 2p  the terms i  coincide with the deviation units obtained from the decomposition of the 

sampling error of the two-step estimator of Breidt and Fuller (1993). Consistent estimates for the standard 

deviations of calibrated subpopulation total estimates are derived in the ordinary way by multiplying the 

target variable by an indicator variable for the specific subpopulation. 

In our discussion so far we have provided a presentation of the vector of calibrated weights from which 

we have derived a new consistent estimator for the variance of multi-phase calibrated estimators. However, 

under certain cases the estimators can be furthermore simplified without loss of accuracy. Two scenarios 

will be discussed here briefly and are dependent on whether jn  is significantly smaller than 1jn   or not, 

that is, whether for all j  subsample js  is significantly smaller than 1.js   A typical case of the first scenario 

is when we have a set of nested administrative files of significantly diminishing sizes. The first set may be, 

for example, a population registry file that contains a limited number of variables about the whole 

population, like age, gender, etc. The second set can be a sample data from a wide national survey where 

comprehensive household data were collected on all sampled units, but with an additional questionnaire for 

a subgroup of those units (say, every tenth unit). This subgroup of units can now be calibrated to those two 

former sources of information. An example of the second scenario is when a few phases of calibration are 

undertaken over the same set of data. In other words, contrary to the customary multi-phase process, the 

element of sampling is present only in the first phase but not in later phases. Such a scenario may arise if 

we want to calibrate a survey to many variables for which we don’t have their cross sectional totals but only 

their marginals. In such cases a sequence of calibrations over the same sample, but with a different set of 

auxiliary variables on each phase, while usually assigning the last phases for the most important variables, 

may be a satisfactory compromise. This scenario may better be referred to as sequential. Under these 
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scenarios pw  and its variance can be vastly simplified. These scenarios can be stated as corollaries of our 

analysis but we choose not to consider them here in order to focus on our current results. 

 
3.2  Examples: Two-phase and three-phase calibration 
 

Two-phase calibration. We will use the special case of two-phase calibration  = 2p  to demonstrate the 

new methodology and its distinction from the alternative estimator commonly used in literature. The 

calibrated estimator under matrix notation is given according to (3.7) by  

                                            
22 HT 1 1 1 2 2 2

ˆ ˆ ˆ ˆ ˆˆ ˆ=w y Y t t t t            

where 1 1 12 2
ˆ ˆˆˆ = Z    and 2 2

ˆˆ = .   Explicitly in non matrix form 

                                         
2 1 1 2

* *
2 2 1 1 1 1 1 2 2 2 2

ˆ ˆ= k k k k k k k k k
k s k U k s k s k s

w y w y x w x w x w x 
    

        
  

       

where  

                                            
1 2 2 1

2 2

1

* *
1 1 1 1 2 1 2 1 2 1 1 2 2

1

* *
2 2 2 2 2 2

ˆ ˆ=

ˆ = .

k k k k k k k k k k k k
k s k s k s k s

k k k k k k
k s k s

w x x w x y w x x w x x

w x x w x y

 





   



 

          
    

  
 

   

 

  

This estimator produces identical estimates to the two-phase calibrated estimator used in Hidiroglou and 

Särndal (1998) or in Särndal et al. (1992) section 9.7. But once one has computed the estimator of the 

parameters 1 2, ,   the presentation of 2w y  becomes simple and informative, having the structure of a 

simple multi-variate regression estimator. This linear estimator is based on the coefficients   which 

encompass the total effect of the variable x  they multiply and hence slightly differ from the   coefficients. 

ˆ
i  encompasses the overall effect of the calibration to variable xi  on the estimation of .Y  In the general 

case it takes into account the projection of y  on ,xi  the projection of y  on 1x i  multiplied by the projection 

of 1x i  on xi  and so on. Moreover, as we will now show, the variance estimators differ significantly both 

in estimates and presentation. Because of the complication in evaluating the variance of estimators that 

involve g  factors, the common practice used up till now in literature for two phases involved first 

approximating the g  factors by 1, and then use the law of total variation to obtain two components, one 

for each phase, according to  

                                  

       

     

2

2

2 2 1 1 1 1 1 1 1
,

1 1 2 2 2 2 2 2 2
,

ˆ =C kl k l kl k k l l
k l s

k l k l kl k k l l
k l s

V w y w w w w g e g e

w w w w w g e g e





 

 





 

 
 

(3.10)
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where the error terms 1 1 1̂=k k ke y x 
 and 2 2 2

ˆ=k k ke y x 
 are both defined for 2k s  because y  is 

observed only at 2s  and note the simple presentation of the error terms under the notation that uses the   

coefficients. The g  factors are defined as in (3.5). The approximation of the g  factors by 1 in the 

derivation of (3.10) may undoubtedly lead to unpredictable estimates as those factors depart from unity 

exactly in those situations where calibration was essential. On the other hand, the variance estimator 

proposed in (3.8) for a two-phase calibrated estimator is given by  

 

     

 

1 2

1 2

* * *
2 1 1 1 1 1 2 2 2 2 2

, ,

*
2

1 1 1 1 2
, 1

ˆ ˆ ˆ ˆ ˆ=

ˆ ˆ2 .

P k l kl k l k l kl k l
k l s k l s

l
k l kl k l

k s l s l

V w y w w w e e w w w e e

w
w w w e e

w

 

 

   

 

 





 
(3.11)

 

The difference in the variance estimator between the two methods represented by equations (3.10) and 

(3.11) is fundamental. It is expressed in a couple of aspects. While the error term of the second phase in 

both methods is the same, i.e., 2 2ˆ = ,k ke e  the error term of the first phase differs. 1ke  is based on the 

difference between ky  and the regression predictor 1 1̂kx   while 1ˆ ke  is based on the difference between two 

predictors of Y  from phases one and two 1 1 2 2
ˆ ˆ .k kx x    This modification causes the first summand in 

(3.11) to be computed over 1s  and not 2s  where the sample is larger. Noticeably, the estimator (3.11) has 

a third summand which involves the product of the two error terms from both phases that has no parallel in 

(3.10). Although this product will often be close to zero whenever the error terms are not strongly correlated, 

it may still not be negligible whenever y  is strongly correlated with 1.x  An evident advantage is the absence 

of the g  factors which makes the estimator much simpler to compute, i.e., once we have computed the 

parameters estimates ˆ ; = 1 ,i i p   the estimator (3.11) can be computed using design parameters only 

without carrying the g  factors from all phases of calibration. Last, and maybe from an operational point 

of view more important, as will be also shown in the simulation study, (3.11) has the advantage that in a 

wide range of designs the second summand constitutes the absolute majority of the variance while the 

summands in (3.10) are usually of the same order of magnitude. This characteristic stems from the fact that 

the term  * * *
2 2 2k l klw w w  which involves the total sampling weights is very large in comparison with 

 2 1 1 1kl k l klw w w w  or  1 1 2 2 2 .k l k l klw w w w w  In the variance estimator the function   = k l klf w w w w  

attains its maximum on the diagonal =k l  where it is proportional to 2
kw  and then it is multiplied by the 

second power of its remainder ˆke  which is a non-negative term. So when the sampling rate of the second 

phase is high enough it drastically increases terms which are dependent on total weights of that phase *
2,w  

in comparison with a parallel term from the previous phase. Hence the second summand may therefore be 

a good estimator of the variance of the calibrated estimator practically on its own. 
 

Three-phase calibration. Multi-phase calibration can be implemented when in a series of samples of 

diminishing (non-increasing) sizes each pair of consequent phases share some common variables. It can be 

held whether the samples are nested, i.e., is  is a subsample of 1,is   or not. In practice, the simplest and 

most common case of course is of two phases when a smaller sample (nested or not) is being calibrated to 
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a much bigger sample such as a Labor Force Survey which in turn is frequently calibrated to an 

administrative file with demographic variables. However, due to computational feasibility and development 

of methodology, designs with more phases of calibration are still popular and three-phase designs are second 

in line in terms of their simplicity and implementation. It is therefore worthwhile to elaborate on the 

estimator for this case a bit further. 

The approximation (3.8) involves six different terms, three for the three phases of sampling and another 

three for the covariance between phases. We denote these terms by 1 2 3, ,V V V  and 12 13 23, ,C C C  respectively. 

Each is a multiplication of a term that involves sampling weights multiplied by remainders from the relevant 

phases. The formulae for three-phase calibration are presented in appendix B. As discussed for the two-

phase case, when > 1iw  the ’siV  are likely to follow a clear order 1 2 3< <V V V  and 3V  will become more 

and more dominant the bigger the sampling rates of the third phase will be. This is marked as case 3 in Table 

3.1, and in our simulation it is manifested in rows 2 and 6 of Table 4.2 where 3kw  were 10 and 5 respectively. 

Clearly, in reality this is many times not the case as the approximation also depends on the sizes of the 

remainder terms which rely on the choice of the calibrating variables and their specific correlations which 

may be very strong. In which cases the remainders will be very small and it would be better to use all terms 

of (3.8). As for the covariance terms, although 13C  involves overall weights  *
3 ,kw  it is unlikely to add any 

substantial value to the total variance due to the generally weak correlation between the remainders of phases 

1 and 3. On the other hand, the term 23,C  although weighted by overall nd2  phase weights only, may be 

significant due to the strong correlation between the remainders of phases 2 and 3 as they both include the 

term 3 3
ˆ

kx   for 3.k s  The relative importance of the terms for some general designs is specified in 

Table 3.1. The   coefficients which encompass the total effect of the variables x  they multiply now take 

a more interesting and complicated form. 1̂  for example takes into account the projections of 1x  on 2x  

and of 1x  on 3,x  but deducted of the projection of 1x  over the projection of 2x  on 3.x  

 
Table 3.1 
A general presentation of the relative importance of each of the terms in (3.8) for some specific scenarios. Black 
bullets represent highly dominant terms, dark-gray moderate, and light-gray non-dominant terms 
 

Case  Description   
1V   2V   3V    12C    13C   23C

1 Hardly any additional sampling in the second and third phases: 2 3 1.w w   ● ● ● ● ● ● 

2 Weights 1 2 3, ,w w w  are of moderate sizes.  ● ● ● ● ● ● 

3 
3n  substantially smaller than 2,n  regardless the sizes of 1 2, .w w  ● ● ● ● ● ● 

 
4  A simulation study 
 

The main objective of our analysis in this paper was to provide a consistent estimator for the variance of 

multi-phase calibrated estimators that holds for any number of phases of calibration. A simulation study 

could thus be executed to compare the innovative estimator with others found in the literature. As generally 
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no alternative estimators are found for schemes with three or more phases  3p   we conducted the 

comparison mainly for the most investigated case of two phases. Another study was preformed for = 3p  

to evaluate the deviation of the proposed estimator from the true simulated value. The studies are described 

here in general terms. They meant basically to demonstrate the relevancy of the proposed estimator, its 

concurrence with the “boundary condition” of two phases and its potential for designs with more than two 

phases. An extensive study to characterize the efficiency of the proposed estimator as a function of the 

design parameters such as the sampling rates, the choice of calibrating variables and their correlation with 

,y  etc., is left for future research. 

An estimation process of two-phase calibration was applied to data from a recent survey on career and 

mobility of Doctorate Holders’ (DHs). As there exists no frame of DHs, data about higher education was 

extracted from a recent population census. However, only a sample 1S  that constitutes one fifth of the 

households enumerated in the census were given an elaborated questionnaire that includes also questions 

about higher education. A subsample 2S  from 1S  was drawn for the DHs survey in which a further 

elaborated questionnaire was given to those who were in fact DHs. Thus, a two-phase calibration scheme to 

estimate characteristics of DHs was in order. The first phase calibrated the joint variables of 1S  and 2S  to 

estimated totals computed from 1.S  In the second phase, demographic data of 1S  was calibrated to the 

known totals from the full population register .U  We conducted a simulation study on that data where the 

survey data served in our study as the true population. One thousand samples (realizations)  1 2, ,u s s  of 

sizes =N  1,000, 1 =n  200, 2 =n  50 were randomly drawn from the dataset 2S  of DHs. To each sample 

we applied the same process of two-phase calibration utilizing the estimator given by (3.7) with equation 

(3.6) as a presentation of the calibrated weights 2,w  and its variance estimator given by (3.11) as a special 

case of (3.8). As already indicated, when = 2p  the estimates 2
ˆ =Y w y  are identical either under the new 

presentation or under the conventional one used so far in the literature, Särndal et al. (1992) so our focus 

was on the variance estimators (3.10) and (3.11) computed according to the two different methods. A typical 

pattern of the comparison between the two variance estimators in this special case of two-phase calibration 

is presented in Figure 4.1. It can be seen that although the fundamental difference between the two variance 

estimators, in most realizations, the difference between their estimates is quite small. Though on a certain 

one it can reach up to 20%. For that particular variable shown in the figure, the mean value of both estimators 

for the variance was very similar, namely, 54.172 and 54.652, while the true value in the simulation data was 

54.462. Even the variance of their standard deviation estimator, namely, 5.732 versus 5.932 were almost the 

same for that variable. These results are reported in Table 4.1. The favorable characteristic of the proposed 

estimator stands out in the th5  column. Contrary to the conventional estimator where the two terms of the 

variance estimator are of the same order of magnitude, the nd2  term of (3.11) constitutes over 99% of the 

variance, with a variation of less than two percent between all 1,000 realizations. We discussed the 

explanation to this phenomenon in 3.2. The outcomes reported above repeated themselves for all variables 

studied and we found it irrelevant at this point to present other variables or investigate this specific data or 

the special case of two-phase calibration any further. 
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Table 4.1 
Proposed(P) Vs Conventional(C) estimator for the standard deviation of a two-phase calibrated estimator 
 

Variable   Mean value   Std   CI coverage   2nd term as percent of   
2Std w y   

2w y    200.43   54.46      

  
2StdC w y    54.65   5.93   95.2%   77%   7%  

  
2StdP w y    54.17   5.73   95.1%   99%   2%  

 
 
 
 
 
 
 
 
 
Figure 4.1 Variance estimates in two-phase calibration. A typical pattern of 1,000 realizations of the proposed 

estimator (equation 3.11) Vs the conventional estimator (equation 3.10) for the variance of a 
calibrated estimator of .Y  The solid line is the main diagonal. 

 
The similarity in estimates of the two variance estimators in the case of two phases is reassuring but a 

comparison in three or more phases could not be preformed because an alternative estimator to the variance 

does not exist. A replication method for two-phase stratified sampling was proposed by Kim et al. (2006) 

and a sketch for a generalization for a three-phase case is briefly outlined but with no explicit formulation 

or simulation results. In our simulation we added a third calibration phase using some variables, expertise 

field related, common with the second phase sample of DHs and conducted the study in the same manner 

as with the two-phase case. The simulation study has again demonstrated an excellent estimation for the 

variance of a three-phase calibrated estimator for all variables Y  examined and all different sets of 

calibrating variables in all phases. Rapid convergence rates of the variance estimator are displayed even for 

very small sample sizes such as =n  25 or lower at the third phase. Some results for various design 

parameters are reported in Table 4.2. As portrayed earlier the simulation was performed over a population 
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size of 1,000 so the first three designs have overall weight of * =w  40 and the next three of * =w 20. So, as 

expected, the variance of the calibrated estimator for the first three designs is generally higher, although it 

also depends on the sample sizes of the st1  and nd2  phases as shown for example in the artificial case 

number 4 which depicts a generally impractical scenario. The relative biases 
 Std

Std 1
PE
  are close to zero for 

all designs investigated and the 95% Confidence Interval (CI) coverages were also estimated and found to 

be mostly conservative and close to their nominal levels. The standard deviation of StdP  are roughly about 

5% - 10% of its value as presented in column 7. 

 
 

Table 4.2 
True and estimated values for the standard deviation of a three-phase calibrated estimator 3w y  for various 
design parameters 
 

Case  n1   n2   n3   True value   StdP   Std  of StdP  in %  95% CI coverage  

1 100   50   25   882.6   866.9   7.1%   94.9%  

2 500   250   25   781.5   774.1   10.8%   95.2%  

3 500   100   25   733.9   731.5   10.2%   96.0%  

4 50   50   50   902.8   892.1   4.8%   95.6% 

5 200   100   50   598.1   591.4   5.4%   94.4% 

6 500   250   50   543.0   542.2   8.3%   96.3% 

7 333   100   33   650.8   654.4   8.6%   95.3% 

 
5  Concluding remarks 
 

In this paper we have constructed a novel presentation of multi-phase calibrated weights that enables the 

presentation of a multi-phase calibrated estimator in the form of a one-phase multi-variate calibrated 

estimator. This presentation enables the derivation of a closed form approximation for the variance of multi-

phase calibrated estimators for any number of phases. A comparison with another approximation known in 

literature for the two-phase case shows that although the two approximations are consistent yet they differ 

in their estimates, form and interpretation. We have discussed some advantages of the new approximation 

in the case of two phases and also demonstrated its consistency in a simulation study for three-phase 

calibration where it performed very well for all designs investigated. The efficiency of the proposed 

estimator as a function of the sampling rates and other design parameters is left for future research. 

 
Appendix A 
 

To shorten the notation we will conduct our analysis in matrix form. We shall use a convention that for 

>j i  the summation in the scalar products i jX w  and i jX D  (or with *
jw  or )jw  are over units jk s  

(and not ),is  i.e., over the sample indicated by the latest set of weights in the scalar product. Hence 

   
1

* * *
1

ˆ =ij i i i i j j jZ X D X X D D X



    under this notation.  
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Proof of Lemma 3.1. The weights that satisfy the calibration equation in the thj  phase with initial weights 

1jw   are given by equation (3.4). Under our matrix notation  

                                              *
1= 1j j jw D g g j         

where  1
1 1= 1j j j j j j j jg X T X w X D w
 

     (see equation (3.5)). So  

                                            
 

 

*
1 1 1

*
1 1

= 2 1

= 1 .

j j j j j

j j j j

w D D g g j g

D w D g

 

 

        

    




 

(A.1)
 

Plugging jg  gives  * 1
1 1 1 1=j j j j j j j j j j jw D w D X T X w X D w
   

         which involves the weight 1jw   

from the previous phase of calibration and its scalar product with jX   and ,j jX D  while the rest of the 

multipliers are design parameters. The square brackets contain three summands and thus after j  phases of 

calibration we would have 3 j  summands that would involve design parameters only. Substituting 1jw   of 

(A.1) into 1j j jX D w 
   yields  

                                
  

 
*

1 1 2 1 1

* 1
1 2 1 1 1 1 2 1 1 2

= 1

=

j j j j j j j j j

j j j j j j j j j j j j j j

X D w X D D w D g

X D D w X D D X T X w X D w

    


         

   

    

 

  
 

(A.2)
 

and therefore also  

                                      * 1
1 1 2 1 1 1 1 2 1 1 2= .j j j j j j j j j j j j j jX w X D w X D X T X w X D w
          

          (A.3) 

Combining the terms results in an expression for jw  that involves calibrated weights from phase 2j   only  

                                           
 

 
 

1 2

* 1
1 1 1 2 1 1 2

* 1
1 2 1 2

* 1
1, 1 2 1 1 2

=

ˆ .

j j j j

j j j j j j j j

j j j j j j j j j j

j j j j j j j j j j

w D D w

D X T X w X D w

D X T X D w X D D w

D X T Z X w X D w

 


      


   


     

  

  

   

 

 

 

 

 

(A.4)

 

Plugging (A.2) and (A.3) with =j p  into (A.1) and recursing 1p   times over the respective calibration 

groups, produces the desired result. 

 
Appendix B 
 

A consistent estimator for the population total in three-phase calibration can be presented by 

 
3

3

3 HT 1 1=1
ˆ ˆ ˆ ˆˆ = ,ii

w y Y t t       where  
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1 1 12 2 13 3 12 23 3

2 2 23 3

3 3

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆˆ =

ˆ ˆˆˆ =

ˆˆ = .

Z Z Z Z

Z

    

  

 

  

   

A consistent estimator for the variance is  

                                  

     

   

 

1 3

1 2 2 3

1 3

* * * * * *
3 1 1 1 1 1 3 3 3 3 3

, ,

* * *
2 1 1 1 1 2 3 2 2 2 2 3

, ,

* * *
2 3 3 3 3 1 3

,

ˆ ˆ ˆ ˆ ˆ=

ˆ ˆ ˆ ˆ2 2

ˆ ˆ2 .

P k l kl k l k l kl k l
k l s k l s

l k l kl k l l k l kl k l
k s l s k s l s

l l k l kl k l
k s l s

V w y w w w e e w w w e e

w w w w e e w w w w e e

w w w w w e e

 

   

 

    

   

 

 

 





  

where 1 1 1 2 2
ˆ ˆˆ = ,k k ke x x    2 2 2 3 3

ˆ ˆˆ =k k ke x x    and 3 3 3
ˆˆ =k k ke x y   as defined in Theorem 3.1. 
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