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Adaptive rectangular sampling: An easy, incomplete, 
neighbourhood-free adaptive cluster sampling design 
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Abstract 

This paper introduces an incomplete adaptive cluster sampling design that is easy to implement, controls the 
sample size well, and does not need to follow the neighbourhood. In this design, an initial sample is first selected, 
using one of the conventional designs. If a cell satisfies a prespecified condition, a specified radius around the 
cell is sampled completely. The population mean is estimated using the - estimator. If all the inclusion 
probabilities are known, then an unbiased - estimator is available; if, depending on the situation, the inclusion 
probabilities are not known for some of the final sample units, then they are estimated. To estimate the inclusion 
probabilities, a biased estimator is constructed. However, the simulations show that if the sample size is large 
enough, the error of the inclusion probabilities is negligible, and the relative - estimator is almost unbiased. 
This design rivals adaptive cluster sampling because it controls the final sample size and is easy to manage. It 
rivals adaptive two-stage sequential sampling because it considers the cluster form of the population and reduces 
the cost of moving across the area. Using real data on a bird population and simulations, the paper compares the 
design with adaptive two-stage sequential sampling. The simulations show that the design has significant 
efficiency in comparison with its rival. 

 
Key Words: Adaptive cluster sampling; Adaptive two-stage sequential sampling; Primary and secondary sampling units; 

Inclusion probability. 

 
 

1  Introduction 
 

Adaptive cluster sampling (ACS) is an efficient design for rare and clustered populations (Thompson 

1990; Thompson and Seber 1996). ACS was introduced for quadrat-based sampling, where the study area 

is usually partitioned into non-overlapping quadrats for sample selection. Depending on the situation, these 

are called “cells” or “secondary sampling units” (SSUs). In the first phase of the design, an initial sample is 

selected using one of the conventional designs, usually simple random sampling without replacement 

(SRSWOR). The term “conventional designs” (Thompson and Seber 1996) refers to designs in which the 

procedure for selecting the sample does not depend on any observation of the main variable, such as 

SRSWOR, stratified sampling and systematic sampling. If a rare event (a cell whose value is at least as large 

as the prespecified condition )C  is found after the initial sample is obtained, then sampling continues in the 

neighbourhood of that location with the hope of observing more rare events. The process of searching the 

neighbourhood is continued until no more rare events are found. This design has been shown to be useful 

for estimating the parameters of highly clustered and rare populations (Smith, Brown and Lo 2004). 

However, ACS has some disadvantages, including the following two: 
 

 The final sample size is random and uncontrollable.  

 Neighbourhoods must be defined and followed. Following neighbourhoods in ACS means 
searching unit by unit and level by level around the initial rare events to find all the rare events 
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that are around them in different directions. The shape of the environment and the cluster may 
lead to confusion for the sampler.  

 
To overcome the first problem, many designs, such as two-stage ACS and incomplete or restricted ACS 

(IACS), have been introduced.  

Thompson (1991) introduced stratified ACS, and Salehi and Seber (1997) developed two-stage ACS. 

Two-stage ACS is designed to select a fixed number of primary sampling units (PSUs) by SRSWOR in the 

first stage, and then to select a fixed number of SSUs in each selected PSU, also by SRSWOR, in the second 

stage. The condition that is to be adapted and the neighbourhood are defined in terms of secondary units 

(rather than primary units). Salehi and Seber considered two schemes, depending on whether the clusters 

are allowed to overlap primary-unit boundaries or not, that would later be more desirable for controlling the 

final sample size. Some other related designs have also been introduced; as they are not related to the 

discussion in this paper, they are not mentioned. 

Salehi and Smith (2005) made an essential change to two-stage ACS, known as two-stage sequential 

sampling, and Brown et al. (2008) introduced an adaptive version of two-stage sequential sampling (ATS). 

In ATS, the allocation of second-stage efforts among PSUs is based on preliminary information from the 

sampled PSUs. Additional survey efforts are directed to PSUs where the SSUs in the initial sample meet a 

prespecified criterion, or condition C  (e.g., an individual from the rare population is present). More 

precisely, d  times the number of units that satisfy condition C  in the initial sample in a PSU is dedicated 

to the respective PSU as an additional sample using SRSWOR. Therefore, ATS could almost overcome the 

two problems, since, in this design, the final sample size is limited, and there is no need to define and follow 

the neighbourhood. But, ATS does not directly employ clustering of the population. This means that in ATS, 

the additional sample is a random sample of the whole respective PSU–ATS depends on the size, shape and 

location of the PSUs. Other developments in ATS are not essential (in other words, they have not changed 

the special aspects of ATS), so there is no need to mention them here. 

IACS, Brown and Manly (1998) suggested a restricted version of ACS to control final sample size. They 

put a limit on the final sample size prior to sampling by selecting the initial sample sequentially. Chao and 

Thompson (1999) and Su and Quinn (2003) imposed a restriction on the number of neighbourhood levels 

beyond each unit that satisfies the condition in the initial fixed-size sample. All the neighbours of the units 

that satisfy the condition in the initial sample are in the first neighbourhood level. In turn, all the neighbours 

that are to be added based on the units in the first neighbourhood level are considered to be in the second 

neighbourhood level, and so on. In brief, a cluster, as defined in conventional ACS, is allowed in IACS to 

be truncated at a predetermined distance from the unit in the initial sample that intersects it. These authors 

introduced a biased estimator for the population mean. 

Interestingly, Yang (2011) and Yang et al. (2011) introduced an adaptive plot design to overcome 

disadvantages of ACS in practice, and to use and define the neighbourhood, especially in tree-sampling 

surveys. They aimed to improve the practicability of ACS while maintaining some of its major 

characteristics. According to Yang et al. (2011), “the plot design is based on a conditional plot expansion: 

a larger plot (by a pre-defined plot size factor) is installed at a sample point instead of the smaller initial plot 
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if a pre-defined condition is fulfilled.” Their target population was a tree population, and their aim was to 

estimate its density (the number of objects per hectare). Their design was not planned for quadrat-based 

sampling. In addition, they assumed that they could survey an additional area (after they finished sampling) 

to calculate the inclusion probability of the required tree, but this would be impossible or costly in other 

surveys. 

Chao and Thompson (1999) introduced IACS for the first time. This design enables ACS to function 

without measuring all members of a cluster. They introduced the design in graph-theory form. Because it 

uses neighbourhoods like ACS, the design is complicated to manage, and the calculation of inclusion 

probabilities is also complicated. 

In this paper, a manageable version of ACS, which has positive aspects of the designs discussed above, 

is proposed. Adaptive rectangular sampling (ARS) is a practical, efficient and easy-to-calculate adaptive 

design that is able to find rare events, does not need to follow the neighbourhood and controls the final 

sample size well. 

ARS is introduced in Section 2 of the paper. Section 3 contains a real case study and some simulations, 

and Section 4 concludes the paper and provides a complete discussion of the advantages and disadvantages 

of the design. 

 
2  Adaptive rectangular sampling 
 

Suppose a total population of N  units partitioned into M  primary sampling units (PSUs), each 

containing hN  secondary sampling units (SSUs). Let   , , = 1, 2, , ; = 1, 2, , hh j h M j N   denote the 
thj  unit in the thh  primary unit, with the associated measurement or count .hjy  Then, 

1
= hN

h hjj
y

  is the 

total of the y  values for the thh  PSU, and 
=1

= 1
M

hh
N   is the population mean. 

Adaptive rectangular sampling (ARS) can be performed in a two-stage procedure. The first stage of the 

ARS design consists of selecting a conventional random sample, 0 ,s  of size ,m  with M  PSUs. 

The first phase of the second stage consists of selecting an initial conventional sample, 1 ,hs  of size 1hn  

in the thh  PSU, where 0 .h s  

In the second phase, all the SSUs around those in 1hs  that satisfy condition C  with the radius R  are 

adaptively added, where  1, 2, , dR M   and dM  is the maximum diameter of each PSU. Here, the 

definition of radius is different from the conventional definition. “Radius,” for a cell, is defined based on all 

cells around it. For example, = 1R  refers to the first-level nearest neighbourhood, which consists of the 

eight SSUs around the cell, and = 2R  refers to the nearest and the second-nearest neighbourhoods, which 

consist of all 24 SSUs around the cell (8 SSUs for = 1,R  plus 16 SSUs added for = 2).R  If the cell is in a 

corner or close to a border of the PSU, these numbers are reduced (see Figure 2.1). Therefore, in the thh  

PSU, there is an additional sample, 2 ,hs  of random size 2 .hn  Now, the final sample is 1 2= ,h h hs s s  of 

random size 1 2= ,h h hn n n  inside the thh  PSU. This procedure can be performed under either an 

overlapping scheme and a non-overlapping scheme. 
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An estimator for the population mean 
 

The - estimator (the Horvitz–Thompson estimator) is an estimator for the population mean that requires 

inclusion probabilities for all sampled units. If all the inclusion probabilities are available, the following are 

used to estimate the population mean:  

 
0

ˆ1
ˆ = ,h

h s hN





   

where h  is the inclusion probability of the thh  PSU, and  

                                                                        ˆ = ,
h

hj

h
j s hj

y



   

where hj  is the inclusion probability of the SSU  , .h j  To use the - estimator, hj  must be calculated 

for all   0, ; , .hh j h s j s    

In addition, the variance of the estimator is  

  
 

2
=1 1 =1

ˆ1 Var
ˆVar = ,

M M M
h hhh h

h h
h h hh hhN

   
  

  
 

 

     
  
    

where hh   is the joint inclusion probability of the thh  and thh   PSUs. An unbiased estimator for the above 

is  

     
  

0 0 0

2

ˆ ˆ ˆ1 Var
ˆVar = ,h h h h hhh

h s h s h s hhhh h
N

     


  


  

    
  

    
    

where   ˆVar h  is  

                                        
1 1

ˆVar = ,
h h

hj hjhjj hj hj

h
j s j s hj hj hjj

y y  


  
  

   

 
 

 
    

where hjj   is the joint inclusion probability of  ,h j  and  ,h j  in the thh  PSU. 

It is easy to calculate the inclusion probabilities for the first stage, especially when simple random 

sampling without replacement (SRSWOR) is used. In this situation, it is easy to see that  

      
 
 

1
= , = ; , = .

1h hh hhh

m m m
h h

M M M
   





  

To calculate ,hj  it is necessary to know how many of the cells around cell  ,h j  within radius R  satisfy 

condition ,C  because selecting them as the initial sample leads to selecting the cells around them as the 

final sample. It is necessary to introduce some new notations. In ARS, with the radius ,R  hjB  represents 

the event of unit  ,h j  being selected as the final sample, and hjA  represents the event of unit  ,h j  

satisfying condition C  and being selected as the initial sample. In addition, hjs  represents all the units that 

satisfy condition C  and that would be adaptively added to the sample if hjA  occurs, including unit  , ,h j  
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with the size .hjf  The size hjf  is partitioned as 1 2= ,hj hj hjf f f  where the former indicates the number of 

cells in hjs  that are available in the final sample  hs  and the latter is defined as 2 1= .hj hj hjf f f  However, 

no information about its units is available. F  is defined like ,f   but for all units (those satisfying condition 

C  and those not satisfying condition ).C  

In addition, let hjjf   be the size of = ,hjhjj hjs s s   and 1 ,hjjf   2 ,hjjf   and F  be defined the same. 

The sample ,hjs  with the size ,hjf  contains all the cells that lead to the selection of unit  , ,h j  and ,hjjs   

with the size ,hjjf   contains all the cells that lead to the selection of at least one of  ,h j  and  ,h j  as the 

final sample.  

 

Theorem 1: In ARS, with the radius ,R  for the thh  PSU and using SRSWOR to select the initial sample 
of size 1 ,hn  

                                           1

1

= 1

h hj

h
hj

h

h

N f

n
N

n



 
 

 

 

 

  (2.1) 

                                          1 1 1

1 1 1

= 1 .

h hj h hhj hjj

h h h
hjj

h h h

h h h

N f N f N f

n n n
N N N

n n n



 



      
         

      
    
         

    

 (2.2) 

For the proof of the theorem, see the Appendix. 

Here, only one problem arises: hjf  is known only in the initial sample that satisfies the condition. 

However, other samples (those that are adaptively added) have partial information about hjf  (i.e., 1 ).hjf  

Let  Bin ,n p  stand for a binomial distribution based on the independent Bernoulli variable n  with 

parameter .p  To estimate ,hjf  2hjf  represents the number of successes (the number of units that satisfy 

condition )C  in 2hjF  trials (by searching 2hjF  units); the independency and identicality (iid) of the trials 

are assumed. The latter assumption (iid) is for simplifying the calculations. This, of course, leads to bias in 

estimating some of the inclusion probabilities and, so, to bias for the respective - estimator. With all the 

above assumptions, 2hjF  would be considered a random variable with a binomial distribution, as follows:  

                                                          2 2Bin , ,hj hj hjf F p   

where hjp  is the probability of satisfying condition C  for all cells in the thh  PSU around the thj  cell with 

the radius .R  Then,  

    1 2 1 2= = .hj hj hj hj hj hjE f f E f f p F    
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Calculating hj  leads to two situations: 
 

 If the cell satisfies condition C  and belongs to the initial sample, or is adaptively added and is 

located in a place in the final sample that contains complete information about the area around it, 

then it is possible to calculate the inclusion probability precisely from the information in the final 

sample.  

 If the final sample does not contain enough information to calculate the inclusion probability, two 

strategies are proposed: 

o There is partial information about ,hjf  this means that everything is known about 

1 ,hjF  and only 2hjF  needs to be investigated. For 2 ,hjF  only knowledge about how 

many of the cells satisfy the condition is required; there is no need for exact 

knowledge about .y  For example, if condition C  is defined as > 0,y  it is necessary 

to know only how many cells of 2hjF  are nonempty. If this is easy to investigate, the 

exact inclusion probabilities for all of the units in the sample can be calculated.  

o It is not possible to calculate the inclusion probabilities, hj  can be estimated as (see 

equation 2.1) 

                               

   1 2

1 1

1 1

ˆ = 1 = 1 .

h hj h hj hj hj

h h
hj

h h

h h

N E f N f p F

n n
N N

n n



    
  

   
   

  
     

  

 (2.3) 

 

Using ,hjp  or, in other words, assuming different probabilities for different cells, leads to tedious 

calculations. Estimating hjp  can be done based on the spatial pattern of the population. For example, in the 

case of clustered populations, it may be reasonable to assume two kinds of ,hjp  one for units in the sample 

satisfying condition C  and one for units not satisfying condition ,C  so that greater probability is provided 

for the units satisfying condition .C  A wide class of spatial patterns can be assumed in estimating ,hjp  but, 

here, to have a simple and understandable strategy, =hj hp p  is assumed for all units in the thh  PSU. 

Therefore, hp  is the probability of satisfying condition C  for units in the thh  PSU. It may be possible to 

guess hp  from previous information or to estimate it without bias from the initial sample as the portion of 

the units in the initial sample in the thh  PSU that satisfy condition .C  

Estimating hp  based on the initial sample is a common procedure in adaptive designs (for example, see 

Brown et al. [2008]). For rare populations, such estimations might be imprecise. Practically, however, this 

is not a serious problem in ARS, because, for initial-sample units that satisfy the condition, it is possible to 

calculate inclusion probabilities without error ( hp  is not required). Furthermore, hp  is not required in 

adaptively added units with = 0.y  For some adaptively added units with > 0,y  hp  has an insignificant 

role in calculating inclusion probabilities. The example in the next subsection and the simulation results in 

Section 3 confirm such assertions. 

For hjj   (as for ),hj  if, depending on the final sample, there is enough information to calculate ,hjf  

hjf   and ,hjjf   then it is enough to use equation 2.2. If there is partial information about ,hjjf   then  
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  2 2Bin , ,hhjj hjjf F p    

and then  

    1 2 1 2= = .hhjj hjj hjj hjj hjjE f f E f f p F        

And, it is enough to replace the respective “ ”sf   with  “ ”sE f   in equation 2.2. Without the assumption 

of = ,hj hp p  hjjp   should perhaps be used instead of hp  for estimating .hjjf   This would make the 

calculations more difficult. A reduction in precision (assuming constant hp  for all the units in the thh  PSU) 

allows such a simple sampling strategy to be presented. 

Discussing an example can help clarify all of the above formulas and calculations.  

 
Discussion of an example 
 

For this example, see the top-left PSU in the right plot in Figure 2.1, where = 112,N  = 28,hN  = 1h  

and 11 = 2.n  Assume that it is necessary to calculate hj  for two units in Figure 2.1, with = 1.R  First, for 

the initial sample with = 6,y  it is easy to see that = 6,hjF  that it has five cells around it plus itself, and 

that five of them satisfy the condition  = 5 .hjf  This information is available at the end of the sampling in 

the final sample. Therefore,  

 =6

28 5

2
= 1 0.33.

28

2

y

 
 

 

 

 

   

For an adaptively added sample, like = 248,y  as discussed earlier, there is partial information (see 

Figure 2.2). Here, = 9hjF  (the blue cells in part B) and 1 = 6hjF  (the orange cells in part C). From the final 

sample, 1 = 5hjf  is also known (the positive response in the orange cells in part C). In addition, 2 = 3hjF  

(the blue cells in part C), but 2hjf  is not known. To estimate it, 1p  would be estimated from the initial 

sample as 1 = 1 2 = 0.5p  (see the green cells in the first PSU in Figure 2.1), then  

 =248

28 (5 0.5 3)

2
ˆ = 1 0.42.

28

2

y

   
 

 

 

 

   

But, according to the population, the following can be calculated:  

 =248

28 7

2
= 1 0.44,

28

2

y

 
 

 

 

 

   

which is very close to the estimation. 



270 Panahbehagh: Adaptive rectangular sampling: An easy, incomplete, neighbourhood-free adaptive cluster sampling design 
 

 
Statistics Canada, Catalogue No. 12-001-X 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 2.1 = 112,N  = 28,hN  4,M   4m   and 1 = 2.hn  The green SSUs are the initial sample, and the 

yellow cells are the adaptively added sample. The right plot indicates non-overlapping ARS with 
1,R   and the left plot indicates 2,R   where condition C  is defined as > 0.y  Numbers show 

respective y  values for the cells. 
 
 
 
 
 

 

 

 

 

 

 

 
 
Figure 2.2 Inclusion probability for 248.y   Part A indicates a part of the final sample. Part B (the blue cells) 

indicates the cells that must be known for the inclusion probability of 248.y   In part C,  the 
orange cells are those that must be known and for which information is available, and the blue cells 
are those that must be known but for which no information is available. 

 
Now, assume that the goal is to calculate a joint probability, =6, =5y y   (see Figure 2.3). Here, according 

to equation 2.2, = 5hjf  (part B), 2= 3 ,hj hjf f   2 = 5hjF   (the blue cells in part C), 2= 5hjj hjjf f   and 

2 = 5hjjF   (part D), and  2 = 5 0.5 = 2.5.hjjE f    From the information in the sample,  

Part A                                                    Part B                                                    Part C 
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   

= 6, =5

28 5 28 3 0.5 5 28 5 0.5 5

2 2 2
ˆ = 1 0.22.

28 28 28

2 2 2

y y 

         
        

      
    
         

    

   

With complete information about the population,  

                             = 6, =5

28 5 28 6 28 8

2 2 2
= 1 0.22,

28 28 28

2 2 2

y y 

      
         

      
    
         

    

   

which shows no error to two decimal places. By writing a code for “ ”sf   and “ ”s,F  the - estimator can 

be calculated easily. 

 

 

 
 

 

 

 

 
 

Figure 2.3 Joint inclusion probability for = 6y  and = 5.y  Coloured cells indicate the information that is 
required; orange cells indicate available information and blue cells indicate the information that 
needs to be estimated from the final sample. 

 
 
3  A real case study and simulations 
 

In this section, adaptive rectangular sampling (ARS) is evaluated and compared with adaptive two-stage 

sequential sampling (ATS) and two-stage simple random sampling without replacement (TSS). Here, ARS 

is not compared with adaptive cluster sampling (ACS) for two reasons: first, Salehi and Smith (2005) 

compared ATS with two-stage ACS, and, second, it is not fair to compare ARS with ACS or even incomplete 

ACS because ACS needs to define, use and follow the neighbourhood, while ARS does not.  

If ATS is a design free of neighbourhood, then ARS satisfies this condition too, because, if a sampler 

can recognize the border of the cells, or, in other words, can distinguish secondary sampling units (SSUs), 

the sampler can also recognize an SSU with its radius area. In addition, the area to be surveyed may be 

specified before samples are taken. Based on a map of the area, it is possible to use SRSWOR for the SSUs 

Part A                                    Part B                                    Part C                                    Part D 
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and the area around them if the SSUs satisfy the condition. Because the sampler need not return to the area 

to take the second phase of the sample (according to the ATS process), ARS seems to be easier and less 

costly than ATS. For a better comparison, the cost factor should be taken into consideration.  

The comparison is done using two kinds of data: a real case study and simulation cases. 

Here, efficiency is defined as  

  
 
 

tssMSE
eff . = ,

MSE .

y
  

where tssy  is the conventional mean estimator in TSS, MSE stands for mean square error and “.” stands for 

one of the following: 
 

 ATSˆ :  Murthy’s estimator in ATS, which is unbiased, and which will be referred to as “ATS”. 

This estimator, for the mean of the thh  primary sampling unit (PSU), would be presented as  

  ATS 1 1ˆ ˆ ˆ= 1 ,hc hcq y q y    (3.1) 

where 1q̂  is the proportion of the units that satisfy condition C  in the initial sample, and hcy  and 

hcy   are the means of the final-sample units satisfying condition C  and not satisfying condition 

,C  respectively, in the thh  PSU. In this estimator, the first portion of the unit satisfying condition 

C  is estimated from the initial sample, and the respective value is adapted to the mean of the 

sample satisfying condition C  to construct the estimator. 

 ARSˆ :  the - estimator in ARS, which is unbiased.  

 ˆARS.ˆ :  the - estimator in ARS, with   estimated from the final sample using equation 2.3. It 

is not unbiased, and its relative bias is defined as  ˆ ˆARS. ARS.
ˆ ˆRbias. = .y y      

 

From now on, the acronym “ARS”  refers to both ARS̂  and ˆARS.ˆ .  

Furthermore, two formulas are used for the error in estimating inclusion probabilities in ˆARS.ˆ :  
 

 .ˆ :D Inclu  this shows the mean of the difference between real inclusion probabilities and the 

respective estimation (i.e., the mean of ˆ=hj hj hje    for all the sample units)  

 .ˆ :AD Inclu  this shows the mean of the absolute difference between real inclusion probabilities and 

the respective estimation (i.e., the mean of ˆ=hj hj hje    for all the sample units).  

A non-overlapping scheme is used in this section.  

 
A real case study on a blue-winged teal population 
 

Smith, Conroy and Brakhage (1995) used a population of blue-winged teal to evaluate ACS. The 

population comes from comprehensive counts, which were made from helicopters from December 13 to 15, 

1992, in central Florida. The blue-winged teal population is extremely clustered, with a total of = 200N  
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units (Figure 3.1). A simulation study found ACS to be efficient for this population, in the sense that the 

variance of the estimator is smaller than in simple random sampling (Smith, Conroy and Brakhage 1995). 

The population was partitioned into = 8, 4, 2M  PSUs. ARS, ATS and TSS were performed in the 

population with different values for ,m  1 ,hn  R  and d  (a multiple in ATS that indicates the size of the 

additional sample in the second phase for units satisfying condition ),C  with 25,000 simulations for each 

combination of values. For a fair comparison, d  was chosen in such a way that the expected final sample 

sizes for ATS and ARS were almost the same. For TSS, the sample size in each simulation was the same as 

that for ARS. The expected sample sizes were calculated using Monte Carlo simulations. It is notable that 

in ARS, if two or more adaptively added samples overlapped, the overlap was measured once. Practically, 

if there is overlap in the sample, the relevant cells must be sampled and measured only once. 

Results are presented in Tables 3.1 and 3.2. For information about the MSEs of the estimators, 

 tssMSE y  is presented in the results. With this MSE and the efficiency of the estimators, the MSEs of the 

other estimators are easy to calculate. The results are noteworthy: ARS was better than ATS in all situations. 

ARS, unlike ATS, was also always more efficient than TSS. The efficiency of ARS was sometimes seven 

or eight times that of TSS, whereas this number was at most around two and a half for ATS. For more than 

55% of the cases, the efficiency of ARS was greater than 2, whereas this was true of less than 5% of the 

cases for ATS. 

The relative bias of ˆARS.ˆ   is acceptable for most of the cases; it may be unacceptable for a few cases 

with a little sample size. For around 61% of the cases, the relative bias was less than 0.03, and, for around 

92% of them, the relative bias was less than 0.07. 

Efficiency improved by increasing the radius ,R  and a larger radius R  was proper for larger PSUs. In 

this population, there are two important clusters at the top of the population plot. With = 2,R  selecting one 

of the cells in a large PSU as the initial sample led to the selection of all of them. That is why = 2,R  with 

a large enough initial sample size, showed such significant efficiency. 

In addition, the number of PSUs in the first stage was important, and the results indicate that more PSUs 

lead to efficiency improvements. As discussed before, the efficiency of ATS depends on the size, shape and 

location of the PSUs. When the population could not be partitioned into some empty and full PSUs, ATS 

was not as efficient (see populations 2 and 4). But as ARS uses the cluster form of the population, it is not 

as dependent on PSUs and could even perform in a population with one PSU, which would be meaningless 

for ATS. 

In addition, for Population 1, .ˆ = 0.025AD Inclu  and .ˆ 0.002;D Inclu   for Population 2, .ˆ =AD Inclu  

0.023  and .ˆ 0.005;D Inclu   for Population 3, .ˆ = 0.024AD Inclu  and .ˆ = 0.004;D Inclu   and, for Population 

4, .ˆ = 0.025AD Inclu  and .ˆ = 0.008.D Inclu   The mean of the inclusion probabilities for these simulations 

was around 0.22. According to .ˆD Inclu  and .ˆ ,AD Inclu  the errors in estimating the inclusion probabilities 

seem to be almost negligible. This is why ˆARS.ˆ   was almost unbiased. The relative bias of ˆARS.ˆ   showed 

acceptable precision for ˆ“ ”s.j  
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Table 3.1 
Efficiency of the estimators, with = 200,N  = 0,C  = 8, 4M  
 

Population 1  R m 1n d  E n ATS̂ ARS̂ ˆARS.
ˆ

 ˆARS.
ˆRbias.   tssMSE y

1 4 1 6 7 1.32 2.05 1.62 0.13 81,076
3 6 19 1.32 1.84 1.64  0.06  22,657 
5 5 30 1.25 1.79 1.69  0.03  12,865 
7 4 40 1.18 1.76 1.71  0.03  8,729 

8 1 6 13 1.22 1.92 1.51  0.14  35,171 
3 6 38 1.33 1.99 1.80  0.06  10,324 
5 5 59 1.35 2.13 2.04  0.04  5,502 
7 4 79 1.34 2.46 2.43  0.03  3,502 

2 4 1 15 10 2.43 3.02 3.04  0.02  71,670 
3 12 27 1.61 2.17 2.24  0.02  16,835 
5 9 40 1.33 1.99 2.05  0.00  9,219 
7 7 51 1.23 1.94 1.97  0.00  6,463 

8 1 15 20 2.37 3.00 3.01  0.02  32,290 
3 12 54 1.69 2.53 2.61  0.02  7,030 
5 9 80 1.52 2.98 3.05  0.02  3,570 
7 7 101 1.45 3.81 3.85  0.01  2,270 

Population 2  R m 1n d  E n ATS̂ ARS̂ ˆARS.
ˆ

 ˆARS.
ˆRbias.   tssMSE y

1 2 4 6 13 1.06 1.90 1.58  0.11  36,208 
8 5 25 0.94 1.81 1.61  0.07  15,775 

10 5 30 1.03 1.82 1.66  0.05  12,434 
15 5 42 1.10 1.81 1.72  0.03  7,852 

4 4 6 26 1.00 1.92 1.60  0.11  16,911 
8 5 49 0.98 2.00 1.79  0.07  7,339 

10 5 60 1.00 2.05 1.89  0.06  5,475 
15 4 84 1.03 2.39 2.31  0.03  3,180 

2 2 4 12 20 1.29 2.51 2.52  0.00  28,341 
8 11 36 1.04 2.07 2.08  0.00  11,024 

10 10 42 1.03 2.02 2.02  0.01  8,521 
15 8 55 1.03 1.96 1.96  0.01  5,352 

4 4 12 40 1.04 2.32 2.32  0.02  11,725 
8 11 71 0.99 2.34 2.35  0.00  4,507 

10 10 84 1.01 2.59 2.60  0.00  3,338 
15 8 111 1.04 3.41 3.42  0.00  1,891 

 
Table 3.2 
Efficiency of the estimators, with = 200,N  = 0,C  = 4, 2M  
 

Population 3  R m 1n d  E n ATS̂ ARS̂ ˆARS.
ˆ

 ˆARS.
ˆRbias.   tssMSE y

1 2 4 6 14 1.11 1.73 1.40  0.18  34,451 
8 5 25 1.05 1.71 1.51  0.10  16,795 

10 5 31 1.09 1.69 1.56  0.08  13,671 
15 5 43 1.16 1.61 1.56  0.03  9,819 

4 4 6 27 1.26 2.18 1.73  0.18  15,357 
8 5 51 1.26 2.78 2.48  0.10  6,759 

10 5 62 1.34 3.18 2.94  0.08  5,078 
15 4 86 1.39 4.80 4.72  0.03  2,964 

2 2 4 12 21 1.30 1.90 1.95  0.05  26,117 
8 11 36 1.13 1.64 1.69  0.03  12,047 

10 10 43 1.11 1.56 1.60  0.02  9,872 
15 8 55 1.12 1.48 1.49  0.01  7,686 

4 4 12 42 1.43 2.55 2.64  0.05  10,818 
8 11 72 1.51 3.43 3.66  0.02  4,275 

10 10 85 1.55 4.29 4.57  0.01  3,183 
15 8 110 1.83 9.44 9.87  0.00  1,856 

Population 4 R m 1n d  E n ATS̂ ARS̂ ˆARS.
ˆ

 ˆARS.
ˆRbias.   tssMSE y

1 1 10 6 17 0.93 1.68 1.32  0.13  27,053 
15 5 24 0.90 1.69 1.43  0.09  17,860 
20 5 31 0.91 1.63 1.45  0.08  13,802 
30 4 44 0.92 1.58 1.50  0.02  9,952 

2 10 6 34 0.98 2.16 1.69  0.12  11,851 
15 5 49 0.95 2.52 2.11  0.10  7,409 
20 5 62 0.97 2.91 2.58  0.06  5,153 
30 4 87 1.01 4.56 4.41  0.03  2,940 

2 1 10 14 27 1.01 1.70 1.69  0.02  18,908 
15 13 37 0.93 1.50 1.51  0.02  12,092 
20 10 45 0.84 1.42 1.43  0.01  9,338 
30 8 58 0.88 1.35 1.35  0.00  7,329 

2 10 14 53 1.08 2.38 2.41  0.02  7,512 
15 13 73 1.06 2.80 2.92  0.01  4,317 
20 11 90 1.03 3.59 3.79  0.00  2,933 
30 8 116 1.03 7.60 8.00  0.00  1,672 
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Artificial populations 
 

The spatial pattern was generated with an R code following the Poisson cluster process (Brown 2003). 

The number of clusters was selected from a Poisson distribution, and cluster centres were randomly located 

throughout the site. Individuals within the cluster were located around the cluster centre at a random 

distance, following an exponential distribution, and in a random direction, following a uniform distribution. 

The parameters of the code were changed to generate three different populations. With the addition of the 

population in the example subsection of the paper, this subsection uses four artificial populations to evaluate 

ARS (see Figure 3.2): 
 

 Population 5: rare and not clustered,  
 Population 6: not rare, but clustered,  
 Population 7: not rare and not clustered,  
 Population 8: rare and clustered.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 3.1 Bird populations. Numbers show the respective y  values for the cells, with a mean of 70.61 and a 
variance of 453,709.52. Red lines indicate the borders of the PSUs. 

 



276 Panahbehagh: Adaptive rectangular sampling: An easy, incomplete, neighbourhood-free adaptive cluster sampling design 
 

 
Statistics Canada, Catalogue No. 12-001-X 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 3.2 Artificial populations. Numbers show the respective y  values for the cells, with 0.74, 1.76, 1.68 and 

6.10 as the means, and 25.74, 35.34, 29.08 and 1,025.10 as the variances of the four populations, 
respectively. Red lines indicate the borders of the PSUs. 

 
Results are presented in Tables 3.3 and 3.4. The relative bias of ˆARS.ˆ   was acceptable for all cases. 

 
Table 3.3 
Efficiency of the estimators, with = 200,N  = 0,C  = 4M  
 

Population 5 R m 1n d  E n ATS̂ ARS̂ ˆARS.
ˆ

 ˆARS.
ˆRbias.    tssMSE y

1 2 4 6 12 0.94 1.53 1.59  0.01  2.29 
8 5 23 0.88 1.48 1.55  0.01  1.01 

10 5 28 0.88 1.45 1.52  0.00  0.77 
15 4 40 0.86 1.50 1.55  0.01  0.48 

4 4 6 24 0.88 1.44 1.50  0.01  1.01 
8 5 46 0.82 1.45 1.52  0.00  0.44 

10 5 57 0.80 1.48 1.54  0.01  0.34 
15 4 81 0.83 1.66 1.72  0.01  0.19 

2 2 4 14 18 1.01 1.30 1.38  0.04  1.93 
8 13 33 0.90 1.11 1.18  0.04  0.76 

10 11 39 0.82 1.07 1.14  0.02  0.56 
15 8 52 0.77 1.12 1.17  0.02  0.34 

4 4 14 37 0.80 1.01 1.08  0.03  0.74 
8 13 66 0.78 1.04 1.06  0.04  0.29 

10 10 78 0.67 1.02 1.03  0.03  0.22 
15 8 104 0.66 1.07 1.12  0.02  0.12 
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Table 3.3 (continued) 
Efficiency of the estimators, with = 200,N  = 0,C  = 4M  
 

Population 6 R m 1n d  E n ATS̂ ARS̂ ˆARS.
ˆ

 ˆARS.
ˆRbias.    tssMSE y

1 2 10 5 18 0.98 1.09 1.09  0.02  1.53 
15 4 31 0.96 1.08 1.12  0.01  1.35 
20 4 37 1.00 1.12 1.16  0.01  1.25 
30 3 49 1.02 1.13 1.16  0.01  1.14 

4 10 5 35 1.05 1.28 1.34  0.02  0.28 
15 4 62 1.09 1.56 1.73  0.00  0.17 
20 4 74 1.19 1.76 1.95  0.01  0.12 
30 2 97 1.25 2.48 2.68  0.01  0.06 

2 2 10 10 28 0.87 1.07 1.11  0.01  1.34 
15 7 42 0.90 1.15 1.18  0.01  1.24 
20 6 48 0.93 1.16 1.19  0.01  1.18 
30 5 57 0.99 1.15 1.16  0.00  1.12 

4 10 10 56 0.80 1.30 1.40  0.01  0.46 
15 7 85 0.91 2.76 2.97  0.01  0.23 
20 6 95 1.01 4.19 4.43  0.01  0.18 
30 4 114 1.18 12.19 12.43  0.00  0.12 

 
Table 3.4 
Efficiency of the estimators, with = 200,128,N  = 0,C  = 4M  
 

Population 7 R m 1n d  E n ATS̂ ARS̂ ˆARS.
ˆ

 ˆARS.
ˆRbias.   tssMSE y

1 2 4 6 19 0.74 0.69 0.68  0.00  1.72 
8 6 34 0.84 0.76 0.75  0.02  0.84 

10 5 41 0.79 0.77 0.76  0.01  0.69 
15 3 56 0.73 0.85 0.84  0.01  0.50 

4 4 6 38 0.72 0.70 0.70  0.02  0.68 
8 5 69 0.66 0.57 0.57  0.01  0.28 

10 5 83 0.72 0.68 0.69  0.00  0.21 
15 4 112 0.69 0.76 0.75  0.02  0.11 

2 2 4 15 33 0.76 0.68 0.70  0.02  1.13 
8 10 55 0.57 0.62 0.64  0.00  0.54 

10 9 63 0.61 0.70 0.72  0.01  0.45 
15 8 79 0.63 0.81 0.82  0.02  0.36 

4 4 13 66 0.54 0.51 0.51  0.01  0.36 
8 10 110 0.40 0.45 0.48  0.02  0.13 

10 9 126 0.38 0.47 0.49  0.01  0.09 
15 8 156 0.31 0.51 0.53  0.01  0.04 

Population 8 R m 1n d  E n ATS̂ ARS̂ ˆARS.
ˆ

 ˆARS.
ˆRbias.   tssMSE y

1 2 3 6 11 0.99 1.97 1.85  0.05  95.39 
5 5 17 0.93 1.88 1.84  0.01  55.29 

10 4 30 0.96 1.72 1.73  0.00  27.73 
13 3 36 0.96 1.60 1.61  0.00  22.02 

4 3 6 22 0.92 2.21 2.10  0.04  39.74 
5 5 35 0.86 2.49 2.49  0.02  21.13 

10 3 59 0.85 4.28 4.36  0.00  8.12 
13 3 71 1.00 6.22 6.27  0.00  5.24 

2 2 3 13 17 1.11 1.68 1.74  0.02  78.55 
5 10 25 0.88 1.50 1.53  0.01  40.42 

10 7 37 0.87 1.41 1.41  0.01  21.05 
13 5 42 0.90 1.34 1.34  0.00  17.92 

4 3 13 34 0.97 1.70 1.75  0.03  27.92 
5 10 49 0.80 1.82 1.87  0.01  13.18 

10 7 74 0.80 3.35 3.39  0.00  4.86 
13 5 83 0.80 5.03 5.06  0.00  3.24 

 
In Population 5, ATS was not efficient at all (except in one situation), but ARS performed well and was 

always more efficient than both ATS and TSS. ARS was better with = 1,R  relative to = 2,R  because the 

population was not clustered and a large radius could have wasted the sample. However, because of a large 

cluster in the lower-right PSU, ARS was efficient for = 2.R  

In Population 6, which was highly clustered but not rare, ATS was not as efficient as TSS in almost half 

of the cases, especially when the sample size was not very large. The performance of ARS was very good. 

Because of the large size of the clusters, ARS was better with = 2R  than = 1,R  and, in one case, it was 
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12 times as efficient as TSS, while this number was 1.18 for ATS. With = 2,R  if a nonempty cell was 

selected as the initial sample, many of the other nonempty cells would also be selected. With a large enough 

initial sample size, almost all of them would be selected, providing almost complete information on the 

population and higher efficiency in comparison with other designs. 

In Population 7, which was an almost-ordinary population, ARS and ATS were not efficient. In this case, 

the population was not clustered, and ARS wasted the sample searching around cells with a response 

satisfying condition C  that were almost all empty. In such situations, ATS is more efficient than ARS (this 

happened in some cases), since ATS spreads the additional sample size equally across all the PSUs. 

Finally, in Population 8, which was rare and completely clustered, ATS was almost not efficient at all. 

Again, ARS performed very well; it was sometimes six times as efficient as TSS and ATS. 

In addition, for Population 5, .ˆ = 0.025AD Inclu  and .ˆ 0.004;D Inclu    for Population 6, .ˆ =AD Inclu  

0.020  and .ˆ 0.010;D Inclu    for Population 7, .ˆ = 0.027AD Inclu  and .ˆ = 0.006;D Inclu  and, for Population 

8, .ˆ = 0.016AD Inclu  and .ˆ = 0.004.D Inclu  The means of the inclusion probabilities for the four populations 

were, respectively, 0.21, 0.31, 0.24 and 0.34. Again, the errors in estimating the inclusion probabilities were 

almost negligible. 

Lastly, ˆARS.ˆ   showed significant efficiency, even higher than ARS̂  (sometimes for a larger sample 

size). Since ARS̂  is unbiased, ARS̂  is preferred when there is enough information to calculate it. When 

information for calculating “ ”sj  is lacking, ˆARS.ˆ   is a very good alternative for estimating the population 

mean with almost no bias. 

Costs are not discussed, because this factor favours ARS, which is a cheaper design in comparison with 

ATS and TSS. Since ARS is more efficient than the other designs without considering costs, it is obvious 

that with costs factored in, the efficiency of ARS would be higher again. On the other hand, if the costs of 

much travelling under ATS and TSS are almost the same as the cost of searching more cells to find whether 

they satisfy condition C  (not measuring them exactly) to calculate the unbiased - estimator, then the 

comparison is fair. 

 
4  Discussion 
 

The adaptive rectangular sampling (ARS) design is an adaptive design that is easy to manage, saves on 

travel, is easy to calculate, is neighbourhood-free, and controls the final sample size. 

The design is adaptive because the final sample size depends on observed values, and the design is able 

to find rare clustered events. 

It is easy to manage because it is straightforward in determining the places that should be investigated 

for the additional sample. The design uses the intuitive behaviour of field biologists – once they find a rare 

event, they want to search in the immediate neighbourhood. It is even easier than adaptive cluster sampling 

(ACS). In addition, ARS can perform in both a two-stage form and a one-stage form. With this design, 

unlike with adaptive two-stage sequential sampling (ATS), there is no need to worry about the size, location 

and shape of primary sampling units. Unlike ACS, incomplete ACS (IACS) and ATS, it is possible for ARS 

to indicate the entire potential sample that the samplers need to select before they start sampling. 
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As for the travel-saving feature of ARS, there is no difference between adaptive designs such as ACS, 

ARS and ATS in the first phase of the second stage, for selecting the initial sample. But, in the second phase, 

ARS travels between cells generally less than ACS and IACS (with its edge units) and, especially, much 

less than ATS and two-stage sampling, with equal sample sizes. Because of this feature, ARS would be 

appropriate for costly travelling surveys of clustered populations, regardless of its efficiency. 

ARS is easy to calculate, because the inclusion probabilities for the final sample size are easy to calculate, 

and this means that the - estimator can be used instead of Murthy’s estimator. Murthy’s estimator, 

equation 3.1, is strongly dependent on the size of the initial sample (and on estimating );q  as initial samples 

could be small in some situations, this is a weakness of Murthy’s estimator. Therefore, one of the advantages 

of ARS as a sequential design is its avoidance of Murthy’s estimator and its use of the - estimator instead. 

In addition, calculating the - estimator in IACS is not very easy, because it is a little complicated to 

estimate “ ”sj  (see Chao and Thompson 1999). As discussed in Section 2.1, it is easy to calculate or 

estimate “ ”sj  in ARS, compared with the method used by Chao and Thompson (1999). 

The design is neighbourhood-free, in the sense that it does not follow the neighbourhood as in ACS and 

IACS; this would be complicated for the sampler after certain steps. ARS is an easy design for samplers, 

especially for difficult environments. ACS has not yet been used on a routine basis in field surveys for forest 

inventory and biodiversity monitoring, as there are also practical difficulties in field implementation (Yang 

et al. 2011). A design like ARS may be more appropriate in such environments. 

The design controls the final sample size well with the choice of radius .R  This paper presents an easy 

version of ARS. ARS can be performed in different ways (e.g., someone could plan a design to sample 

around a cell instead of investigating all the cells around it). This is a suggestion for future work on ARS. 

To use ARS, it is important to know that the population units are separated in a cluster form; otherwise, 

the design would waste the sample units. This is one of the disadvantages of ARS. An advantage of this 

design is its expansion of the definition of clusters. Because the designer can change the radius ,R  a cluster 

in ARS consists of units that are around each other even at a distance, and there is no need for them to be 

adjacent. 

Compared with other designs, ARS has some of the same advantages. Like ACS, it takes advantage of 

clustering to find rare events; like ATS, it does not need to follow the neighbourhood. And, like IACS, it 

controls the final sample size well. 

ARS is a new design, and it should be evaluated on real populations to enable researchers to find out its 

abilities, advantages and disadvantages.  

 

Appendix 
 

For ,hj  it is easy to see that  
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and, for ,hjj   using the fundamental probability principle,  
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