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One step or two? Calibration weighting from a complete list 
frame with nonresponse 
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Abstract 

When a random sample drawn from a complete list frame suffers from unit nonresponse, calibration weighting 
to population totals can be used to remove nonresponse bias under either an assumed response (selection) or an 
assumed prediction (outcome) model. Calibration weighting in this way can not only provide double protection 
against nonresponse bias, it can also decrease variance. By employing a simple trick one can estimate the 
variance under the assumed prediction model and the mean squared error under the combination of an assumed 
response model and the probability-sampling mechanism simultaneously. Unfortunately, there is a practical 
limitation on what response model can be assumed when design weights are calibrated to population totals in a 
single step. In particular, the choice for the response function cannot always be logistic. That limitation does 
not hinder calibration weighting when performed in two steps: from the respondent sample to the full sample to 
remove the response bias and then from the full sample to the population to decrease variance. There are 
potential efficiency advantages from using the two-step approach as well even when the calibration variables 
employed in each step is a subset of the calibration variables in the single step. Simultaneous mean-squared-
error estimation using linearization is possible, but more complicated than when calibrating in a single step. 

 
Key Words: Probability sampling; Response model; Prediction model; Double protection; Simultaneous variance 

estimation. 

 
 

1  Introduction 
 

Survey sampling is a tool used primarily for estimating the parameters of a finite population based on a 
randomly drawn sample of its members. Probability samples come with design (sampling) weights, which 
are often the inverses of the individual member selection probabilities. As long as each population element 
has a positive selection probability, it is a simple matter to produce an estimator for the population total of 
a survey variable that is unbiased with respect to the probability-sampling mechanism. The ratio of two 
unbiased estimators of totals or any other smooth function of estimated totals, while not necessarily 
unbiased, is asymptotically unbiased and often consistent since its relative variance, like its relative bias, 
tends to zero as the sample size grows arbitrarily large.  

Deville and Särndal (1992) introduced calibration weighting as a tool for adjusting design weights in 
such a way that the weighted sums of certain “calibration” variables equal their known (or better-
estimated) population totals. As a consequence of these calibration equations holding, the standard error 
of an estimated total for a variable without a known population total is often reduced while remaining 
nearly (i.e., asymptotically) unbiased under the probability sampling mechanism.  

Although originally developed to reduce standard errors, calibration weighting has also been used to 
remove selection biases resulting from unit nonresponse under certain assumptions (e.g., Folsom 1991; 
Fuller, Loughin and Baker 1994; Lundström and Särndal 1999; Folsom and Singh 2000). To this end, 
whether (or not) an element selected for the sample responds to a survey is treated as an additional phase 
of Poisson random sampling with unknown, but positive, selection probabilities. Calibration weighting 
estimates these Poisson selection probabilities implicitly and produces estimated totals that are nearly 
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unbiased under the combined sample- and response-selection mechanisms, which is often called the 
“quasi-sampling design”. See Oh and Scheuren (1983).  

An important caveat is that although the sample-selection mechanism is fully under the control of the 
statistician, the response-selection mechanism is unknown. The response mechanism is assumed to have a 
particular form, and the failure of this assumption can result in biased estimators. 

An alternative justification for calibration weighting involves a different type of modeling. It is easy to 
show that calibration weighting produces an estimator that is unbiased under a linear prediction (outcome) 
model if the expected value of the survey variable under the prediction model is a linear function of the 

calibration variables so long as the sampling and response mechanisms are ignorable, that is to say, the 
same prediction model applies whether or not the population element is sampled or whether it responds 
when sampled.  

Unlike the selection model governing the response mechanism, it is possible for the linear prediction 
model to hold for one survey variable and not another. That is why most survey samplers prefer to assume 
a selection model when adjusting for unit nonresponse. Nevertheless, it is reassuring to know that if either 

model is correct, then the estimated total is nearly unbiased (i.e., has a relative bias that vanishes 
asymptotically), a property Kim and Park (2006) called “double protection” against nonresponse bias.  

It is possible to simultaneously remove the selection bias and decrease standard error under the 

probability-sample mechanism in a single step by adjusting the design weights of unit respondents so that 
the estimated totals for a set of calibration variables equal their known population totals. Nevertheless, 
there are reasons for preferring the use of two calibration-weighting steps even when the sets of 

calibration variables used in both steps are the same or a subset of the calibration variables in a single step: 
the first step from the respondent sample to the original sample to remove selection bias and the second 
from the original sample to the population to decrease the variances of the resulting estimators.  

Although Folsom and Singh (2000) and others have pointed out that calibration weighting can also be 
used to remove the selection bias due to under- or over-coverage of the sampling frame, we will direct our 
attention here on a single-stage sample drawn from a complete list frame without duplication. That is to 

say, we will assume that the sampling frame is identical to the target population (i.e., each population unit 
is listed on the frame). 

The paper is structured as follows. Section 2 reviews some background theory on calibration 

weighting. Section 3 introduces a slightly new variance estimator that, like the variance estimator in Kott 
(2006), can be used to measure both the mean squared error of a calibration-weighted estimator under the 
quasi-sampling design and the variance under either the prediction model or the combination of the 

prediction model and original sampling mechanism, thus making the double protection against 
nonresponse bias arguably more useful for inference. The variance estimator in Kott applies only when 
calibrating to the population. Here we follow Folsom and Singh (2000) and allow the possibility that 

calibration is to the original sample. 

Section 4 discusses the limitations of calibrating weighting in a single step and develops some theory 
for a two-step approach. Although our main purpose here is to argue the benefits of using two steps even 

when similar sets of calibration variables are employed in both steps, the calibration estimator we treat in 
this section is broader. Section 5 describes the results of some simulation experiments, while Section 6 
offers a few concluding remarks.  



Survey Methodology, June 2015 167 
 

 
Statistics Canada, Catalogue No. 12-001-X 

2  One-step calibration weighting 
 
2.1  Calibration weighting and unit nonresponse 
 

In the absence of nonresponse (or frame errors), calibration weighting is a sampling-weight-adjustment 
method that creates a set of weights  ; ,kw k S  asymptotically close to the original design weights, 

1 ,k kd    that satisfy a set of calibration equations (one for each component of ) :kz  

 ,k k kS U
w  z z   

where S  denotes the sample, k  the sample-selection probability of unit ,k U  the population of size 

, kN z  a vector with P  components each having a known population total, and A  means .k A  

Kott (2009) describes a conservative set of mild conditions under which y S k kt w y   is a nearly 

unbiased estimator for the population total y U kT y   (i.e., the relative bias of yt  is asymptotically 

zero). Most importantly, each k N n  is assumed to be bounded from below by a positive value as N  

and the (expected) sample size, ,n  grow arbitrarily large (we add the parenthetical “expected” in case the 

sample size is random).  

In addition, the first four central population moments of each component of kz  is assumed to be 

bounded from above, while 1 T
U k kN   z z  converges to a positive definite matrix.  

Using calibration-weighting will tend to reduce mean squared error relative to the expansion estimator, 
,E

y S k kt d y   when ky  is correlated with some components of .kz  One should keep in mind, however, 

that most surveys have many ’s.ky  

A simple way to compute calibration weights is linearly with the following formula: 

 
    1

1

1 .

T T
k k j j j j j j kU S S

T
k k

w d d d

d

    
   

  z z z z z

g z
  

Fuller et al. (1994) and later Lundström and Särndal (1999) argued that this linear calibration can also be 
used to handle unit nonresponse. The sample S  is replaced by the respondent sample ,R  while  

         1
1 ,

T T T
j j j j j j j j j jU R S R R

d d d d
            g z z z z z z   

depending on whether the respondent sample is calibrated to the population  0   or calibrated to the 
original sample  1 .   Either way, the estimate is nearly unbiased under the quasi-sample-design that 

treats response as a second phase of random sampling so long as each unit’s probability of response has 
the form: 

  1 1 ,T
k kp   γ z  (2.1) 

and g  is a consistent estimator for the unknown parameter vector γ  in equation (2.1). 
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The problem with the response function in equation (2.1) is that the implicit estimator for 
 , 1 1ˆ T

k k kp p   g z  can be negative. A nonlinear form of calibration weighting avoiding this 

possibility was suggested by Kott and Liao (2012) based on the generalized exponential form of Folsom 
and Singh (2000). It uses Newton’s method (iterative Taylor-series approximations) to find a g  such that 

the calibration equation (from here on, we refer to the vector of component calibration equations as the 
calibration equation):  

    1T
k k k k k k k kR R U S

w d d         z g z z z z  (2.2) 

holds, where 0   or 1,  

    
 

exp
,

1 exp

T
kT

k T
k u


 


g z

g z
g z


 (2.3) 

,  the lower bound of   ,   is nonnegative (so that calibration weights are likewise nonnegative), and the 
upper bound of   , ,u     can be either finite or infinite.  

Although there are other reasonable forms the weight-adjustment function  T
k g z  can take, we will 

restrict our attention to functions in the form in equation (2.3). This is a generalization of both raking 
where 0, ,u    and the implicit estimation of a logistic response model, where 1, .u    In 

Deming and Stephan’s original (1940) iterative-proportional-fitting algorithm for raking, the components 
of kz  were restricted to indicator functions. We use “raking” more broadly here to mean calibration 

weighting with a weight-adjustment function of the form    exp .T T
k k g z g z  

When 1,  equation (2.3) becomes the generalized-raking adjustment introduced in Deville and 

Särndal (1992) and discussed further in Deville, Särndal and Sautory (1993). Generalized raking not only 
lets the components of kz  be continuous but also allows the range of the  T

k g z  to be constrained 

between a positive   and a (possibly) finite .u  

Deville and Särndal (1992) required    0 0 1.     Since the authors were not treating samples 
with nonresponse (or incorrect frames), T

kg z  needed to converge to 0 and  T
k g z  to 1 as the 

(expected) sample size grew arbitrarily large. When adjusting design weights for nonresponse, however, 
setting 1  is a more sensible strategy, so that the implicit estimated probability of response does not 
exceed 1.  

Although the original definition of calibration weighting in Deville and Särndal (1992) involved 
minimizing the differences between the kw  and kd  in R  as measured by some loss function, later 

formulations (e.g., Estevao and Särndal 2000) removed the loss function from the definition. Forcing kw  

and kd  to be close makes little sense when calibration weighting is used to adjust for unit nonresponse 

since if a sampled k  has a relatively small probability of response, then the difference between kw  and 

kd  should be relatively large.  

Rather than assuming a response model with a particular functional form, an alternative justification 
for using calibration weighting as a mean of removing unit-nonresponse bias assumes a prediction model 
in which the survey variable ky  is itself a random variable such that  E T

k k ky z z β  for some unknown 

β  whether or not k  is sampled or whether it responds when sampled. Kott (2006) and others have 
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observed the calibration-weighted estimator for y U kT y   will be nearly unbiased under the prediction 

model when calibration is done to the population (when 0   in equation (2.2)) and under the 

combination of the prediction model and the original sample-selection mechanism when calibration is 
done to the original sample (when 1).   

The property that a calibration-weighted estimator is nearly unbiased in some sense when either an 
assumed response model or an assumed prediction model holds has been called “double protection against 
nonresponse bias” by Kim and Park (2006). It is known as “double robustness” in the biostatics literature 
(Bang and Robins 2005) and attributed to Robins, Rotnitzky and Zhao (1994), which dealt with item 
rather than unit nonresponse.  

The distribution of k ky z  under the prediction model is often assumed to be the same for sampled and 

nonsampled population members. That is to say, the sampling mechanism is assumed to be ignorable. In 
addition, the distribution of k ky z  is often assumed to be the same whether or not a population member 

responds when sampled, that is, that the response mechanism is also assumed to be ignorable (Little and 
Rubin 2002). Here, we make weaker analogous assumptions under the prediction model, namely, that 
 E k ky z  does not depend on whether k  is sampled or when sampled responds. Let us say that the 

sampling and response mechanisms are assumed to be “first-moment ignorable”.  

 
2.2  Instrumental variables  
 

Deville (2000) observed that instrumental-variable calibration can be used to adjust for potential 
nonresponse bias by assuming a response model that depended on ,kx  

    
 

1 1 exp
,

exp

T
kT

k k T
k

u
p

 
     

γ x
γ x

γ x
 (2.4) 

but fitting calibration equations with :kz  

    1 ,T
k k k k k k k kR R U S

w d d         z g x z z z  (2.5) 

where the g  satisfying equation (2.5) with 0   or 1 a consistent estimator of unknown parameter 

vector γ  in equation (2.4). Some mild conditions are needed for this. Sufficient are the following: 

 1 T
R k k kN d   γ x z  is a consistent and bounded estimator for   1 1 ,U k S k kN d      z z  

    is everywhere twice differentiable, and  1 T
R k k kN d    z x  is always invertible and bounded as 

the sample grows arbitrarily large. 

Let 1kR   when , 0k R  otherwise. It is not hard to show that  

 

       

       

1

11 1 1

1

1

T T
k k k k k k k k k k k kS S U S

T T
k k k k k k k k k k k kS S U S

d R c d R d

N d R c N d R N d



  

           

         

   

   

g γ z x γ x z z z

z x γ x z z z

  

for some kc  between T
kg x  and ,T

kγ x  as Kott and Liao (2012) demonstrated when .k kx z  
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Deville also noted that it is possible for components of the kx  to be survey variables with values 

known only for respondents. Chang and Kott (2008) extended the notion of calibration weighting to allow 
the dimension of the kz - vector to be greater than that of the kx - vector. We will not treat either 

possibility in the following sections. 

Kim and Shao (2013) in treating nonignorable nonresponse call the components of kz  not wholly 

functions of the components of kx  “instrumental variables”. To limit future confusion, we will henceforth 

use to term “model variables” to refer to the components of .kx  

 
3  Variance estimation for the one-step calibration estimator 
 

In this section, we let 

  T
y k k k k kR R

t w y d y    g x   

be the calibration-weighted estimator for ,yT  where  T
k k kw d  g x  when k R  is the calibration 

weight, and kw  is conveniently defined to be 0 when .k R  The weight-adjustment function     is 

defined implicitly by equation (2.4), and g  is again chosen so that the calibration equation (2.5) holds for 

either 0   or 1.  

We propose the following estimator for the variance :yt  

        2 2

,

1 ,k j T T
y k k k k j j j j k k k k

k j S k Rkj

v t d e d e d e
 

                    
 z b z b  (3.1) 

where kj  is the joint selection probability of k  and j  under the original sampling design, 

 1 , T
kk k k k kd       g x  when k R  and 0 otherwise,  

    1
,T T T

k k k k k k k kR R
d d y

      b g x x z g x x  (3.2) 

and .T
k k ke y  z b  We will show that  yv t  in equation (3.1) can be nearly unbiased in some sense if 

either a response model (Section 3.1) or prediction model holds (Section 3.2).  

The variance estimator in equation (5.2) of Kott (2006) is identical to  yv t  in equation (3.1) when 

0.   The variance estimator in Kim and Haziza (2014) is also similar. Their prediction model is more 

general than the linear prediction model considered here. 

This variance estimator  yv t  presupposes that the original sampling design is such that each element 

can only be drawn once. In Section 3.1, we see that when the probabilities of response are independent 
(Poisson), then under mild assumptions,  yv t  is a nearly unbiased estimator of the mean squared error of 

yt  under the quasi-sampling design whether or not the prediction model,  E , ,T
k k k ky x z z β  holds. 
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In Section 3.2,  yv t  is shown to be a nearly unbiased estimator for the combined prediction-model 

and original-sampling-design variance of yt  as an estimator for yT  whether or not the response model in 

equation (2.4) holds. Thus,  yv t  can be called a “simultaneous variance estimator”.  

 
3.1  Variance estimation under the response model 
 

For ease of exposition we will assume that the response model in equation (2.4) with a finite u  holds. 
Sufficient conditions for  yv t  to be a nearly unbiased estimator for the mean squared error of yt  (by 

which the bias converges to 0 as the sample size grows arbitrary large) are  

 0 0kj B    (3.3) 

 1
1

1  for every ,
N

kj

j k j

B k



   

   (3.4) 

 1
2  where is  or any component of  or , while 1 or 2,

N r
jj

j j j jB y r
N



    


x z  (3.5) 

and  1 T T
R k k k kN d   g x z x  is of full rank and is bounded in probability as the sample size grows 

arbitrarily large. 

From these,           1 exp 1 expu u          being bounded when u  is finite, and the 

Cauchy-Schwarz inequality   2 2 2 ,k k k ka b a b     it is not hard to see not only that g  is a consistent 

estimator for ,γ  but also that b  in equation (3.2) (which can be rendered 

    11 1 )T T T
R k k k k R k k k kN d N d y

      b g x x z g x x  has a probability limit, call it * ,b  whether 

or not the prediction model holds. Moreover, both *b b  and g γ  are  1 .p nO  

Observe that  

 

   

   

 

* *

* *

* * ,

T T
y y k k kS U

T T
k k k k k kR R

T
k k k kR U

t T N d N

d e d e N

d e e N

   

     

    

 

 

 

z b z b

g x γ x

γ x

  

where * * .T
k k ke y  z b  The insertion of the     into the “regression coefficient” b  allows us to ignore 

the contribution to quasi-design mean squared error of the second term in this sum, 
     * .T T

R k k k kQ d e N    g x γ x  That is because   0T
R k k k kd e  γ x x  is true by 

definition, which implies   *T
R k k k kd e  γ x x  is  O 1p n  under our assumptions. Moreover, since 

       TT T
k k k kc     g x γ x g γ x  is also  O 1 ,p n      *T

R k k k kQ d c e   g γ x  is 

 O 1 ,p n  which is asymptotically ignorable relative to the two  O 1p n  components of 

  .y yt T N  
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With the contribution of Q  eliminated from consideration, an idealized, but not calculable, nearly 

unbiased estimator for the quasi-design mean squared error of yt  is 

        
2*

* * * *
1

,

1 1 ,k j k kT T
I y k k k j j j k

k j S k Rkj k

d e
v t d e d e p

p 

                     
 z b z b  (3.6) 

where the first term on the right estimates the mean squared error before nonresponse (if any) and the 
second the added variance due to nonresponse. 

An alternative nearly unbiased idealized mean squared error estimator, closer to being calculable, is  

    
2*

* * * *
2

,

1 1 ,k j jk kT T
I y k k k j j j k k

k j S k Rkj k j k

RR e
v t d e d e d p

p p p 

                                 
 z b z b  (3.7) 

where again 1kR   when , 0k R  otherwise. Since the   *
k k kR p e  are independent under the response 

model with mean *
ke  and variance        2* * * * *1 , Ek k k k k k k j j j k je p p p R p e R p e e e     when 

.k j  By contrast, the following holds when :k j  

 

       

       

22 *
2* *

2 2* *
2*

1 1 1

1 1 1 .

k k k
k k k k k k k k

k k

k k k
k k k k k k k k

k k

R d e
E d e d e p p

p p

d e e
d e p p d p p

p p

                
      

   
         

   

  

The first summation on the right-hand side of equation (3.7) has terms where k j  and terms where 
,k j  the latter of which causes the second summation in (3.7) to differ from the second summation on 

the right-hand side of equation (3.6). Note that the expectation under the response model of 

   2* 1R k k k kd e p p   in the second summation on the right-hand side of (3.7) is 

   2* 1 .S k k k k kd e p p p   

Finally,  2I yv t  can be replaced by the asymptotically identical, but computable,  yv t  in 

equation (3.1) since  1j S k j kj      is bounded for all k  under assumptions (3.3) and (3.4), 

allowing ke  and k  to be substituted for the unknown *
ke  and 1 ,kp  respectively (because *

k ke e  and 

1k kp   are  O 1p n  for all ).k  

 
3.2  Variance estimation under the prediction model 
 

Matters are a bit simpler when we assume a prediction model holds but not necessarily the response 
model in equation (2.4). Suppose  E , ,T

k k k ky x z z β  whether or not k  is sampled or responds when 

sampled, and the T
k k ky   z β  are uncorrelated random variables with variances equal to 2 ,T

k k  z η  
where η  need not be specified other than having finite components.  
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The mean squared error of yt  as an estimator for yT  under that prediction model is the sum of the 

prediction variance of yt  as an estimator for  2 2,y R k k kT w w    (see, for example, Kott 2009, page 69), 

and the squared bias,   2
,T T

S k U k  x β x β  the latter being zero when 0.   The combined variance of 

yt  as an estimator for yT  under the prediction model and original sample design is 

    2 2Var E ,T
C D k D k k kS S

V w w       x β   

where the subscript D  denotes that the operation (variance or expectation) is with respect to the original 
sampling design. Recall 0kw   for .k R  

To see that  yv t  in equation (3.1) provides a nearly unbiased estimator for ,CV  observe first that 

   11 1 .T T T T T
k k k k k j j j j j j j jR R

e y N d N d
            z b z g x x z g x x  

Let 1kj   when k j  and 0  otherwise. Because the k  are uncorrelated, and  2E ,T
k k k    z η  it is 

now not hard to show that    2E O 1k j kj ke e n     for almost every ,k j  pair under the prediction 

model when  1 T
R k

T
kk kN d   g z xx  converges to an invertible matrix, and assumptions (3.3), (3.4), 

and  

 1
2 here  is any component of   or  w  ,  and  = 1, 2,  3, , or 4j j

N
r
j

j
jB r

N



   


x z  (3.8) 

hold. Observe that the change from the assumptions in (3.5) to (3.8) makes the relative bias of  yv t  as an 

estimator for     2 2or  when 0 O 1C R k k kV w w n      rather than  O 1 .n  

 
4  Two-step calibration weighting 
 
4.1  Calibration weighting in two steps 
 

In practice, the components of kx  are often 0/1 group-membership identifiers, and the groups are 

mutually exclusive and exhaustive. In that situation, T
kg x  can only take on P  values. Almost any weight-

adjustment function,   ,T
k g x  will yield equivalent results. An example is the linear function, 

  1 ,T T
k k  g x g x  of Lundström and Särndal (1999).  

One popular weight-adjustment function that sometimes cannot be used (note the italicized “almost” in 
the previous paragraph) is    1 exp ,T T

k k  g x g x  which assumes response is a logistic function of 

.kx  The problem is that this weight-adjustment function cannot return values less than unity. We noted in 

the previous section, that sometimes one may need k  to be less than 1. A routine that tries to use 

   1 expT T
k k  g x g x  and fit the calibration equations will fail. 
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This can be a particular problem when assuming a logistic response model and trying to calibrate to the 
population in a single step. There may be a component of ,kz  say ,kaz  that is always nonnegative, but the 

original sample and response set are such that R k ka U kad z z    even though R k kad z  cannot exceed 

.S k kad z  Thus, calibrating to the population will always fail because no k  can be less than 1.  

Calibrating to the original sample, by contrast, need not fail, since .R k ka S k kad z d z    This suggest 

that one calibrates first to the original sample, which removes the response bias if the assumed response 
model holds, and then to the population, which removes the response bias if the prediction model holds. 
Estevao and Särndal (2002) discuss a variety of ways to calibrate in steps, but we focus on a single 
method here.  

A second advantage of calibration weighting in two steps can be realized even when the calibration 
variables used in both steps are the same or a subset of those used in the single step. This happens when 
the response model holds, and the linear prediction model is only roughly true. Some version or “optimal” 
estimation can then be used in the second calibration-weighting step to increase efficiency. Rao (1994) 
introduced the notion of the optimal regression estimator. It was put into calibration-weighting form and 
discussed further in Bankier (2002) and Kott (2009, Section 4.2). Detail and how this can be done are 
provided in Sections 4.2 and 5. 

 
4.2  Estimation and variance estimation when calibrating in two steps 
 

In this subsection, we start with a fairly general two-step calibration estimator for a total and then 
address estimating its variance. The first calibration-weighting step, which is to the original sample, 
employs 1kx  as the vector of response-model variables and 1kz  as the calibration vector. Each has 1P  

components. The weight-adjustment function has the form described in equation (2.4) with 1g  now 

replacing .g  The calibration equation is  1 1 1 1 .T
R k k k S k kd d   g x z z  

The second calibration-weighting step, which is to the population, employs 2kx  and 2 ,kz  each with 2P  

components. The nonresponse bias under the response model is removed in the first step. For the weight-
adjustment function for the second step, we propose using  

    2 2
2 2

2 2

exp
,

1 exp( )

T
k kT

k k T
k k

h
u





g x

g x
g x


 (4.1) 

where 0k ku    may be set almost at whim (but see below). The right-hand side of equation (4.1) can 

vary across the k  (and so can depend on kd  and ),k  yet    0 0 1,k kh h   making it asymptotically 

indistinguishable from the linear function: 2 21 .T
k g x  For simplicity, we will call  2 2

T
k kh g x  and 

 2 2 ,T
k k kh h g x  and kh  respectively. From a quasi-sampling-design viewpoint, both are asymptotically 

identical to unity. The second calibration equation is  2 2 2 2 .T
S k k k k U kd h  g x z z  Because this 

equation must hold, there are limits on the available choices for ku  and k  in equation (4.1).  

A good simultaneous variance estimator for    1 1 2 2
T T

y R k k R k k k k kt w y d h y     g x g x  is (as we 

shall see)  
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     

 

1 1 1 1 1 1
,

2 2 2
1

1

,

k j T T
y k k k k k j j j j j

k j S kj

k k k k k k
k R

v t d h e d h e

d h h e





  
              

   





z b z b
 (4.2) 

where 

   1

2 2 2 2 2 ,T T
k k k j j j j j j j j j jS S

e y d h d h y
     z x z x  (4.3) 

   1

1 1 1 1 2 ,T
f f f f f f f f fS S

d d h e
    b x z x  (4.4) 

and 

 1 2 1 1.T
k k ke e  x b  (4.5) 

Let kx  now be the vector composed of the non-duplicated components of 1kx  and 2kx  and define kz  

analogously. Sufficient conditions for (4.2) to be a simultaneous variance estimator include the 
corresponding components of equation (4.1) depending on whether either the response model in equation 
(2.4) holds with 1kx  replacing kx  or the prediction model is   2 2E , ,T

k k k ky x z z β  whether or not k  is 

sampled or responds if sampled, and the 2 2 2
T

k k ky   z β  are uncorrelated random variables with 

variances equal to 2
2 2 2 ,T

k k  z η  where 2η  need not be specified other than having finite components. 

Now, both  1
1

1 11
T

k
T

R k k kN d   z xg x  and  2 2
1

2 2
T T

k k k kkRN d h  x zg x  are assumed to be of full rank 

and bounded as the sample size grows arbitrarily large.  

The variance estimator in equation (4.2) is almost the same as the estimator in (3.1): kx  has been 

replaced with 1kx  and kz  with 1 ,kz  while 2k kh e  substitutes for ky  (we will get to a small difference 

shortly). Observe that 2ke  is effectively an expression of the “residual” from the second calibration-

weighting step. This residual is multiplied by the weight-adjustment factor ,kh  which is asymptotically 

unity from the quasi-sampling-design-based perspective and a constant from the prediction-model 
viewpoint. The product is then used to create the first-step “regression-coefficient” 1b  in equation (4.4) 

and its accompanying “residual” 1ke  in equation (4.5). We do the second step regression first because 

2 2 .y y R k k U k R k k U kt T w y y w e e          

It is for estimating the prediction model of yt  as an estimator of  2 2
2, ,y S k k kT w w    that the last 

appearance of kh  on the right-hand side of equation (4.2) is not squared, as it would be if 2k kh e  

substituted for ky  everywhere. From a quasi-design viewpoint, kh  is asymptotically identical to unity, so 

whether or not it is squared makes no asymptotic difference.  

Observe that the jh  have been inserted in equation (4.3) for the same reason as   was inserted into 

b  in equation (3.1). Since the jh  are asymptotically unity, however, they are not really needed (and serve 

no function whatever from a prediction-model viewpoint). A similar argument applies to the fh  in 

equation (4.4): they are asymptotically unity from the quasi-sampling-design viewpoint (and part of an 
estimate of 0 from a prediction-model viewpoint). 
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5  Some simulations 
 

Paralleling Kott and Liao (2012), we generated a synthetic population, ,U  of hospitals from the 2008 
DAWN public-use file. After creating ,U  we independently drew 3,600 stratified simple random samples 

of size 400 from U  using the strata definitions on the public-use file. These definitions incorporate 

information on location and hospital ownership (public or private) not directly provided on the file. 

We set the stratum sample sizes roughly proportional to a size measure ,kq  but never less than four. 

For kq  we used annual drug-related emergency-room visits, which was always positive. The DAWN 

actually has a size variable attached to every hospital in the frame: total emergency-room visits in a 
previous year according to the American Hospital Association. Unfortunately, it was not included on the 
public-use file. Design weights in our simulations varied between 4.375 and 48, which allowed us to treat 
the finite population correction factors as ignorable in variance estimation.  

As in our original paper, we generated a respondent sample R  for each simulated sample based on 
Bernoulli draw from the logistic function: 

     11 exp 3.735 0.4 log ,k kp q     (5.1) 

We also created alternative respondent samples using  

    11 21 exp 0.597 0.005 .k kp q


    (5.2) 

Both response models produce unweighted overall response rates of around 54%, which is similar to 
actual DAWN experience, where response is also a mildly increasing function of the size variable. Notice 
that 1k kp   is bounded even if neither probability can be expressed by equation (2.4) with a finite .u  

As in the previous study, we focused on estimating population totals for three survey variables. Annual 
drug-related emergency-room visits with adverse pharmaceutical reaction and those resulting in deaths 
came from the public-use file. Since both these variables were roughly linear in our size measure, the third 
“survey” variable was artificially constructed. It was the size measure (annual drug-related emergency-
room visits) raised to the 1.3 power.  

We investigated eight estimators and estimates of their variance. These are summarized in Table 5.1. 
The first two featured calibration to the original sample only (equation (2.5) with 1 ,   with response 

assumed to be logistic in the log of the size measure. That is to say, equation (2.3) was employed with 

  1 log .T
k kqx  The first estimator used   1 log T

k kqz  as the calibration vector while the 

second used  1 ,T
k kqz  which was more consistent with a reasonable prediction model, at least for 

adverse reactions and deaths.  

Our third and fourth estimator featured calibration to the sample and population in a single step 

(equation (2.5) with 1   and then 0)   using   1 log .x z T
k k k kq q   They were designed to 

be nearly unbiased if either the logistic response model in   1 log T
kq  or the linear prediction model in 

 1 T
kq  held.  
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Table 5.1 
Summary of simulation exercise (all results in percentages %) 
 

Estimator 1yt  2yt  3yt  4yt  5yt  6yt  7yt  8yt  

Calibration to Sample         

   response-model variables: 1kx    1 log T
kq

 
  1 log T

kq   1 log T
k kq q -   1 log T

kq
 

  1 log T
kq

 
  1 log T

kq
 

  1 log T
kq

 

   calibration variables: 1kz    1 log T
kq

 
 1 T

kq
 

  1 log T
k kq q -   1 log kq

  1 T
kq

 
  1 log T

kq
 

 1 T
kq

 
Calibration to Population         

   response-model variables: 2kx  - - -   1 log T
k kq q   1 log T

k kq q   1 log T
k kq q

 
  1 log T

k k kf q q
 

  1 log T
k k kf q q

   calibration variables: 2kz  - - -   1 log T
k kq q   1 log T

k kq q   1 log T
k kq q

 
  1 log T

k kq q
 

  1 log T
k kq q

 

True Response:    1 1 exp 3.735 0.4 logk kp q    

 Adverse Reactions 

   Relative Bias of yt  -0.07 0.06 -0.11 -0.13 -0.02 -0.07 0.10 0.09 

   Relative RMSE of yt  4.97 3.98 4.01 2.45 2.51 2.57 2.40 2.39 

   Relative Bias of  yv t  8.60 12.59 12.52 6.24 6.76 6.16 6.76 6.48 

 Deaths         

   Relative Bias of yt  -0.17 0.06 -0.20 -0.26 -0.20 -0.30 0.04 -0.07 

   Relative RMSE of yt  11.75 11.39 11.56 11.07 11.28 11.36 10.91 10.91 

   Relative Bias of  yv t  -1.34 -0.48 -0.90 -0.76 -1.00 -0.60 -0.12 -0.28 

 
 1.3Size  

        

   Relative Bias of yt  -0.16 -0.05 0.08 0.09 0.04 0.06 -0.02 0.01 

   Relative RMSE of yt  6.92 5.07 5.06 0.95 1.05 1.12 0.89 0.89 

   Relative Bias of  yv t  10.01 18.49 17.47 -2.26 -3.41 -3.32 0.51 -2.12 

True Response:   1 21 1 exp 0.597 0.005 k kp q    

 Adverse Reactions 

   Relative Bias of yt  2.87 -0.26 0.08 0.04 0.48 0.53 0.15 0.07 

   Relative RMSE of yt  5.90 3.97 4.00 2.35 2.43 2.45 2.33 2.35 

   Relative Bias of  yv t  -18.22 11.63 11.95 9.90 8.82 7.35 7.19 6.67 

 Deaths         

   Relative Bias of yt  1.24 -1.88 0.47 0.36 1.03 1.20 -0.58 -0.67 

   Relative RMSE of yt  11.42 11.01 11.41 10.95 11.18 11.26 10.69 10.72 

   Relative Bias of  yv t  5.30 3.00 6.27 6.24 5.65 5.06 6.21 5.90 

 
 1.3Size  

        

   Relative Bias of yt  5.17 1.05 -0.07 -0.05 -0.31 -0.36 0.01 0.08 

   Relative RMSE of yt  9.11 5.31 5.05 0.85 0.97 1.01 0.80 0.82 

   Relative Bias of  yv t  -26.83 11.70 17.09 8.23 0.29 -3.98 5.17 2.90 

 1 1ˆk k k k kf d d p               

 
 

Not surprisingly, the (empirical) relative mean squared error of the fourth estimator is always lower 
than the third. The reason is fairly obvious looking at equation (3.1) and considering the consequence of   

being 0 (calibration to the population) rather than 1 (calibration to the sample).  
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The fifth through eighth estimators were calibrated in two steps. The fifth and seventh estimators 
employed the calibration weighting from the first estimator in its first step, while the sixth and eighth 
employed the calibration weighting from the second estimator. The fifth and sixth used 

  2 2 1 log T
k k k kq q z x  in their second step, while the seventh and eighth were nearly pseudo-

optimal (Kott 2011) using   2 1 log T
k k kq qz  and  2 21k k k kd  x z  in their second step. All 

four employed the individual weight-adjustment functions:  

   2 2
2 2

1 1
1 exp .

1
1

T
kT

k k
k k k k

k k

h
d d

d

           
  

g x
g x   

As Kott (2011) showed these  2 2
T

k kh g x  are asymptotically identical to the weight-adjustment function, 

2 21 ,T
k g x  when  2 2 O 1T

k P ng x  but prevent any kw  from falling below unity. Each is a version of 

equation (4.1) with  1 , 1,k k kd c    and .u    

Because the nonresponse rate was so large, we did not encounter a problem computing the third and 
fourth estimator using any of the simulated respondent samples. The relative mean squared error of the 
fourth estimator was always slightly higher than that of the seventh and eighth estimators, which 
incorporated nearly pseudo-optimal calibration in their second step. Interestingly, this was not the case 
when comparing the fourth estimator to the fifth and sixth estimators which, although employing two 
steps, did not incorporate nearly pseudo-optimal calibration.  

Observe that although the second estimator always had a smaller relative mean squared error than the 
first, being more consistent with a reasonable prediction model (even for 1.3 ,kq  the survey variable 

appeared closer to being linear in kq  than in  log ,kq  the other analogous pairs (fifth vs sixth and 

seventh vs eighth) exhibited no clear pattern of superiority. This is because it is the second-step residuals 
that are effectively modeled in equation (4.4) not the y- values. 

Generating the nonresponse with equation (5.2) than (5.1) did not seem to have much of an impact on 
the results except for the relative biases of the first estimator. For both adverse reactions and  1.3size ,  the 

relative bias of this estimator is over 40% of the relative mean squared error. That is likely because both 
models that could be used to justify this estimator (response is logistic in the log of the size measure and 
the survey variable is linear in the log of the size measure) fail. Not surprisingly, since the relative bias is 
such a large part of the relative mean squared error in these two situations,  kv t  underestimates mean 

squared error badly. Nowhere else is the relative bias of  kv t  greater than 15%.  

It seems that even our artificial variable,  1.3size ,  was close enough to being linear in the size 

measure that bias was never an issue for any estimator other than the first. The first estimator itself had a 
negligible relative bias when response was a logistic model of the log of the size measure, as assumed.  

 
6  Concluding remarks 
 

In Section 4, we noted two reasons to prefer calibration weighting in two steps: to make implicitly 
fitting a logistic response model easier and to incorporate nearly quasi-optimal calibration. A side benefit 
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of two-step calibration is more efficient estimation of the response model in step one since there is no 
sampling error to confound the estimation. This is useful when one wants to analyze the causes of unit 
nonresponse for its own sake. 

We must concede, however, that the reduction in mean squared error using two steps was modest in 
our simulation experiments in Section 5. Moreover, the practical appeal of the simplicity of calibrating in 
a single step cannot be denied. 

When calibration-weighting is used to adjust for nonresponse that is not missing at random as 
described in Chang and Kott (2008) and Kott and Chang (2010), the efficiency gains from a second step 
involving only calibration variables and functions of calibration variables model variables is likely to be 
sizeable.  

When the finite population correction factors can be ignored, replication offers a much simpler 
approach to variance estimation than equation (3.7) even though the second summation on the right-hand 
side can be dropped in this situation. A different attractive alternative is the “collapsed” version of 
equation (4.2) that ignores the impact of the first calibration step:  

      2 2 2
2 2 2

,

1 .k j
y k k j j k k k k k k

k j S k Rkj

v t w e w e d h h e
 

  
          
    

This estimator clearly estimates the prediction-model variance if that model holds. A version of it  with 
the second summation removed  fared well in our simulation experiments (not shown). Some caution is 
needed before one draws too strong a conclusion from that result since the linear model was never too far 
from holding in our investigations.  

Finally, a number of assumptions were made to simplify the exposition. The interested reader can 
extend the results to unbounded ,kd  more general and not-necessarily-bounded weight-adjustment 

functions, or to allow the prediction-model errors to be correlated within primary sampling units. When 
N  grows faster than ,n  the assumption that 2 T

k k  z η  can sometimes be dropped. See, for example, 

Kott (2009, page 69). 
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