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Abstract 
A benefit of multiple imputation is that it allows users to make valid inferences using standard methods with simple 
combining rules. Existing combining rules for multivariate hypothesis tests fail when the sampling error is zero. This paper 
proposes modified tests for use with finite population analyses of multiply imputed census data for the applications of 
disclosure limitation and missing data and evaluates their frequentist properties through simulation. 
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1. Introduction  
Multiple imputation was first proposed for handling non-

response in large complex surveys (Rubin 1987). Several 
other uses for multiple imputation have since been pro-
posed, including statistical disclosure limitation and mea-
surement error. An appeal of multiple imputation is that 
standard methods can be applied to each imputed dataset 
and then simple combining rules applied, which vary be-
tween applications. See Reiter and Raghunathan (2007) for 
a detailed overview of the different rules and applications. 
Existing multiple imputation combining rules were devel-
oped for use with random samples and superpopulation 
models (Deming and Stephan 1941). In finite population 
analyses of census data, where the sampling variance is 
zero, the combining rules for univariate estimands can still 
be applied as a special case; however, hypothesis tests for 
multivariate estimands break down. 

Motivated by the use of multiple imputation to generate 
partially synthetic data (Rubin 1993; Little 1993) for the 
U.S. Census Bureau’s Longitudinal Business Database 
(Kinney, Reiter, Reznek, Miranda, Jarmin and Abowd 
2011), an economic census, this paper derives a multivariate 
test for finite populations for use with partially synthetic 
data and extends it to the application of missing data. 
Extensions to other multiple imputation applications are 
expected to be straightforward. 

The remainder of this paper is organized as follows. 
Section 2 describes the case of partially synthetic data and 
Section 3 presents the extension to missing data. Simula-
tions in Section 4 evaluate the combining rules for both the 
missing data and partially synthetic data cases.  

 
2.  Partially synthetic data  

Partially synthetic datasets are constructed by replacing 
selected values in the confidential data with m  independent 
draws from their posterior predictive distribution. For a 

finite population of size ,N  let = 1, = 1, ...,jZ j N  
indicate that unit j  has been selected to have any observed 
values replaced with imputations. Imputations should only 
be made from the posterior predictive distribution of those 
units with = 1.jZ  For simplicity, in this paper, we assume 

= 1, = 1, ..., .jZ j N  Let 1= ( , ..., )dY y y  be the matrix 
of confidential variables that will be replaced with imputa-
tions and X  the matrix of variables that will not be re-
placed. Let cen = ( , )D X Y  represent a census of all N  
units containing confidential data and assume that all units 
are fully observed, i.e., no missing values are present. Let 

( )
rep , = 1, ...,iY i m  be the thi  imputation of ,Y  and let ( )

syn =iD  
( )

rep( , ).iX Y  The set ( )
syn syn= { , = 1, ..., }iD D i m  is what is re-

leased to the public. 
Any proper imputation procedure from the broad liter-

ature on multiple imputation may be used to generate synD  
from cen.D  The finite population methods proposed here 
can be used regardless of whether a finite population was 
assumed in the generation of syn.D  Under a finite popula-
tion assumption, since the data are a fully observed census 
the imputation model parameters would be considered 
known and fixed. See Reiter and Kinney (2012) for an illus-
tration of how valid inferences are obtained from partially 
synthetic random samples generated with both fixed and 
random imputation model parameters. Simulations (not 
shown) confirm the same is true in the finite population 
case. 

An analyst with access to synD  but not cenD  can obtain 
valid inferences for a scalar or vector estimand Q  using the 
following quantities: 
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where ( ), = 1, ..., ,iQ i m  is the point estimate of Q  ob-
tained from ( )

syn,iD ( )iU  is the estimated variance of ,Q  and 

mB  is the sample variance of the ( ), = 1, ..., .iQ i m  
When there is no sampling variance the combining rules 

for scalar Q  derived by Reiter (2003) can be applied as a 
special case where = 0.mU  The resulting simplification 
means the approximations of Reiter (2003) are not needed 
and the exact posterior under multivariate normal theory is 

syn 1( | ) ( , / ).m m mQ D t Q B m  For a vector ,Q  however, 
the hypothesis test of Reiter (2005) relies on the assumption 
that B  is proportional to ,U  i.e., the proportion of infor-
mation replaced with imputations is the same across compo-
nents of ,Q  so a different assumption is needed for the case 

= 0.U   
2.1 Proposed multivariate test  

In this section an alternate test is derived based on the 
stronger assumption that = ,B r I   for a scalar quantity r  
and k -dimensional identity matrix .I  In other words, the 
between-imputation variance is constant across components 
of ,Q  and B  is assumed to be diagonal. In both the Reiter 
(2005) test and the proposed test, one averages across 
variance components so the test is moderately robust to this 
assumption; however, the randomization validity declines 
when the estimates of ,Q ( ), = 1, ..., ,iQ i m  are highly cor-
related. This is evaluated with simulations in Section 4.3. 
Comparable tests based on the assumption B U   are 
known to lose power when the assumption is not met (Li 
et al. 1991). 

The proposed test for the hypothesis 0 0: =H Q Q  is 
conducted by referring the test statistic   

0 0( ) ( )
= m m

c
c

Q Q Q Q
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to an , ( 1)k k mF   distribution, where = 1 / ( ) / .c mr m tr B k  
Under the assumption = ,B r I   the Bayesian p -value 

is given by   
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Thus the proportionality assumption reduces the number 
of variance parameters to be estimated from ( 1) / 2k k   to 
1 and allows for the closed-form approximation of the 
integral in (2.4). As = 0,U  the derivation is simplified 
from Reiter (2005). To complete the integration, we need 
the distribution of syn( | ).r D  Extending the scalar case in 
Reiter (2003), the sampling distribution of ( ),iQ  the estimate 
of Q  obtained from ( )

syn,iD  is given by ( )
cen( | , )iQ Q B   

cen( , ).N Q B  Under the proportionality assumption, this 
becomes ( )

cen cen( | , ) ( , ).iQ Q r N Q r I   With diffuse pri-
ors and standard multivariate normal theory for sample 
covariance matrices, we obtain  
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Taking the trace of each side and integrating over r  in 
(2.5) yields a Bayesian p - value of   

2

syn , ( 1) syn2
( 1)

( 1)
> | = ( > | ).k

c k k m c
k m

k m
P S D P F S D

k 


  
   

 

 
3. Missing data  

The extension to missing data is straightforward. When 
= 0,U  the combining rules (Rubin 1987) for scalar 

estimands q  simplify so that com( | ) ( , (1mq D N q   
1 / ) ),mm B  where comD  is the set of m  completed datasets. 
Similar to Section 2, the tests of Rubin (1987) and Li, 
Raghunathan and Rubin (1991) for multivariate components 
rely on the assumption that ,B U   and so when =U  
0 we derive a test under the assumption = .B r I   

Following derivation procedures similar to that of Sec-
tion 2.1, the Bayesian p - value for testing 0: =H Q Q  with 
k- dimensional Q  is found to be , ( 1) com( > | )k k m qP F S D  
where 

0 0( ) ( )
= ,m m

q
q

Q Q Q Q
S

kr

 
 

and = (1 1 / ) ( ) / .q mr m tr B k  

 
4. Simulation study  

In this section, simple simulation examples illustrate the 
analytic validity of the proposed combining rules, first for 
the case of partially synthetic data, and then for the case 
missing data. Lastly, the robustness of the tests to the pro-
portionality assumption is evaluated. 
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For a population of =N 50,000, 1 20= ( , ..., )X X X  is 
drawn from a multivariate normal distribution with mean 
zero and covariance matrix with 1 in each diagonal element 
and 0.5 in each off-diagonal element. Y  is drawn from a 
standard normal distribution. For each of 5,000 iterations, a 
new finite population is generated and m  imputations are 
drawn for {2, 5,10}.m   The proposed hypothesis tests are 
conducted for 0 0: = ,H Q Q  where Q  is the vector of re-
gression coefficients, excluding the intercept, of the regres-
sion of Y  on X  and has dimension ,k {2, 5, 20},k   and 

0Q  is the true value of Q  determined from the finite popu-
lation ( , ).X Y  Since 0H  is true by design, 0H  should be 
rejected 100 %  of the time, for significance level =
0.05. 

Random sampling scenarios are also simulated for 
comparison purposes. At each iteration, a random sample of 
size =s 50,000 from an infinite population is generated 
from the distributions described above, prior to generating 
the m  missing data and synthetic imputations. The same 
hypothesis 0 0: =H Q Q  is tested where 0Q  is the vector of 
true population values. The combining rules for the hypo-
thesis tests are those of Reiter (2005) in the synthetic data 
case and Li et al. (1991) and Rubin (1987) in the missing 
data case.  
4.1 Partially synthetic data imputations  

Let Y  be a confidential response variable and X  be 
unreplaced predictors. Then synY  is generated by taking m  
independent draws from the posterior predictive distribution 

( | )f Y X  assuming a normal linear model, using all 
available data. 

Table 1 gives the nominal 5% rejection rate for the 
proposed hypothesis test for multicomponent estimands, 
which are seen to be close to the significance level 0.05, and 
close to the random sampling results. From these results it 
appears that the proposed combining rules for population 
data have good frequentist properties. Not shown are the 
rejection rates when the rules from random samples (Reiter 
2005) were applied to finite populations, which were ob-
served to be quite high, typically 1, in the simulations 
conducted. 

 
Table 1 
Comparison of nominal 5% rejection rates for tests on 
partially synthetic data 
 

 = 2k  = 5k  = 20k
Census data 

= 2m   0.048  0.065 0.052
= 5m   0.048  0.061  0.057
= 10m  0.051  0.067  0.055

Random sampling 

= 2m   0.067 0.062 0.060
= 5m   0.054 0.052 0.050
= 10m  0.047 0.049 0.049

4.2 Missing data  
Simulations analogous to the synthetic data simulations 

were conducted for the missing data case. The missing 
values of Y  are imputed from the posterior predictive distri-
bution obs( | )f Y X  assuming a normal linear model. Miss-
ingness is simulated to be completely at random, with 

( = 1) = 0.3, = 1, ..., ,lP R l s  where R  is an indicator 
variable for missingness.  

Table 2 gives the nominal 5% rejection rate for the 
proposed hypothesis test for multicomponent estimands, 
which are seen to be close to 0.05, and to the random sam-
pling results. From these results it appears that the proposed 
combining rules for population data yield valid inferences. 

 
Table 2 
Comparison of nominal 5% rejection rates for tests using 
completed census data 
 

= 2k = 5k  = 20k
Census data

= 2m 0.052 0.061  0.053
= 5m 0.048 0.063  0.051
= 10m 0.048 0.058  0.054

Random sampling 
= 2m 0.061 0.056 0.053
= 5m 0.056 0.052 0.052
= 10m 0.048 0.050 0.051

 
4.3 Robustness  

The assumption that B r I   is striking at first glance, 
and is unlikely to be exactly true. In this section we evaluate 
the effect of strong correlations across components of .Q  
While moderately strong correlations were present in the 
previous simulations, here we increase the magnitude of the 
between-imputation variance, increasing the magnitude of 
the differences across the diagonal of B  as well as the 
distance from zero of the off-diagonal elements of .B  

These simulations are set up as before, for the finite 
population case, with = 5k  and = 5.m  The population in 
each iteration is generated in the same way as before, except 
that we let 1 2 20= (1, 2, 5,10, 20, 0, ..., 0) ( , , ..., )Y X X X    

, (0, 100)N    and 2 1= , {0.5, 1, 5}X c X c     
and (0,1).N   Increasing values of c  yields increas-
ingly higher correlations. The large variance for   induces 
larger and more variable values for elements of .B  

The results in Table 3 indicate that while the tests have 
good properties even with moderately high violations of the 
proportionality assumption, their performance declines with 
increasingly large correlations. Continuing our assumption 
that Q  represents a vector of regression coefficients, pres-
ence of such large correlation may also be indicative of 
multicollinearity in the model at hand, so analysts faced 
with high correlation across ( )iQ  might take steps to reduce 
multicollinearity before applying the proposed tests. If 
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variables are of substantially differing magnitude, standard-
ization to rescale them will reduce differences across .Q  
 
Table 3 
Evaluation of tests under assumption violations, = 5, = 5k m  
  

  = 0.5c  = 1c  = 5c  
Synthetic Data 0.059 0.083 0.145

Missing Data 0.051 0.083 0.136 
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