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Variance Estimation Using Linearization for Poverty and 
Social Exclusion Indicators 

Eric Graf and Yves Tillé1 

Abstract 

We have used the generalized linearization technique based on the concept of influence function, as Osier has 
done (Osier 2009), to estimate the variance of complex statistics such as Laeken indicators. Simulations 
conducted using the R language show that the use of Gaussian kernel estimation to estimate an income density 
function results in a strongly biased variance estimate. We are proposing two other density estimation methods 
that significantly reduce the observed bias. One of the methods has already been outlined by Deville (2000). 
The results published in this article will help to significantly improve the quality of information on the 
precision of certain Laeken indicators that are disseminated and compared internationally. 

 
Keywords: influence function; EU-SILC survey; non-linear statistics; poverty and inequality indicators. 

 
 

1 Introduction 
 

Deville (2000) proposed that the precision of non-linear statistics in sampling designs be estimated 
using the generalized linearization method, which relies on the concept of influence function proposed by 
Hampel (1974) in the field of robust statistics. Osier (2009) applied these theories to estimate the variance 
of complex statistics such as the Laeken indicators (Eurostat 2005) in the European Statistics on Income 
and Living Conditions (EU-SILC) survey. Goga, Deville and Ruiz-Gazen (2009) extend the theory of 
Deville (2000) to two-sample surveys. Verma and Betti (2011) provide a comprehensive list of traditional 
poverty indicators and associated linearized variables, and they also compare the performance of the 
linearization technique with that of the jackknife repeated replication method. In this article, we will limit 
ourselves to poverty indicators published in the EU-SILC survey and focus on the way to estimate the 
income density function at various points in the distribution. 

In Section 2, we review the required theoretical foundations, the expressions for the poverty and 
inequality indicators being studied, and the linearized variables of those indicators. Some linearized 
variables are dependent on the density function of the variable of interest, which is usually estimated using 
the Gaussian kernel estimation method. Two alternative methods are presented in Section 3. The R-
language simulations are described and discussed in Section 4. We show that Gaussian kernel estimation 
can generate strong bias in the estimated variance of indicators when an estimate of the income density 
function is being used. We also show that the other two density estimation methods proposed in Section 3 
reduce the observed bias, and this is discussed in the findings in the last part of this article. 

 

2 Review of given poverty indicators and their linearized variables 
 

Let U  be a finite population consisting of N  identifiable units 1, ..., , ..., .k Nu u u  To simplify the 

notation, let unit ku  be denoted simply by the index .k  In practice the population U  is a sampling frame 

with acceptable coverage of a given population for which we wish to make inferences. To each unit k  is 
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associated the value ky  for a given characteristic (in this case, income). Without loss of generality, to 

simplify the notation, assume that the values of ky  are distinct and sorted by order of magnitude, so that 

[ ]= .k ky y  Data from sample surveys often contain duplicates, that is, a number of units with the same 

value y , as a result of rounding or range questions. In these cases and for this study, we can simply 

increase the values by a small (negligible), randomly selected, uniformly distributed amount so that the 
data may be sorted unambiguously. 

Let S  be a random sample of size n obtained using a sample design ( ) = P( = ),p s S s  for all 

.s U⊂  In addition, let = P( ) > 0k k sπ ∈  be the inclusion probability of unit k  of .U  As well, let 

= 1k kd π  be the sampling weight, and let = ( )k kw w s  be the estimation weight, which may be equal to 

kd  or may be more refined. For example, kw  may have been obtained after calibration (Deville and 

Särndal 1992) and therefore also reflect a non-response adjustment. 
The estimators of poverty and inequality indicators are non-linear statistics that can’t be expressed as 

regular functions of totals (that is, continuously differentiable up to the second order). In fact, they are 
rank statistics for the Gini coefficient and quantile statistics for the others. As Osier (2009) points out, 
their variance therefore can’t be estimated using a Taylor linearization; the generalized linearization 
method is required instead (Deville 2000, Demnati and Rao 2004, and Osier 2009). An alternative for 
estimating variance would be to use bootstrap-type re-sampling techniques but, for the EU-SILC survey 
data, preference was given to the linearization technique, at least for a certain number of participating 
countries. Indeed, re-sampling methods often require more human and machine resources. As well, since 
Eurostat collaborates with some 30 countries that have different sampling designs and that may perform 
non-response adjustments and calibration to external sources, it seemed more appropriate to select an 
analytical solution for estimating variance. In addition, some countries might be using the existing SAS 
software POULPE (Ardilly and Osier 2007) to generate the required estimates. That was the case for 
initial tests using Swiss EU-SILC data. Here we use a procedure that, as Antal, Langel and Tillé (2011) 
point out, reconciles the approach introduced by Deville (2000) with that of Demnati and Rao (2004). 
Both approaches use the concept of influence function initially developed in the field of robust statistics 
(Hampel 1974). Antal et al. (2011) also state that the same linearized variables can be found by applying 
the method proposed by Graf (2011 and 2013) that constructs a linearized variable on the basis of a Taylor 
expansion with respect to sample inclusion indicators. Note also the work by Kovačević and Binder (1997) 
in which a linearization approach using estimating equations is developed. 

Deville (2000) states that the influence of a unit k  on a population parameter of interest θ  is 
determined by an infinitesimal variation in the importance assigned to the unit. The parameter is expressed 
as a functional = ( ),T Mθ  where M  is a measure allocating a mass of 1, ( ) = = 1,kM k M  only at 

points on the continuum corresponding to units .k U∈  The specialization of the general measure M  into 
a discrete measure turns the functional ,T  predefined on a continuum, into a discrete functional, in the 
same way as the total Y  is defined as the sum of all ky  over the given finite population. The influence 

function of ,T  or the linearized variable, is defined as 

( )[ ] ( ) ( )
0

= = ,  for all ,lim
k

kk
t

T M t T M
I T M z k U

t→

+ δ −
∈

 

where kδ  is the Dirac measure for unit ( )( )= 1 if and 0 otherwise .kk i i kδ =  In practice, we have 

known data only from a sample S  and Deville (2000) defines a linearized variable ˆkz , or empirical 
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influence function, by (1) determining the limit above using differential calculus and (2) replacing the 
unknowns in the evaluation with the corresponding estimated quantities using the sample. Deville justifies 
this procedure by showing that 

( ) ( ) ( )ˆ .k k k
k S k U

T M T M w z z
∈ ∈

− ≈ −∑ ∑
 

The key result is that, under asymptotic conditions described by Deville (2000), which are in theory 
satisfied when the sample is “sufficiently large”, the variance of the estimated total of the variable ˆkz  is an 

approximation of the variance of the (complex) statistic ˆ :θ  

( )ˆvar var .ˆ k k
k s

z w
∈

≈ θ 
 
∑

 

The starting point of Deville’s approach is therefore the population parameter and not the estimator that is 
proposed to be used for the evaluation using the sample. When the estimator used follows naturally from 
the population parameter expression (for example, the total Y  approached by the Horvitz-Thompson 
estimator), the procedure is unambiguous. However, imprecision arises if we estimate the same total Y  
using the ratio estimator with an auxiliary variable .x  In that case, Deville’s approach, which does not 
specify the form of the total estimator to use, will yield a constant influence function equal to 1, instead of 
bringing the unknown ratio of interest into play. 

An alternative that avoids these problems is the approach by Demnati-Rao, when used in Deville’s 
framework, as done in Antal et al. (2011). They present the Demnati-Rao approach as resulting from 
Deville’s framework when the measure M  used is not the discrete measure defined for U  described 
above, but rather the following measure defined for ,S  the sample: 

( )ˆ = ,kM k w k S∈  

where kw  is a weight. By defining the measure for ,S  the starting point becomes the estimator and not the 

parameter; it is the parameter that is initially expressed as a functional, and not the population parameter 
to be estimated. That is, the functional corresponds to the estimator for which we are seeking a variance 
estimate using generalized linearization. We then obtain the linearized variable based on that functional as 
follows: 

( )[ ] ( ) ( )
0

ˆ ˆ
ˆ = = ,  for all .ˆ lim

k
k k

t

T M t T M
I T M z k S

t→

+ δ −
∈

 

Antal et al. (2011) note that, to the extent that the functional in this limit is expressed as an explicit 
function of the variables that are the weights assigned by the measure M̂  to the observations, this 
linearized variable is in fact a function of the partial derivatives with respect to the weights: 

( )[ ]
( )ˆ

ˆ = .k

k

T M
I T M

w

∂
∂  



64 Graf and Tillé: Variance Estimation Using Linearization for Poverty and Social Exclusion Indicators 

 

 
Statistics Canada, Catalogue no. 12-001-X 

Antal et al. (2011) point out that the linearized variables that we will discuss below can be obtained using 
either approach. In fact, computing the limit using the Demnati-Rao approach does not necessarily result 
in the variance estimate suggested by Deville (2000). The practical approach used in this article might 
therefore be called the Deville-Demnati-Rao approach, in recognition of the theoretical framework 
provided by Deville (2000) and the practical algorithm for Deville’s framework provided by Demnati and 
Rao (2004). 

Using this method, the variance of θ̂  can be estimated for any sampling design, and a confidence 
interval can therefore be obtained by substituting the linearized variable in the variance formula for a total 
for the selected sampling design. If the sampling design is simple random sampling without replacement, 

the estimator of the variance of an inequality indicator θ̂  is defined as                                               

 � [ ] ( )
( ) 2

lin
1ˆvar = ,  ˆ

1 ∈

−
θ −

− ∑ k
k S

N N n
z z

n n
  (2.1) 

where 

1= .ˆk
k S

z n z−

∈
∑

 

Below, we review the empirical definitions of the inequality indicators considered with respect to 
population income measurement, as well as the expressions for the linearized variables of the indicators as 
we have implemented them. 

 
2.1 Gini coefficient 
 

The Gini coefficient, ,G  ranges from 0 (complete equality, that is, all individuals earn the same 

amount) to 1 (complete inequality, that is, one individual has all the income and the other individuals have 
no income). The coefficient G  is expressed on the basis of the cumulative income of a given proportion 
of the poorest individuals. If Y  is a random variable representing income, ( )f y  its density function and 

( )F y  its distribution function, then the Lorenz curve (Lorenz 1905) can be written as 

( )
( )

( ) ( )
( )

1( )

10

0

0

1
= = .

E

F
yf y dy

L F u du
yf y dy

− α
α −

∞α ∫
∫

∫ Y

 

The Gini coefficient represents twice the area between the Lorenz curve and the line of complete equality 
(the diagonal line ( ) =egf x x ), as shown in Figure 2.1. Therefore, the Gini coefficient can be defined as 

( )[ ]
1

0
= 2 .G L dα − α α∫  
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Figure 2.1 Gini coefficient, G , and Lorenz curve, ( ) .L α = 2 ,G A = 1 2A B+  

 
If a population U  is finite, then the values of ky  will not be random and the Gini coefficient can be 

calculated as 
2 1

= ,kk U

kk U

ky N
G

N y N
∈

∈

+
−∑

∑  

where the values of ky  are sorted by rank. For a sample, the Gini coefficient can be estimated as 

22 1ˆ ˆ= 1
ˆ ˆ ˆ ˆ

= ,
ˆ ˆ2

k k k k k
k S k S

k kk S S

G w N y w y
NY NY

w w y y

NY

∈ ∈

∈ ∈

 − + 
 

−

∑ ∑

∑ ∑ ℓ ℓℓ

 

where [ ]
ˆ =

kk y yS
N w ≤∈∑ 1

ℓ
ℓℓ

 is the sum of the weights ,kw ˆ = k kk S
Y w y

∈∑  is the estimated total income 

of the population, and ̂ = kk S
N w

∈∑  is the estimated size of the population. The expression can be 

simplified as follows if all the weights are equal to :N n  

2 1ˆ = .kk S

kk S

ky n
G

n y n
∈

∈

+
−∑

∑  

                                                                                                                                                                       α  
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Note that the definition may vary by a factor of ( )1n n −  depending on the author (Osier 2009 and 

Eurostat 2004b); however, this subtlety becomes negligible if the sample is large enough. 
Langel and Tillé (2012) combine the various approaches to obtain the same estimated linearized 

variable of the Gini coefficient for the sample: 

( )GINI 1 ˆ ˆˆ ˆ ˆ ˆ ˆ= 2 ( ) ,ˆ
ˆ ˆk k k k k kz N y Y Y Ny G Y y N

NY
 − + − − + 

 

where 
=1

ˆ ˆ= ,
k

k kY w y N∑ ℓ ℓℓ
 and the values of y

ℓ
 are sorted and distinct. 

 
2.2 Quintile Share Ratio (QSR or 80 20S S ) 
 

A good overview of this indicator is provided by Langel and Tillé (2012). Let 80q  and 20q  be the 80th 

and 20th percentiles of the distribution function ( )F .y  The QSR is the ratio of the total income of the 

20% of the population with the highest income to the total income of the 20% of the population with the 
lowest income. In the continuous case, the QSR can be defined as 

( )
( )

( )

( )
80

20

E > 1 0.8
QSR = = ,

E < 0.2

q L

q L

−Y Y

Y Y  

where Y  is a random variable representing income. For finite populations, the QSR can be expressed and 

estimated for a sample on the basis of partial sums, 

� 0.8

0.2

ˆ ˆ
QSR = ,

ˆ
−Y Y

Y
 

where, given the results obtained by Langel and Tillé (2011), we will use the following definition of the 
partial sum, which differs slightly from the official definition of Eurostat (2004a):                                                            

 1
ˆ ˆ

ˆ = ,   −
α

∈

α − 
 
 

∑ k
k k

k S k

N N
Y w y H

w
  (2.2) 

with 

( )
0 if < 0

= if 0 < 1

1 if 1.

x

H x x x

x


 ≤
 ≥  

To obtain the linearized variable of the QSR, we must first calculate the linearized variable of the partial 
sum (2.2), which is 

( ) ( )
[ ]<= 1 ,k y Qk k

I Y y H N k Qα αα
α − + + α −  1

 

where = ,iQ yα  with 1
ˆ ˆ ˆ< ,i iN N N− α ≤  corresponds to the first definition of the quantile of a finite 

population in the article by Hyndman and Fan (1996). Osier (2009) obtains a linearized variable that is 
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dependent on the density of the variable .Y� However, Langel and Tillé (2011) have shown that the 

problem of estimating this density for the QSR can be avoided through a simplification, so that it is not 
necessary to make a kernel approximation of income density as proposed by Osier (2009). 

The influence function of the QSR is dependent on the influence functions of the partial sums: 

( ) ( ) ( ) ( )0.8 0.8 0.2QSR
2

0.2 0.2

QSR = = .k
k k

y I Y Y Y I Y
I z

Y Y

− −
−

 

By making the necessary substitutions, we can see that the estimated linearized variable for a sample is 

 

( )

1
ˆ0.8 < 0.8

QSR

0.2

1
ˆ0.8 0.2 < 0.2

2
0.2

ˆ ˆ0.8 ˆ 0.8

=                     ˆ
ˆ

ˆ ˆ0.2 ˆˆ ˆ 0.2

.
ˆ

−
  

−
  

  −  
− + −        

  −  
− + −        −

k
k k y Qk

k
k

k
k y Qk

k

N N
y y H Q

w
z

Y

N N
Y Y y H Q

w

Y

1

1

  (2.3)

  

 
2.3 Linearized variable of a quantile 
 

Before we discuss poverty indicators, we should give a few details on the linearized variable of an α -
order quantile, which can be expressed as 

( ) [ ]ˆ

1 1
= ,ˆ

ˆˆ k

Q

k y Q
z

Nf Q α

α
≤

α

− − α  1
 

where the weighted quantile can be defined in a manner similar to the partial sum (2.2), and ( )f ⋅  is an 

income density function that will be discussed in details in Section 3. Note that Eurostat (2004a) 
recommends the second definition by Hyndman and Fan (1996). We could dispute the Eurostat definition 
and use another quantile definition, for example ( ) ( )[ ]

1 1= 1k k kQ y y y N kα − −+ − α − − , where 

< 1,N k Nα ≤ α +  which is the fourth definition according to Hyndman and Fan (1996). We then 

estimate the quantile for a sample as follows: 

( ) 1
1 1

ˆ ˆ
ˆ = .k

k k k
k

N N
Q y y y

w
−

α − −

α − 
+ −  

   

The linearized variable of a quantile is dependent on the value of the income density function in that 
quantile. However, the actual income density is unknown and therefore must also be estimated using the 
sample. Deville (2000) and Osier (2009) suggest the use of Gaussian kernel estimation. We will discuss 
the problem of estimating f  in more details in Section 3. 

In addition to the problem of estimating the income density function, Croux (1998) shows that the 
empirical influence function of the median income is not a consistent estimator of the corresponding 
theoretical influence function. For a positive variable (such as income), the empirical influence function of 
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the median income (the case discussed in Croux’s article) converges toward an exponential distribution, 
the expectation of which is the influence function. It is not robust to large proportions of extreme values. It 
can be said to lack robustness in that the value of the estimator for a sample can differ greatly from the 
actual value for the population as a result of outliers (that is, values that are relatively very large) in the 
sample (see Hampel (1974) for a basic idea of robustness for infinite populations, and Beaumont, Haziza 
and Ruiz-Gazen (2013) for recent thoughts on this topic for finite population sampling). 

 
2.4 Median income and at-risk-of-poverty threshold 
 

Let 0.5
ˆˆ =m Q  be the estimated median income of the sample. The At Risk of Poverty Threshold 

(ARPT) is defined as 60% of the median income: 

( )

�

1

0.5

ARPT = 0.6 0.5

ˆARPT = 0.6 = 0.6 ˆ .

−F

Q m
 

This is an absolute measure that is scale-dependent. The linearized variable of the ARPT is proportional to 
that of the median income: 

( ) ( )
( ) [ ][ ]ARPT

ˆ

0.6 1
= ARPT = 0.6 MED = 0.5 .ˆ ˆˆ k

k kk y mz I I
f m N ≤− −1

 

 
2.5 At Risk of Poverty Rate 
 

The At Risk of Poverty Rate (ARPR), where ARPR [0,1],∈  is the share of the population with an 

income below the ARPT: ( )ARPR = ARPT .F  The ARPR is scale-independent, like the Gini 
coefficient, QSR and relative median poverty gap (see Section 2.7). The official Eurostat definition 
(Eurostat 2004a) of the estimated ARPR for a sample is 

�
�< ARPT

ARPR = .
ˆ

∑ kyk
w

N
 

The linearized variable of the ARPR is defined by Osier (2009) as 

�

�( )
�( )

( ) [ ]( )

�

�( ) �( )

ARPR
ˆ[ ARPT]

ARPT

ARPT

1 ARPT 0.6
= ARPR 0.5ˆ ˆ ˆˆ

1
= ARPR ARPT .ˆ

ˆ

≤≤

 ≤ 

− − −

− +

k y my kk

kyk

f
z

f mN N

f z
N

1 1

1

 

Here, the income density function must be estimated at two points, namely the median income and the 
ARPT. 
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2.6 Median income of individuals below the ARPT 
 

The median income of individuals below the ARPT is ( )( )1= 1 2 ARPT .pm F F−  It is estimated in 

the same way as any other quantile, the exact definition of which may vary. The linearized variable of pm  

(Osier 2009) is dependent on that of the ARPR: 

( ) ( )( )
ARPR

ˆ

1 1ˆ
= .ˆˆ ˆ2ˆ

m kp
k y m pk p

p

z
z F m

f m N ≤  
− −1

 

The estimated income density therefore appears three times, namely in the median income and ARPT for 
ARPRˆkz , and in the median income of individuals below the ARPT, .pm  

 
2.7 Relative Median Poverty Gap 
 

The relative median poverty gap (RMPG) is the relative difference between the ARPT and the median 
income of individuals below the ARPT.  RMPG = 0 if the income of all “poor” individuals is equal to the 
ARPT, and RMPG = 1 if the income of all these individuals is zero. The RMPG is a measure of the 
extent to which the “poor” individuals are poor: 

ARPT
RMPG = .

ARPT
pm−

 

The estimated RMPG for a sample has already been described. The influence of each observation on the 
RMPG is defined by Osier (2009): 

�

�

ARPT
RMPG

2

ˆ ARPTˆ ˆ
= .ˆ

ARPT

−
mp

p k k
k

m z z
z  

The estimated income distribution density appears four times: once in the calculation of ARPTˆkz  and three 

times in the calculation of .ˆ
mp
kz  

 
3 Estimating the income density function 
 

In a design-based approach with a finite population, inference is made in relation to the sampling 
design P( )S  used to select a sample S  from a finite population U  of size N . In this approach, only the 

sample inclusion indicators are random; all other quantities are fixed. The population income distribution 
function is then a step function: ( ) = ≤∈∑ ky y xk U

F x N1  , and its derivative, the density function, does 

not exist due to discontinuities. If a model-based approach with a super-population model to justify the 
income density function term is not desired, then the distribution function must be artificially smoothed to 
make it differentiable. Therefore, our use of “density function” is not quite correct. For purposes of 
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smoothing, Deville (2000) and Osier (2009) suggest using Gaussian kernel estimation to estimate the 
income density function:                                                  
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where h  is the bandwidth that Osier estimates using 0.2ˆ ˆ= ˆh N−σ  and σ̂  is the estimated standard 
deviation of the empirical income distribution: 
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Note that this estimate of σ  is not robust, since it is very sensitive to the extreme values of .y  Income 

data often have a distribution tail extending to the right with values that may be extremely high; these are 
“representative outliers” as defined by Chambers (1986) and Hulliger (1999). As the simulations in 
Section 4 will show, this can generate a strong bias in the variance estimates. Verma and Betti (2011) also 
use kernel estimation, recalling that Silverman (1986) states that the choice of kernel is not critical to 
ensure that ( )f̂ y  converges toward ( ) ,f y  but the choice of bandwidth is. They use a value 

recommended by Silverman for distributions with a positive skewness coefficient, 
0.2

75 25
ˆ ˆ ˆ= 0.79( ) .h Q Q N−−  In their findings, they point out that the linearization method may be 

problematic because of irregularities in the empirical density function. They also state that these problems 
are all the more cause for concern because survey data often contain groups of observations with the same 
value (due to rounding or range questions), which can make estimating the density more complicated. The 
rest of this article describes the solutions we are proposing to reduce bias in variance estimates. 

 
3.1 Using the logarithm 
 

One solution that produces very good results, as shown below, is simply to use the logarithm to 
estimate the density of .x  If ( )= log ,v x a+  where x is the income and a  is a positive real number 

equals to, say, ( )( ) 1mink ky +  where there may be negative or zero incomes (ignoring that a  would be 

estimated), then 

( ) ( ) ( )( ) ( ) ( )= P = P log = P = ,v v
v yF v v a v e a F e a≤ + ≤ ≤ − −V Y Y

 

where V  and Y  would be random variables. Therefore, 
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That is, ( ) ( ) ( )= ,v yf v f x x a+  which gives us the following estimator for the density of :x                                                       

 ( )
( ) ( )( )

2

ˆˆ logˆ = = .   
+

+ +
yv f x af v

f x
x a x a

  (3.2) 

The estimated density at x for Y  can therefore be determined by estimating the density of the 

logarithm of the variable divided by the value of the variable at a given point. This property is valid for 
finite populations. Using the logarithm has the advantage of reducing the leveraging effect of large income 
values in the kernel density approximation calculation. Simulations show that this simple method 
significantly reduces bias. 

 
3.2 Nearest neighbour with minimum bandwidth 
 

Deville (2000) outlines another density estimation method that is a “nearest neighbour” method (see 
Silverman 1986) using the kernel 
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where = ku y  and the choice of a  and ,b  with [ , ],x a b∈  is to be determined and could depend on .x  

The distance ( )b a−  represents the bandwidth .h  The density estimate would therefore be                                                   
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where ( )ˆ ˆ= .≤∈∑y k y xk S k
F x w N1   

Note that the density estimate (3.3) is not a continuous function and would not be suitable for 
estimating density values at the end tails of the distribution. Since our work relies little on distribution 
tails, we shall consider this approach as an option. 

Our second proposal for estimating the density of x is based on the idea above. It is a nearest 
neighbour method, but also imposes a minimum bandwidth. Specifically, our method requires the use of at 
least p  observations nearest to point x with minimum bandwidth ( ) opt  h p h≥  where 

75 25
opt 5

ˆ ˆ0.9 min( ˆ , )
=

ˆ1.34

Q Q
h

N

σ −

 

is the rule of thumb (Silverman 1986) for determining the bandwidth. This is also the default bandwidth 
value in the R function density. This solution is more robust than (3.1) and avoids the problems that 
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arise when a number of values ky  are very close to each other, which is often the case because the 

individuals interviewed tend to round their income. 
As the values ,ky = 1, ..., ,k n  are assumed to be ordered by rank, the width ( )h p  of the window 

around x is initially determined by the p  nearest observations, where   .p n≪  In the simulations 
discussed in the next section, after various trials, p  was initially set at 30. The density of x is imputed to 

be the estimated density at the nearest observed point jy  that is less than or equal to ,x  that is, 

( )= max ,kj k y x≤ = 1, ..., .k n  The bandwidth at x in fact depends on the jp  nearest observations 

around ,jy  with   ,jp p≥  which will be denoted ( )jh p  in the rest of this article. The density is therefore 

estimated only at observed points, with no smoothing or interpolation between the values ( )ˆ .jf y  The 

algorithm for estimating ( )ˆ
jf y  is as follows (see also Figure 3.1): 

 
 

 
 
 
 
 
 
 
 
 

 
 
 
Figure 3.1 Window width ( )jh p  

 
1. The initial width of the window around point ,jy  where = ,jp p  is defined as 
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2. If the width of the resulting window ( )jh p  is less than opth , increment the two bounds: 

upper bound: 1,u u→ +  as long as < ,u n  

lower bound: 1,l l→ −  as long as > 1,l  

which implies that 2,j jp p→ +  unless =u n or = 1,l  in which case there is no longer the 

same number of points on each side of .jy  

3. Repeat step 2 until ( ) opt.jh p h≥  

              
 
                  obs.jp   
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4. The estimated density at x can then be written as 
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with standardized weights std = ,k kw w w = 1, ..., .k n  
 

The number of observations jp  used in the calculation may vary, and it depends on the local curvature of 

the empirical distribution function. The condition ( )j opth p h≥  guarantees a minimum window width in 

places where numerous observations would be concentrated over a small interval. The procedure is made 
even more solid by combining this approach with the preceding approach, that is, by estimating the 
density of the logarithm of the variable divided by its (non-logarithmic) value:                                                                 

 ( ) ( )( )
3

ˆ logˆ = .     
+

+
f x a

f x
x a

  (3.4)

  

 

3.3 Robustness of the linearized variable 
 

As stated above, for the median or for other quantiles, Croux (1998) points out that the empirical 
influence function or the linearized variable estimated using the sample is not as robust as it appears to be, 
even if the density function is known. We confirmed this for the EU-SILC data used in the model 
simulations with a Generalized Beta distribution of the second kind (GB2) by means of the R function 
profml.gb2 (Graf and Nedyalkova 2011). For small samples ( )100 ,n ≤  the potential bias of the 

linearized variable resulting from too many outliers may also bias the variance estimate calculated using 
the linearized variable. For larger samples ( )1, 000 ,n ≥  a maximum relative bias in the variance 

estimated using the empirical versus theoretical linearized variable may reach 5%. However, it is below 
the percentage in absolute terms three times out of four. 

 
4 Results 
 

Simulations were conducted on three sets of real data to compare and assess the different density 
function estimation methods, ( )

1̂f x , see (3.1), ( )
2f̂ x , see (3.2) and ( )

3f̂ x , see (3.4). These methods are 

required to estimate the variance of certain poverty and inequality indicators. 
 

1. The first dataset contains equivalent household incomes from the EU-SILC survey conducted 
by the Swiss Federal Statistical Office in 2009. It includes 17,534 individuals with a non-zero 
income. 

2. The second dataset also comes from the 2009 EU-SILC survey, but is limited to salaried 
individuals. It contains salaries from the register of the Central Compensation Office that has 
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been linked with the survey respondents. We therefore have no non-response issues, and there 
are 7,922 individuals with a non-zero income. 

3. The third test file, named Ilocos, comes with the R package ineq (Zeileis 2012). It contains 
632 observations, which are household incomes in Ilocos, one of the 16 regions of the 
Philippines. The data come from two surveys by the National Statistics Office of the 
Philippines, in 1997 and in 1998. 

 

The three datasets have a positive skewness coefficient, which is typical of income distributions. Each 
data set is considered to be one population, and we initially selected 10,000 simple random samples 
without replacement of various sizes. The values of the various indicators were calculated for each 
sample, giving us a Monte Carlo estimate of their variance, ( )

sim
ˆvar ,θ  for a poverty or inequality 

indicator .θ  The variance estimator using linearization is denoted � ( )lin ˆvar θ  and is calculated using the 
linearization variable ˆ

ẑθ  estimated for each sample: 

� ( ) ( ) ( )ˆ
lin ˆvar = var ,ˆ θ−

θ S

N N n
z

n
 

where n is the size of the sample used for the simulations and 

( ) ( )ˆ ˆ ˆ

,

1
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1S S k S
k S

z z z
n

θ θ θ

∈

−
− ∑

 

where 
ˆ ˆ1

,= ,ˆS S kS
z n zθ − θ∑  see (2.1). 

The quality of the variance estimator using linearization is assessed by comparing the expected 

Monte Carlo value of the variance estimated using linearization, denoted � ( )[ ]linsim
ˆvar ,θE  with the “true” 

Monte Carlo variance ( )
sim

ˆvar θ  in terms of relative bias:                                                

 � ( )[ ]
� ( )[ ] ( )

( )
linsim sim

lin

sim

ˆ ˆvar varˆRB var = .        
ˆvar

θ − θ
θ

θ
E

  (4.1) 

For the second data set (EU-SILC 2009, income of salaried individuals) we also, in a second step, 
selected 10,000 random samples without replacement under a stratified sampling design, and then 
calibrated the sampling weights to agree with the eight known sociodemographic marginal totals for the 
population of 7,922 individuals. The five strata used correspond to the age groups of the salaried 
individuals (see Table 4.1). 

The eight calibration cells were obtained by crossing the three following dichotomous variables 
(auxiliary calibration variables): 
 

1. MARIÉ, which indicates whether or not the individual is married; 

2. CHEF, which indicates whether or not the individual’s job is a management position; and 

3. HOMME, which indicates the individual’s sex. 
 

The totals for the population of 7,922 individuals for these calibration cells are shown in Table 4.2. 
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Table 4.1 
Strata used in simulations with 2009 EU-SILC data and three sample sizes (income of salaried individuals, 

= 7, 922N ) 
 

Stratum h  Description hN  % hn  

1 individuals under 25 1,187  15.0  75  112  150 
2 26- to 35-year-olds  1,359  17.2  86  129  171 
3 36- to 45-year-olds 2,137  27.0  135  202  270 
4 46- to 55-year-olds 1,864  23.5  117  177  235 
5 individuals over 55 1,375  17.4  87  130  174 
 TOTAL  7,922  100.0 500  750  1,000 

 
Table 4.2 
Calibration margins in simulations with 2009 EU-SILC data (income of salaried individuals, = 7, 922N ) 
 

Margin MAR IÉ CHEF HOMME Population total  % 
1 0 0 0 1,487  18.8 
2 0 0 1 1,208  15.2 
3 0 1 0 323  4.1 
4 0 1 1 457  5.8 
5 1 0 0 1,759  22.2 
6 1 0 1 1,278  16.1 
7 1 1 0 328  4.1 
8 1 1 1 1,082  13.7 
   TOTAL 7,922  100.0 

 
For each stratified sample, a calibration (linear method) was performed to make the sums of the 

weights agree with the eight margins shown above. Point estimates of the indicators and their linearized 
variable were computed for each sample using the calibrated weights. 

Variance was estimated using the method developed by Deville (2000), which consists of linearizing 

also with respect to the calibration by calculating the residuals 
ˆ

eθ  of the regression (weighted by the 

sampling weights) of the linearized variables of the indicators for the auxiliary calibration variables. The 
variance of the total of the residuals thus calculated, under a stratified random sampling plan without 
replacement is therefore an estimator of the variance of the estimated indicator; it is the quantity of 
interest:                                                         

 � ( ) ( ) 2
lin ˆ

=1
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h
h h

ehh h
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N n s

n
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The quality of the variance estimator using linearization is assessed analogously to the procedure for 
simple random sampling, see (4.1). 

Tables 4.3, 4.4 and 4.5 show the relative bias of the variance for the three data sets used and described 
above, using simple random sampling. Table 4.6 shows the relative bias of the variance using stratified 
random sampling with calibrated weights. The upper portions of the tables give the values for the Gini 
coefficient and QSR, which do not require estimating the income density function. The estimation of their 
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variance works well. Note that there is a problem involving the underestimation of the variance of the Gini 
coefficient in the case of stratification with calibration (Table 4.6). 

For the first data set, Table 4.3 does not reveal any major differences except that the estimation of 
income density using 3ˆ ( )f x  gives results that are more conservative. In fact, the relative bias remains of 

the same order of magnitude, but positive, while it is negative for the other two methods of estimating 
density. For the second data set, Table 4.4 shows that it is essential to use the logarithm or the nearest 
neighbour method with minimum bandwidth. The latter, all relative bias falls under 10% when the sample 
sizes are sufficiently large (see last column in the table). Simulations on the same data with a stratified 
sampling plan and calibration strengthen and confirm these results (see Table 4.6). For the third data set, 
Table 4.5 shows the same trends, although the results are less stable as a result of the small sample and 
population sizes. This is not surprising, since the minimum number of neighbours to consider is fixed at 
30. In this case, for the Ilocos data set, simulations with a smaller value of p  fixed at 10 makes no 
difference ultimately, because the condition ( ) optjh p h≥  automatically increases it above 30. 

Furthermore, generally speaking, we can see that the greater the use of Gaussian kernel density 
estimation - ( )

1̂f x - the greater the error. In fact, the relative bias of the variance for the median income of 

individuals below the ARPT and for the RMPG are almost systematically greater in absolute value that 
those for the other indicators. For the RMPG, the error may be offset (as in Table 4.3) if there are enough 
observations, since the density estimation appears in both the numerator and the denominator. 

 
Table 4.3 
Relative bias (4.1) of the variance obtained with 10,000 simple random samples without replacement from the 
2009 EU-SILC data (equivalent household income, = 17, 534N ) 
 

 Sample size (sampling rate) 
Indicator  ( )= 500 2.9 %n  ( )= 750 4.3 %n  ( )= 1, 000 5.7 %n  

GINI -0.02 -0.02 -0.02 
QSR 0.01 0.00 0.00 
 

1̂f   2f̂   3f̂   1̂f   2f̂   3f̂   1̂f   2f̂   3f̂   

ARPT -0.08  -0.06  0.04  -0.09  -0.07  0.03  -0.09  -0.07  0.04  
ARPR -0.05  -0.01  -0.00  -0.09  -0.06  -0.05  -0.08  -0.05  -0.03  
RMPG -0.09  -0.07  0.15  -0.10 -0.07  0.12 -0.09  -0.06  0.14  
MEDP -0.16  -0.12 0.09  -0.19 -0.13 0.05  -0.18  -0.11 0.07  
MED -0.08  -0.06  0.05  -0.08  -0.06  0.04  -0.08  -0.06  0.04  

 
 
 
 

Table 4.4 
Relative bias (4.1) of the variance obtained with 10,000 simple random samples without replacement from the 
2009 EU-SILC data (income of salaried individuals, = 7, 922N ) 
 

 Sample size (sampling rate) 
Indicator  ( )= 500 6.3 %n  ( )= 750 9.5 %n  ( )= 1, 000 12.6 %n  

GINI  -0.03 -0.03 -0.02 
QSR  -0.00 0.00 0.00 
 

1̂f   2f̂   3f̂   1̂f   2f̂   3f̂   1̂f   2f̂   3f̂   

ARPT  0.07  0.05  0.13 0.06  0.04  0.10 0.06  0.03  0.08  
ARPR  -0.05  -0.04  -0.02  -0.05  -0.04  -0.01  -0.06  -0.05  -0.02  
RMPG  0.61  0.12  0.15 0.60 0.11 0.08  0.59  0.09  0.05  
MEDP  0.73  0.17  0.18 0.72 0.16 0.10 0.72  0.15  0.07  
MED  0.07  0.04  0.13 0.06  0.04  0.10 0.05  0.03  0.07  
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Table 4.5 
Relative bias (4.1) of the variance obtained with 10,000 simple random samples without replacement from 
Ilocos data (household income, = 632N ) 
 

 Sample size (sampling rate) 
Indicator ( )= 50 7.9 %n  ( )= 63 10.0 %n  

GINI  -0.16 -0.13 
QSR  0.00 0.00 
 

1̂f   2f̂   3f̂   1̂f   2f̂   3f̂   

ARPT  -0.05  -0.06  -0.01  -0.03  -0.03  -0.01  
ARPR  -0.31 -0.01  -0.12  -0.33  -0.03  -0.18  
RMPG  1.55 0.83  0.26  1.54  0.16  0.39  
MEDP  1.02 0.28  -0.26  1.05  0.07  -0.11  
MED  0.04  0.03  0.08  0.07  0.07  0.09  

 
Table 4.6 
Relative bias (4.1) of the variance obtained with 10,000 stratified random samples without replacement, with 
weights calibrated to eight sociodemographic margins, from the 2009 EU-SILC data (income of salaried 
individuals, = 7, 922N ) 
 

 Sample size (sampling rate) 
Indicator  ( )= 500 6.3 %n  ( )= 750 9.5 %n  ( )= 1, 000 12.6 %n  

GINI  -0.21 -0.20 -0.20 
QSR  -0.06 -0.06 -0.07 
  

1̂f   2f̂   3f̂   1̂f   2f̂   3f̂   1̂f   2f̂   3f̂   

ARPT  -0.07  -0.09  -0.01  -0.08  -0.10 -0.04  -0.09  -0.11 -0.06  
ARPR  -0.10  -0.10 -0.08  -0.07  -0.06  -0.05  -0.06  -0.06  -0.05  
RMPG  0.63  0.13 0.13 0.61 0.11 0.08  0.59  0.10 0.04  
MEDP  0.71  0.16 0.15 0.68 0.13 0.09  0.66  0.12 0.04 
MED  -0.07  -0.09  -0.01  -0.08  -0.10 -0.04  -0.08  -0.11 -0.06 

 

In short, we see that the variance can be overestimated � ( )[ ]( )lin ˆRB var > 0θ  or underestimated 

� ( )[ ]( )lin ˆRB var < 0θ  depending on the indicator and the data set. The use of the logarithm ( )( )2f̂ x  

provides significant improvement. The nearest neighbour method ( )( )3f̂ x  eliminates all problems if there 

is enough data (as in Tables 4.3, 4.4 and 4.6). Slight problems arise with this method when the samples are 
small (as in Table 4.5). Illogical variations and bias that persist in the tables may also be the result of a 
lack of robustness in the linearized variables for certain samples, as stated in Section 3.3. 

 
5 Conclusions 
 

In a number of countries, national sample surveys publish extrapolated values for the Laeken indicators 
(Eurostat 2005), since they are key indicators that make it possible to direct decision makers with regard 
to political and social matters. It is therefore critical that we be able to quantify the precision of these 
measures, which raises the issue of the appropriateness of the precision estimates available. This article 
shows that a substantial improvement may be made in the precision estimates for poverty and inequality 
indicators by using a (local) estimate of the income density or given monetary variable. 

The simulations conducted show that the Gaussian kernel density estimation method currently 
implemented in most cases is not recommended without at least using the logarithm as proposed in 



78 Graf and Tillé: Variance Estimation Using Linearization for Poverty and Social Exclusion Indicators 

 

 
Statistics Canada, Catalogue no. 12-001-X 

Section 3.1; otherwise, there may be significant bias in the estimated variance. The nearest neighbour 
method (Section 3.2), which also imposes a minimum bandwidth, may yield even better results, especially 
if there are agglomerations of observations with certain values in the given data. However, this method 
requires setting a minimum number p  of neighbours on the basis of the data used. If few observations are 

available, the use of the logarithm is preferable instead. In all cases, we hope that this work will help raise 
awareness of the importance of being meticulous during the implementation of calculations for the 
linearized variable of any indicator involving quantiles. 
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