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A Bayesian analysis of small area probabilities under a constraint

Balgobin Nandram and Hasanjan Sayit *

Abstract

In many sample surveys there are items requesting binary response (e.g., obese, not obese) from a number of small areas.
Inference is required about the probability for a positive response (e.g., obese) in each area, the probability being the same
for all individuals in each area and different across areas. Because of the sparseness of the data within areas, direct
estimators are not reliable, and there is a need to use data from other areas to improve inference for a specific area.
Essentially, a priori the areas are assumed to be similar, and a hierarchical Bayesian model, the standard beta-binomial
model, is a natural choice. The innovation is that a practitioner may have much-needed additional prior information about a
linear combination of the probabilities. For example, a weighted average of the probabilities is a parameter, and information
can be elicited about this parameter, thereby making the Bayesian paradigm appropriate. We have modified the standard
beta-binomial model for small areas to incorporate the prior information on the linear combination of the probabilities,
which we call a constraint. Thus, there are three cases. The practitioner (a) does not specify a constraint, (b) specifies a
constraint and the parameter completely, and (c) specifies a constraint and information which can be used to construct a
prior distribution for the parameter. The griddy Gibbs sampler is used to fit the models. To illustrate our method, we use an
example on obesity of children in the National Health and Nutrition Examination Survey in which the small areas are
formed by crossing school (middle, high), ethnicity (white, black, Mexican) and gender (male, female). We use a simulation
study to assess some of the statistical features of our method. We have shown that the gain in precision beyond (a) is in the
order with (b) larger than (c).

Key Words: Accept-reject algorithm; Binomial distribution; Generalized beta distribution; Griddy Gibbs sampler;

Simulation.

1. Introduction

It is a standard practice to use models to “borrow
strength™ in small area estimation (Rao 2003). Owing to the
sparseness of the data in each area, direct estimates for small
areas are typically not reliable. Our procedure allows a
practitioner to incorporate prior information about a linear
combination of binomial probabilities, one for each area.
This is a constraint that we include as a weighted average of
the area probabilities in the standard beta-binomial model.
The weighted average can be assumed known or unknown.
In the case when this value is unknown, we consider the
scenario when there is some information which can be
elicited from an expert in the form of prior distribution. This
is different from standard practice in design based survey
sampling in which auxiliary information is incorporated as
in ratio and regression estimators (Cochran 1977). When the
value can be specified exactly, there will be an increase in
precision because prior information is incorporated into the
model.

The beta-binomial model has been studied extensively.
For example, Nandram and Sedransk (1993), Nandram
(1998) and Nandram and Choi (2002) show how to do
Bayesian predictive inference of finite population propor-
tions of the small areas for binomial and multinomial data.
These models assume that the binomial probabilities share a
common effect, thereby permitting adaptive pooling of the

data from small areas (or clusters). However, it is possible to
improve on these models further by including additional
information using covariates via generalized linear models
(e.g., see Ghosh, Natarajan, Stroud and Carlin 1998). It is
worth noting that none of these works propose ways to
incorporate prior information about linear combination of
model parameters. Substantial gains in precision are ex-
pected when such prior information is incorporated in small
area models; see Silvapulle and Sen (2006) for a book-
length discussion of constrained statistical inference. It is
also worth noting that Lazar, Meeden and Nelson (2008)
showed how to include constraints in nonparametric
Bayesian approach via a Polya urn scheme to predictive
distribution of finite population parameters.

Our procedure is related to external benchmarking which
occurs when a pre-specified estimator is obtained from
external sources, such as a different survey, a census, or
other administrative records. In benchmarking one wants the
parts to add up to the whole. For example, when surveys are
conducted over time, there are typically monthly surveys
and annual surveys which are of much better quality than
the monthly surveys. When the monthly surveys are esti-
mated such that these estimates add up to the annual survey
totals, there is a protection against model failure and there-
fore improved estimates (i.e., reduced bias and possibly an
increase in precision). These problems are prevalent in the
government agencies especially in employment and sales;
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see Hillmer and Trabelsi (1987) for an example on retail
sales of hardware stores from the U.S. Census Bureau.

Prior information from external benchmarking will lead
to improved precision but can produce severely biased
estimators as well. This will depend on how different the
current survey is from the prior ones. Nandram, Toto and
Choi (2011) applied external benchmarking to estimate the
finite population means of small areas. The constraint is the
finite population mean for the entire population is a
prespecified value which again can be obtained from a prior
survey, census or administrative records. In our current
work we are not incorporating information about a linear
combination of the finite population values, but rather we
are inputting information about a linear combination of the
superpopulation parameters (in this case binomial proba-
bilities).

We consider the problem in which binomial counts are
obtained from similar small areas, and inference is required
about the binomial probabilities. In the conclusion, we
discuss how to extend our method to obtain the predictive
distribution of finite population proportions. The standard
beta-binomial model may be inadequate, and additional
prior information must be incorporated. Our thesis is that
there is an increase in precision over the standard beta-
binomial small area model when prior information about the
weighted average of the probabilities (e.g., average of the
probabilities) is incorporated. That is, we incorporate prior
information about a linear combination of binomial proba-
bilities (a weighted average). The weights can be propor-
tional to population sizes, and under proportional allocation
they can be proportional to the sample sizes themselves. The
purpose of incorporating prior information about the bino-
mial probabilities is to increase precision, and at the same
time one needs to control the bias.

It is much easier for a survey practitioner to specify the
value of the overall probability rather than the individual
area probabilities. That is, the overall probability can be
specified with relatively much less error than the individual
probabilities. Of course, one can specify the overall proba-
bility using prior information (a prior survey, census or
administrative records), and so the specification of the
overall probability will depend on the quality of the prior
information. Thus, the problem falls naturally within the
Bayesian paradigm because we are incorporating prior
information about a parameter via a distribution. Thus, there
will be gains in precision because of the extra information.
However, a practitioner can still proceed when there is no
prior information. One can use the ratio of the total success
and total sample size over areas to form a reasonable
specification of the overall probability which is typically not
of interest. This estimate will have much higher precision
than the one for individual areas. There will still be gain in

Statistics Canada, Catalogue No. 12-001-X

precision, but clearly such gain is due to using the current
data (double use) and the constraint.

One example of a survey in which reliable information
can be obtained to perform the benchmarking is the Nation-
al Health Interview Survey (NHIS) which is conducted
annually by the National Center for Health Statistics to
assess an aspect of Health of the U.S. population. This is a
population-based survey and there are many health indi-
cators of interest; one of these indicators is the number of
doctor visits made in the past two weeks, and an informative
quantity is the proportion of people who made at least one
doctor visit last year (e.g., Nandram and Choi 2002). These
proportions are useful for small domains formed by crossing
age, race and sex for a particular state last year. Because the
estimates over a state change very slowly over the previous
years, the overall estimate from the year immediately pre-
ceding last year can be used as a reliable benchmark for last
year. If a reliable estimate cannot be obtained for the
benchmark, one can construct an informative prior distribu-
tion for it. For example, one can use the method of moments
to equate the sample mean and sample variance of the
overall estimates for the past few years to the mean and
variance of a beta distribution to get a beta prior distribution.
In either case, our procedure can be applied.

The plan of this paper is as follows. In Section 2 we
describe the methodology. Specifically, we describe the
standard beta-binomial model, and we develop two addi-
tional models to incorporate the extra information using
appropriate prior distributions. We also describe posterior
inference and how to perform the nonstandard computa-
tions. In Section 3 we describe an illustrative example on
obesity, and a simulation study to assess empirically the
statistical properties of our models. Section 4 has con-
cluding remarks. We also discuss how to do Bayesian
predictive inference for finite population proportions. While
we discuss binary data, we also show how one can extend
our method to polychotomous data.

2. Methodology

We show how to incorporate the constraint into the beta-
binomial model in two ways, thereby providing a set of
alternative models. In Section 2.1 we describe the models
and in Section 2.2 we describe posterior inference. We
attempt to explain what the constraint does to the estimates
of the probabilities using an approximation. In Section 2.3
we describe the computation, and we describe a new
algorithm as well.

2.1 Models

We assume that binary data are available from ¢ small
areas, and we assume that the probability that an individual
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responds in the i™ areais m, i =1, ..., /. Let n, be the
number of individuals sampled from the i"™ area, i =
1, ..., £. Also let s; denote the number of individuals with
the characteristic and f, = n, —s; be the number of
individuals without the characteristic in the i™ area, i =
1, 2, ..., £. Then the standard beta-binomial hierarchical
Bayesian model is
ind
s; | m; ~ Binomial (n;, w,), Q)

iid

| t~Betafur, -t} i =1, ..., ¢ (2

and

p(u, 1) = O<p<l =0 (3)

1
1+ 1)

We use a shrinkage prior for t because it is proper and
noninformative, and there are no conjugate priors. Priors of
the form p(t) oc 1/t are discouraged; see, for example,
Gelman (2006). Other alternatives are half Cauchy densities
and gamma densities (one would need to specify the hyper-
parameters). Henceforth, we will call the model specified by
(1), (2) and (3) the unrestricted (UR) model or Model 1.

We next describe the restricted model, which is an exten-
sion of the unrestricted model. We obtain a simple linear
combination of the binomial probabilities. Letting 7, =
s;/n, and

n.
o = ; L 1=1, .., 7,
Zi n,
we have
>
iz Vi _ I3 ~
== Zi:lmi .

Zleni

Thus, taking the m; unknown, the linear combination is
Yia o m,

Therefore, we need to make an adjustment in (2) to
incorporate the restriction, ¥{_;@,%; = 0 conditional on 6.
We do so by introducing the variable ¢ = i o, m; — 0;
so that the restriction is equivalent to ¢ = 0. Now one of
the variables, m;, i =1,..., ¢, is redundant. It is worth
noting that one can choose any one of =, .., w, and
without loss of generality and for ease of exposition, we
choose m,. Thus, to incorporate the restriction, we trans-
form =, to ¢ = ¥{.,0; 7 — 6, keeping =, ..., T, , un-
transformed, and we let ) = (ny, ..., 7, )"

As the jacobian is 1/,

139

p(n(a)’ ¢lp T 0)=

i/_l nrr—l(l_ Tci)(l—p)r—l

o, =2 Bfut, 1-w1}
1 -1 /-1 (I-p)t-1
¢+€)—Z(ni7ci ¢+9—Zcoirci
i=1 1 _ i=1
x & & L@
B{pr, 1 -w) 7}
where

O<m<li=1,.,¢
0<u<Lt>0,¢0+0-0, <Y omn<o+6,

and

-1
o+0- Z(Di T
_ i=1 _

W,

T, ®)
Note that the joint prior density of (r,, ¢) in (4) is well
defined. We wish to take ¢ = 0 in (5) to incorporate the
restriction, but when ¢ = O the joint density of =,y is not
well defined.
We assume u,t, 0 are independent apriori with

Pk, 7 0) = p(u, 7) p, (6), where

p(u1) = O<p<l 120

_r

(1+1)?

asin (3),and p,(0) is given by
6 ~ Beta {u,7o, (1 - pp) To}- (6)

For the restricted model we consider two scenarios.
Letting t, — o, O becomes a point mass at p,, and in
this case 6 = p, is to be specified by a practitioner; we will
call the adjusted model the fixed (FI) model or Model 2. We
have a second scenario in which a practitioner specifies p,
and 1, but not ©; we will call this adjusted model the
informative (IN) model or Model 3. Thus, there are three
models, including the unrestricted model. To provide a
unified framework, we need all our priors to be proper. The
exact value of 0 is likely to be unknown in most applica-
tions, and this can lead to estimates which are not internally
coherent.

It is worth noting that we have considered an additional
model to help study the gain in precision of IN relative to FI.
For comparison we want to impose a proper but noninfor-
mative prior on 0, so that 6 ~ Uniform (0, 1) is not an
unreasonable choice. Letting p, =1/2,t, = 2, we get
0 ~ Uniform (0,1) with this prior, and we will call the
adjusted model the uniform (UN) model or Model 4; of

Statistics Canada, Catalogue No. 12-001-X



140 Nandram and Sayit: A Bayesian analysis of small area probabilities under a constraint

course, we do not need to specify p, and t, It is worth
noting that the prior corresponding to t — oo is improper
as it corresponds to 6 ~ Beta (0, 0). We do not consider
this model further; however, although UN does not have a
constraint, we will consider it briefly throughout.

2.2 Posterior inference

We consider making posterior inference about m;,
i=1., 0 Let v =(n,..,m) and m; = (m, ..., Ty,
Ty o 1) [69, Ty = (my, -y 7, ;)" s defined above].

We use Bayes’ theorem to find the joint posterior den-
sities of all parameters. First, under the unrestricted model
specified by (1), (2) and (3) the joint posterior density of
T, U T

/ ?i +pt-1 (1 —m, ) fi +(1-p)t-1

T
g(m p, t|s)oc QB{Si + ur, fi +(1_H)T}

xﬁ B{s, +ut, f, + 1 - p)1)}
L B{ur, 1 - w1}
L
(1+1)?'

@

0<m<1,0<pu<lt>0i=1,..,°%
Lemma 1 Under the unrestricted model the joint posterior
density, g (m, u,t | S), is proper.
A proof of Lemma 1 is given in Appendix A.

Under the restricted model the joint posterior density of
Ty T, 0, 0 is

P(my T, 6,0 5)

/-1 S+utl(1_ )I +(1-p)t-1

H

i1 B{s, +pt, f, + A - )t}

-1 S[+},L't—l -1 f[+(l—u)‘r—l
¢+9—Zwini ¢+6—Zwini
i=1 1— i=1
(QF (QF

B{s, +pt, f,+(1-p)t}

y L BYs, ot f+ (1- )t}
H{ Biur, 1-w)t} }

i=1

1

(1+1)?’ ®

Xeporo—l (l _ e)(l—uo)to—l

0<7T, <1i=1.,40<u<1,t>0,¢0+0-0w, <
Z mn <+, 0<e<1 Note that =, = (¢ + 6 —
|)/0)€
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We get the pertinent joint posterior density by incorpora-
ting the constraint (¢ = 0) into (8). Thatis, p(m,, K, T,
0]s, ¢=0)oc p(my, 110, ¢ =0]s), where

P(rpy, w1, 058, ¢=0)

-1 S +pr -1 I+(1—p)1:—2|.
) (1-r)

i=1 {S +pt i+ (1-W

1 s, +ut-1 -1 f,+(1-p)-1
G—Zwini G—Z(oirt,

i=1 1— i=1

®, @,

B{s, +pt, f, + 1-p)t}

5 LB +ut, f+ (1-p)t}
H{ B{wr, - w1} }

i=1

- 1
g'ootq _ gy o)t , ©)
( ) (1+r)2
O<m<l,i=1..,/,0<u<l,t>0,0-0,<YH o<

0,0<0<1l. Note again that =, = (0 - YSlom) / o,.
It is worth noting that the joint posterior density (9) incorpo-
rates the constraint, ¥{-;o;m, = 0, exactly because =, =
O-Zom)/ o, 0- 0)/<Z/ taym; < 0. That is, the
joint posterlor density is not a function of n,, and posterior
inference about 7, follows from the identity, =, = (6 —
Yitoym) / o,. Thus, there is absolutely no difference
between 6 and ¥ o;m;.

Theorem 1 Under the restricted model the joint posterior
density, p(m),1,1,0]s, ¢ = 0), isproper.

A proof of Theorem 1 is given in Appendix A.

We note the difference between the densities for the
unrestricted model in (7) and the restricted model in (9).
Essentially, the term

01 S, +pt-1 1 f,+(1-p)-1
- Z‘Dini 0 - Z‘Di“i

i=1 x [1— i=1

®, ®,

% euoro—l(l _ e)(l—uo)to—l
7,) M in (7). Note that in

-2 om

/

f+@Q-wr,i=1,..,

in (9) replaces ;™" (1 -

©),
T, =

Let & =, +ut, by = ¢. Also

let
6 Zjlj¢| i~ O

;
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and

9 Zjljﬂ

;

Then,
P(m | Ty, 1 T, 6,8, ¢ = 0)

o n?i’1<1— )" - ¢) N (d - 7)Y (1)

C <m<d,i=1..,/70- 1 Note that this density func—
tion conS|sts of two terms Tc' (1 T )' ' and (m —¢) b
(d; — =) % note the interchange between a, and b, in
the second term. The first term is the conditional posterior
density under the unrestricted model, and the second term is
a generalized beta density [i.e., a beta(b,, a,) distribution
in the interval (c;, d;)]. Thus, the unrestricted beta density
is adjusted by the generalized beta density. In the rest of the
paper we denote by GenBeta(a, b, ¢, d) the generalized
beta random variable with density function,

pP(x) = (x =) (d = x)"* /{(d - c)"""'B(a, b},

c<x<d,a>1b>1

That is, (X —c)/(d —c) ~ Beta(a, b) if and only if
X ~ GenBeta(a, b, c, d).

It is worth noting that we have ordered the areas in order
of their counts (smallest to largest). This is convenient and
advantageous both theoretically and computationally.

In order to explain the gain in precision, we attempt to
study (10) further by making two approximations. First,
because the restriction under study is rather mild we do not
expect c; to be much different from 0 and d; to be much
different from 1. Under this assumption, we can approxi-
mate (10) by

Pa(m | ys 1y T, 0,5, ¢ = 0)

o (= 6)™ (0 - 1)V - )y - )

C <m <d,.
Then, incorporating the normalization constant into
Pa (m; | Ty Wb T, 0,8, ¢ = 0), we have
Pa(m | 74y, 1, 7, 6,8, ¢ = 0)

(m—c)(d —m) " (m, —ci)bf‘l(d —m)¥

a, -1

[ —e) V) —0)" 7~
_ (m-e) i - m)
(d;—c)" 'B(a, b)
(o) @om) g

E[(m; - Ci)bf_l(di - ni)a[_l] ,

141

where the expectation is taken over the generalized Beta

distribution w; ~ GenBeta(a;, b, I,d) i=1,..,¢-1 But
under this Iatter density, (m; —c)b/ (d; n) s an
unbiased estimator of E[(m; — )’ (d - ) o ] In addi-

tion, by constructlon a, and b, are relatively large and
therefore (m, —c)‘ (d -7;) ' and its variance are ex-
pected to be small. Then, our second approximation is

(mi — Ci)b/

Therefore, combining (11) and (12), our final approximation
of (10) is

d, - )Y '~ Ef(r - ¢)” (d - 7)™ '] (12)

T | my 1 T, 6,8, ¢ = 0 ~ GenBeta(a;, b d). (13)

i1 My | 1
It follows from (13) that

E, (|7, b T, 0,8, 0= 0) ~ ¢ +(d; — ¢) E, (mi |, 7, 5)

and
Var, (m| Ty T, 0,8, ¢ = 0)

~ (d;—¢)*Var,(m;| u, 1, 9), (14)

where u refers to the unrestricted model and r restricted
model. Note that when ¢, =0 and d, =1, we get
E (m|-) = E,(m]-) and Var,(n,|-) = Var,(r,| ). Gen-
erally though the estimates of =, will be a bit different from
one scenario to the other. It is also interesting that
Var, (m;, | ) < Var,(w; | -) at least approximately. Thus,
the restriction Y/_;o,m; = 0 will reduce variability, when
the m are estimated. This is true because the =, i =
1, .., ¢, belongtoan ¢ -1 dimensional simplex in the ¢
dimensional hypercube while for the unrestricted model
m;, 1 =1,.., ¢, belong to the ¢ dimensional hypercube.
We expect the largest gain in precision when 6 is
completely specified, followed by the case when p, is
specified and t, >> 2, and the least gain in precision when
0 ~ Uniform (0, 1).

2.3 Computation

We show how to draw samples from the unrestricted and
restricted models. For the unrestricted model we are able to
draw random samples from (7) without using Markov chain
Monte Carlo methods. However, for the restricted model we
use the griddy Gibbs sampler (Ritter and Tanner 1992) to
draw samples from (9).

2.3.1 Unrestricted model

We collapse over the ;, draw samples from p(u, t|s)
using random draws from a bivariate grid, and finally obtain
samples from the Rao-Blackwellized densities «; | u, 7, S.
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Then,

ind

m|p, T, s ~ Beta{s, + ut, fi+(1-p)thi=1,..,¢ (15

and integrating out 7, we get

CBs, +pur i+ (-t 1
Plrls) <1 { B{ﬁr,<1—;i)r}“)}x(1+r)z’
0<p<l1t>0. Letting 8 = t/ 1 +1, wehave
P 8159)
li[B{si+m, f+(Q-wr}
i=1 Bfur, (1- )t}

} , 0<pu, d<1.
-5

1-3

First we draw p, 8 | s using a bivariate grid on (0, 1)?
to obtain a sample of M ~10,000 values of (u™, 5™),
h=1 ., M, ™ =8M/1-8M". Then we perform a data
augmentation in (15) to obtain «™, h =1, 2, ..., M, using
a composition method. That is, we simply draw m; ~
Beta{s, + pn™t™), . + @ - ™)™}, i=1..,¢ h=
1., M.

To perform the bivariate grid method for sampling from
the posterior density of (u, 8), we divide the interval (0, 1)
into 100 sub-intervals; so there are 10,000 little squares in
the original unit square. We obtain the heights of the poste-
rior density (without the normalization constant) at the
center of each of the 10,000 squares. Because these little
squares have the same area, the heights of the bivariate
density are proportional to the posterior probabilities that
(u, &) fall in each of these squares. Thus, we have con-
structed a joint posterior probability mass function of
(u, 8) on very fine grids. It is easy to draw a sample from
the discrete bivariate probability mass function by using the
cumulative distribution method. This is actually a random
draw of one of the 10,000 squares with probabilities propor-
tional to the heights of the little squares. Then within the
selected square we choose a point at random by drawing
two uniform random variables (i.e., uniform random jit-
tering). Indeed, this is a very accurate random draw from the
joint posterior density of (u, 8). We draw M =10,000
samples from this approximation for posterior inference in a
standard Monte Carlo procedure with independent samples,
not a Markov chain. Because of the random jittering the
numbers are different with probability one.

2.3.2 Restricted model

We show how to draw samples from the restricted model
using the Gibbs sampler. The joint conditional posterior
density of n;, ..., m,_; iS

Statistics Canada, Catalogue No. 12-001-X

p(my, o Ty |, T, 0,8, ¢ =0)
=

o r {TE-Si +ut-1 (1 - m ) fi+(1—p)r—l}

LN

Il
Uy

-1 Sprmr-l g f,+(1-p)t-1
X [6 - c)ini) {Z@)ini -0+ co,,} (16)
i=1

i=1

where
="
-1 6 - Z(Di T
0<0,0-0, <Yom< 1 =—=L—
i=1 ®,
Thus, we would obtain samples of =, ..., m,; and we

set

to complete the vector =, ..., m,. That is, the constraint is
obtained exactly. The conditional posterior density of 6 is

p(e | Tc([)l lvlvy Ti S, (I) = O)

-1 sé,ﬂn—l -1 f/,f(l—p)r—l
oc{@ - o ni} {w5+2mi ni—e}
i=1

i=1

x 9007 (1 - g) o0, 17

where
-1 (-1
O T < 0<o + Zizl(”i ;.

The joint conditional posterior density of p and t is

p(ut|myy 6,5, ¢ =0)
" ql»” r(l_l—l)T 8 1
[But, (1-w0)]  (1+17)?

0<p<1,t>0,9=[lim, r = [liu1-m).

To perform the Gibbs sampler, we need to draw samples
from (16), (17) and (18), each in turn, until convergence.
We draw u, t from p(p, |, 0, s) inamanner similar
to drawing from p(u, | m,) in the unrestricted model. It
is more difficult to draw sample from (16) and (17).
However, we use essentially the same method to draw
samples from the conditional posterior density of =, i =
1, .., ¢ —1, obtained from (16) and 6 from (17) which are
both proportional to the product of two density functions,
one is a truncated beta density and the other a generalized
beta density. We next develop some theory to draw a
sample from such a density. For this purpose, we state and
prove Lemma 2 and Theorem 2.

(18)
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The density function of interest is
f(x) = Af,(x)f,(x),0<c<x<d <1, (19)
where
X9 (1 - )"

jcdxg’l(l - x)"dx

f,(x) = ,c<x<d, g h>0 (20

f,(x) = (x = )**(d = x)**/ {(d - ¢)***"'B(a, b)},
c<x<d,ab>1 (21)

and, of course,
A=1/]16(0)F,(x) dx 22)

It is worth noting that we are not assuming g, h > 1. If
this was the case, then f (x) and f,(x) will be both log-
concave, thereby making f(x) logconcave, and in this case
one can draw a sample from f (Xx) using the adaptive rejec-
tion sampler (ARS, Gilks and Wild 1992). We are providing
a specialized algorithm to draw a sample from f (x) which
is not logconcave. Even if f(x) was logconcave (i.e.,
g, h > 1) this specialized algorithm will still be better than
the ARS because the ARS is a general purpose algorithm;
see Robert and Casella (1999, page 59). Our algorithm
requires less computation and does not need logconcavity;
even if there is logconcavity the ARS can perform poorly in
the tails of the density function.

Lemma 2 Consider the density functions f,(x) and f,(x)
with a, b > 1.

(@) Then

6a—1 (1 _ S)b_l

A o5 b),es: (a-1)/(a+b-2).

sup f,(x) =

c<x<d

(o) For any g >0, h > 0 there exist two constants H,
and H, such that

0<H, <A'<H,<w

A proof of Lemma 2 is given in Appendix A.
Theorem 2 Let F, . (-) be the cdf of Beta(g, h) random
variable and nglh () beitsinverse. Let
ind
U,V ~ Uniform (0, 1),
and let

X = F{UF,(d) + (1-U)F, ,(c)}

If for two real numbers a, b > 1,
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§ 1 (X—cja‘l(d—xj"‘l

T d-c)*2 5 1-8 )
where 6 = (a—1)/(a+b—2), then X has the density
F(x) = Af(X) (%),

A proof of Theorem 2 is given in Appendix A.

Theorem 1 gives us the following algorithm for drawing
samples from f(n) o« 7971 - )" *(x - ¢)**(d — 1),
c<mn<dg,h>0ab>1

Algorithm
(@ Draw U ~ Uniform (0, 1) and set

n = Fp{UF, ,(d) + (1-U)F, ()}

(b) Draw V ~ Uniform (0, 1). If

.1 (n—cjal(d—njbl
Td-c)*? B 1-8)

accept m, otherwise goto (a).

Because the binomial sample sizes are arranged in
increasing order, in any application it will be true that
a,b>1and g, h>0 (possibly greater than 1 as well).
Thus, the algorithm will work. Indeed, in all our examples
(one presented here) and simulation exercises the algorithm
runs very quickly.

Now, we show how to draw m;, i
For m;,

=1,.. ¢ and 0.

p(ni | n(i,[)l 61 Ha T, Sy (I) = 0)
o (L= m) - 6)" (- m) T e < m<
where m, , is the vector containing the elements of =

except for m; and m,, and a;=s;+ pt, b, = fi+ (1 - ),
i=1..,¢

Apply the theorem to p(m| =g, 0, w, 7, 8), 8,>1, b, >1,
i=1.,¢0-1
For 6, we have
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PO |m 118 ¢=0)
oc 0100 (1 — 9)" 009 — ) (d - 0)" T, c <0<,
where
€= Z::—llw, m, d =, + thlloo, .

Again, apply the theorem, a, > 1, b, > 1.

When 6 is fully specified (i.e., 0 is not random), we do
not have to draw 6. However, when 6 ~ Uniform (0, 1)
apriori (n, =1/2, T, = 2), we have a simplification. In
this case,

0| m,, 11 s ¢ =0~ GenBeta(a, b, ¢, d)

and 0 = ¢ + (d — €)X, where X ~ Beta(a,, b,), has the
required density.

For both the unrestricted and restricted models we use
10,000 iterates to make posterior inference about the bino-
mial probabilities, ;. Under the unrestricted model these
are simply random draws and no monitoring is required. For
the restricted model, running the griddy Gibbs sampler, we
drew 11,000 iterates, used 1,000 as a “burn in” (a conserva-
tive number because convergence occur much earlier as
evident in the trace plots) and we found negligible correla-
tions among the iterates. Thus, we used 10,000 iterates to
make inference about the binomial probabilities. For both
the unrestricted and the three restricted models it takes only
a few seconds on our 2 x 833 MHz alpha computer.

3. Numerical studies

In Section 3.1 we describe an illustrative example to
show the main features of the restriction. In Section 3.2 we
describe a simulation study to show frequentist properties of
the Bayes estimators, and we show deeper insight into the
differences among the four scenarios. Note again that when
we performed the computations, it is convenient to order the
domain sizes so that the largest domain comes last.

3.1 Illustrative example

We have used data in the third National Health and
Nutrition Examination (NHANES) Survey to illustrate our
method. We have studied body mass index for teenagers,
and we have data on the sample obtained. The domains
(small areas) are formed by crossing ethnicity (white, black,
Mexican) and sex (male, female). We have separated out the
teenagers with respect to whether they were in middle
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school or high school at the time of the survey. Thus, there
are 12 small domains. The data are presented in the first four
columns of Table 1 by domain. Note that domains MWM,
MBF, MWF and HBF are relatively sparse with 4, 2, 5, 5
obese teenagers respectively; for the twelve domains the
sample consists of 959 with 130 obese teenagers (i.e., the
overall proportion of obese individuals is 0.136 approxi-
mately). In column 4 of Table 1 we have also presented the
direct estimates by domains, and these estimates range from
0.069 to 0.228. The estimates for the smallest domains will
be unreliable. Moreover, when the beta-binomial models are
used, these estimates will regress to the overall sample mean
of 0.136, creating a possible bias. Our method is expected to
increase precision beyond the unrestricted model because
the restricted model uses more information about the
weighted sum. Clearly, predictors based on either the
restricted model or the beta-binomial model are biased if the
specified model is wrong.

We have taken p, =0.136, the overall sample propor-
tion, and t, = 959, the total sample size. Less optimistic
choices can be used. For example, t, = 100, say; but this
choice makes very little difference. However, it is worth
noting that using the observed data to specify the prior
distribution can artificially decrease the posterior variance.
Typically a survey practitioner will have an appropriate
specification from a prior survey or a census. One cannot
specify values for p, and t, which are completely out of
line and will create huge biases. Here 1, is a prior sample
size and p, is a prior mean of 0. This method permits a
sensible value for 0; we are essentially adding a degree of
uncertainty about knowledge of the linear combination.
Thus, these specifications are not unreasonable.

We have applied our method as described for the four
scenarios. In the other columns of Table 1 we study the
estimates of the small area probabilities. We present the
posterior mean (PM), posterior standard deviation (PSD),

RMSE = /(& — PM)? + PSD?,

where 7 is the direct estimate, and the 95% highest
posteriori density (HPD) interval (Int). As is expected, the
PSDs are roughly in the increasing order: Model 2, Model 3,
Model 4 and Model 1; in some cases the differences are
important. The PMs for Models 1, 2 and 3 are mostly
similar, but for Model 4 the PMs are mostly smaller than the
other three models. There is much improvement of Models
2 and 3 over Model 1 at least in terms of precision. This
gain becomes less important for Model 4, the model with
the greatest uncertainty about .
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Table 1

Comparison of the four models using posterior mean (PM), posterior standard deviation, root mean square error (RMSE), and

95% credible HPD intervals (Int) of =; by domain (D) for the NHANES data
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D S n 7 PM PSD RMSE Int PM PSD RMSE Int
Model 1 Model 2
1 4 47 0.085 0.114 0.033 0.044 (0.051, 0.179) 0.111 0.032 0.041 (0.049, 0.170)
2 2 29 0.069 0.112 0.037 0.057 (0.042, 0.183) 0.111 0.036 0.055 (0.041, 0.178)
3 10 44 0.227 0.175 0.044 0.068 (0.100, 0.264) 0.177 0.041 0.065 (0.108, 0.260)
4 5 62 0.081 0.107 0.030 0.040 (0.047, 0.159) 0.107 0.027 0.038 (0.054, 0.160)
5 10 74 0.135 0.134 0.030 0.030 (0.077, 0.194) 0.134 0.028 0.028 (0.080, 0.190)
6 12 69 0.174 0.158 0.036 0.039 (0.089, 0.227) 0.155 0.031 0.036 (0.095, 0.214)
7 8 79 0.101 0.116 0.028 0.031 (0.065, 0.173) 0.115 0.027 0.030 (0.065, 0.166)
8 5 62 0.081 0.107 0.030 0.040 (0.052, 0.169) 0.105 0.029 0.038 (0.042, 0.153)
9 28 123 0.228 0.196 0.036 0.048 (0.129, 0.262) 0.196 0.032 0.045 (0.131, 0.253)
10 10 111 0.090 0.106 0.026 0.030 (0.059, 0.155) 0.105 0.024 0.028 (0.061, 0.150)
11 16 122 0.131 0.132 0.026 0.026 (0.083, 0.183) 0.130 0.023 0.023 (0.090, 0.179)
12 20 137 0.146 0.144 0.026 0.026 (0.094, 0.194) 0.141 0.022 0.023 (0.100, 0.184)
Model 3 Model 4

1 4 47 0.085 0.111 0.033 0.042 (0.044, 0.169) 0.109 0.032 0.040 (0.050, 0.172)
2 2 29 0.069 0.111 0.037 0.056 (0.039, 0.179) 0.108 0.036 0.053 (0.037, 0.173)
3 10 44 0.227 0.175 0.043 0.068 (0.093, 0.260) 0.170 0.044 0.072 (0.091, 0.255)
4 5 62 0.081 0.106 0.029 0.038 (0.050, 0.160) 0.103 0.030 0.038 (0.048, 0.164)
5 10 74 0.135 0.134 0.029 0.029 (0.077, 0.189) 0.129 0.030 0.030 (0.067, 0.184)
6 12 79 0.174 0.156 0.034 0.038 (0.090, 0.217) 0.151 0.036 0.043 (0.087, 0.222)
7 8 69 0.101 0.118 0.028 0.033 (0.062, 0.171) 0.111 0.028 0.029 (0.061, 0.167)
8 5 62 0.081 0.107 0.030 0.040 (0.051, 0.165) 0.102 0.030 0.036 (0.050, 0.159)
9 28 123 0.228 0.195 0.034 0.047 (0.138, 0.265) 0.189 0.035 0.052 (0.123, 0.255)
10 10 111 0.090 0.107 0.024 0.029 (0.062, 0.156) 0.104 0.025 0.029 (0.051, 0.149)
11 16 122 0.131 0.132 0.024 0.024 (0.086, 0.179) 0.126 0.025 0.025 (0.083, 0.179)
12 20 137 0.146 0.143 0.024 0.024 (0.095, 0.191) 0.137 0.025 0.027 (0.091, 0.189)

Note: The four models are: Model 1 - no restriction; Model 2 - fixed 6; Model 3 - informative prior for 6; Model 4 - uniform prior for 6.
Domains are formed by crossing school (middle school - M, high school - H), race (white - W, black - B, mexican american - M) and sex
(male - M, female - F). Thus, the domains are: 1-MWM, 2-MBF, 3-MMM, 4-MWF, 5-MBM, 6-MMF, 7-HWM, 8-HBF, 9-HMM, 10-
HWEF, 11- HBM, 12-HMF (e.g., the first domain consists of middle school white boys). n is the number of teenagers and s the number of
obese teenagers in each domain. Data are taken from the 35 largest counties in the US. An estimate of the overall probability is
130/959 ~ 0.136, and for the first domain p = 4 /47 =0.085; the numerical standard errors are all smaller than 0.001;

RMSE = /(& - PM)? + PSD?.

We also study very briefly the nuisance parameter 6. We
note that the weighted average of the direct estimators of the
small areas is 0.136 (more accurately 0.1355599). When 0
is held fixed at 0.1355599, the weighted average of the
posterior means is 0.136. When 6 has the informative prior,
the weighted average of the posterior means is 0.136, and
for 6 the PM is 0.136, the PSD is 0.008, and a 95% HPD
interval for 6 is (0.122,0.152). When 6 has the uniform
prior, the weighted average of the posterior means is 0.132,
and for 6 the PM is 0.131, the PSD is 0.011, and a 95%
HPD interval for 6 is (0.110,0.151). This shows the
deficiencies of the uniform prior which we use only for
comparison. It is worth noting that p,, ..., n,, and 6 are
computed first. Then p, is obtained by subtraction. This is
done at each iterate of the Gibbs sampler. Then, the
posterior summaries for 3/_,m, n; and 6 are computed. So
there will be very minor discrepancies which are due to
rounding.

Finally, we have selected the four smallest domains to
compare the posterior densities of the probabilities. We have
used the Parzen-Rosenblatt kernel density estimator to
estimate the posterior densities; see Silverman (1986) for
details. Figure 1 compares the estimated posterior densities
for the four models. It is interesting that as the domain sizes
increase, the four models get closer together. Also, for all
cases the tails of the distributions in each panel are very
similar; the differences in these distributions though lie in
the modal intervals (i.e., interval containing the mode), and
their heights. As expected, the posterior density correspon-
ding to the unrestricted model is the shortest, simply
because it has more variability. Model 4 has posterior
density shifted to the left and is slightly bimodal for the
smallest domain. Thus, inference about the modes of these
distributions will be different. But inference involving the
tails will not be so different; except for Model 4, 95%
credible intervals will be similar.
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Figure 1 Plots of the estimated posterior densities of m;, ®,, ®4, and m; for the four models and NHANES data

3.2 Simulation study

We use a simulation study to assess the statistical
properties of our method. We want to see if the gain in
precision persists and to see how the estimators of the
probabilities are shifted. We also study the frequentist
properties of the estimators of the probabilities. In the
description of the simulation it is convenient to use the
abbreviated names of the models which are UR (Model 1,
no restriction), FI (Model 2, fixed 6), IN (Model 3,
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informative prior for 0) and UN (Model 4, uniform prior
for 6).

We set 6, =0.15, p, = 6, and 1, =100. We have
selected three values of ¢ =12, 24, 36, 12 being the number
of areas in the NHANES data. We drew the sample sizes
from a uniform density in (25, 150), again to reflect the
NHANES data. First, we generated

iid
m; ~ Beta{pn,ty, (1—po)to} 1 =1, .., L
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To do this latter task, we drew sets of ¢ m until 0, —
W, < YiGo < 0, set m,= (0,— it m;) /w,. Then,
we generated
ind

s; ~ Binomial (n;, ;).
We have generated 1,000 data sets in this manner for each
of ¢ =12,24,36. Then, we fit the four models (one
unrestricted and three restricted models). The process is
very fast (i.e., for samples sizes of 12, 24, 30 there were
respectively 22, 90, 153 rejects in the 1,000 samples). We fit
each data set using random samples for the unrestricted
model and the griddy Gibbs sampler for the restricted
models. We fit the 1,000 data sets in a couple of hours on
our on our 2 x 833 MHz alpha computer.

For these 1,000 simulations we study PM, the coverage
(C), the bias (B), PSD, RMSE and width (W) of the 95%
credible intervals. For each domain we compute the bias
PM — &, then we average these values over all domains
and simulation runs, and this quantity we now call B.
Associated with B we also computed AB, the average of
| PM — 1t |. Similarly, we have computed

RMSE = /(PM — n)? + PSD?

for each domain and each simulation run and we average
these over all domains and simulation runs. Note that the
true probabilities, m;, are known by design. We obtain the
coverage (C) by computing the proportion of all intervals
containing the true value of =; over all domains and
simulation runs. We also obtain the average of the widths of
the 95% credible intervals. Numerical standard errors are
obtained for all quantities.

Table 2
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In Table 2 we study the estimates of the small area
probabilities. It is convenient to use the shorter names of the
four models for our discussion. For IN the PMs are close to
the nominal value of 0.15, but for UN the PMs are smaller
than the nominal value particularly for UN at ¢ =12. We
observe that the coverage for all the models UR, FI and UN
are always larger than the nominal value of 95%, but for
model IN these coverages are smaller than the nominal
value of 95%. A similar difference exists for the bias; while
the bias is small for all models, models UR, FI (the specified
value of 0 is 0.15) and UN have negative biases but IN has
positive bias. Except for ¢ =36 IN has the largest AB. The
PSDs are mostly similar and the RMSEs share the same
features; there are some differences at ¢ =12. The four
models get similar as ¢ increases; when 7 is large there
appears to be no need for our method. However, again the
gain in precision appears to be in the increasing order FI, IN,
UN and UR.

In most applications the exact value of 0 is unknown.
Therefore, the PSDs of the m;, under the situation where 6
is assumed known, are likely to underestimate the true
PSDs. So we study the deviations of the PSDs of IN and
UN from those of FI, and we compute the ratios, R, =
PSD,, /PSD, and R, = PSD,, / PSD,. In Table 3 we
present the five-number summaries of these ratios by
sample size. Most of the ratios are around 1 (i.e., inter-
quartile range) with some tendency for them to be larger
than 1. (Note that the maxima at ¢ = and ¢ =24 are out-
liers possibly due to bad simulated samples.) Thus, overall
the PSDs under IN and UN are not much larger under FI.

Simulation: Comparison of the four models using coverage (C), bias and average absolute bias (B and AB), posterior standard
deviation (PSD), root mean squared error (RMSE) and width of the 95% credible intervals (W) of T;

L Model C B AB PSD RMSE W
12 UR 0.9600.0018 -0.0020 0003 0.02310 00016 0.0330.0001 0.043.0001 0.125¢ 0003
FI 0.9610.0018 -0.0000.0003 0.021900020 0.0310.0001 0.0400,0001 0.1180.0003
IN 0.9460,0021 0.005¢.0003 0.0275 00066 0.0320,0001 0.0430.0001 0.1224 9002
UN 0.956¢ 0019 -0.000¢ g003 0.0261¢ 00019 0.032¢,0001 0.042¢ 0001 0.122¢ 0003
24 UR 0.9570.0013 -0.0010 0002 0.0229¢ 00012 0.031¢,0000 0.0414 0001 0.119.0002
FI 0.9570 0013 -0.0000 0002 0.0224, 00013 0.0300.0000 0.0400,0001 0.1160.0002
IN 0.9430 0015 0.0060.0002 0.0252 go0ss 0.0300.0000 0.041.0001 0.1160.0001
UN 0.952¢ 0014 -0.000¢ go02 0.0236¢.00012 0.031¢,0002 0.041 0002 0.118,0005
36 UR 0.9600.0010 -0.0010 0001 0.0224¢ 00009 0.0300.0000 0.0400,0001 0.117¢.0001
FI 0.9610.0010 -0.0000 0001 0.02184,00009 0.0300.0000 0.039 001 0.115¢ 0001
IN 0.9480 0012 0.005¢,0002 0.0224, 00009 0.0300.0000 0.0400.0001 0.1140 0001
UN 0.957¢.0011 -0.000¢ go01 0.0228¢ 00010 0.0300.0000 0.0400,0001 0.116¢,9001

Note: The four models are: Model 1 - no restriction (UR); Model 2 - fixed 6 (FI); Model 3 - informative prior for 6 (IN); Model 4 - uniform
prior for © (UN). RMSE= ./(x — PM)? + PSD?. The notation a, means a isanestimate and b is the standard error.

Statistics Canada, Catalogue No. 12-001-X



148

Table 3

Simulation: A study of the posterior standard deviation (PSD)
of the =; using five number summaries of the ratios, R, and
R, , by sample size

L Ratio Min Q Med Qs Max
12 Ry 0.673  0.972 1.032 1.091 5.329
R, 0.022 0984 1034 1.086 85.370
24 Ry 0.019 0965 1.005  1.047 16.017
R, 0.024 0979 1014 1.049  486.960
36 Ry 0.690 0.962 0.998  1.034 1.236
R, 0.837  0.979 1.011 1.044 1.243

Note: R; = PSDyy/ PSDg and R, = PSDyy/ PSDg,. The five
summaries are minimum (min), first quartile (Q;), median
(med), third quartile (Q;) and maximum (max).

In Table 4 we study the estimate of 6 for the two
pertinent models IN and UN. For both models the coverage
probabilities are smaller than the nominal value, and the
coverage for UN is smaller than the interval for IN. Bias is
small for both models, positive for IN and negative for UN.

Table 4

Nandram and Sayit: A Bayesian analysis of small area probabilities under a constraint

Except for ¢ =36 IN has by far the larger AB. The PSDs
and RMSEs are generally smaller for IN, and the widths of
the 95% credible intervals are significantly smaller for IN. It
appears that it is difficult to estimate 6 under UN, but IN
appears to be somewhat better.

In Table 5 we present more detailed result (i.e., by
domain) for the case when the number of domains is 12. To
show further gains in precision, we have reduced the sample
size to half as much [i.e., we drew the sample sizes uni-
formly in the interval (12, 75)]. We present the posterior
standard deviation and the posterior root mean square error,
averaged over the simulation runs. Again the standard errors
are presented. We note that all the probability contents (not
presented) are at least the nominal value of 95%. The
numerical standard errors are small in all cases. The PSDs
and RMSEs are in the right order. Note that because the
sample sizes are arranged in order from smallest to largest,
there is a decrease in the PSDs and RMSEs as the domain
numbers go up.

Simulation: Comparison of the informative (IN) and the uniform (UN) models using posterior mean (PM), coverage (C), bias and
average absolute bias (B and AB), posterior standard deviation (PSD), root mean squared error (RMSE) and width of the 95%

credible intervals (W) of ;

Y Model PM C AB PSD RMSE w
12 IN 0.1490.0012 0.8530.0112 0.00000003 0-001520.00081 0.0080.0000 0.0120.0002 0.03000001
UN 0.138p0005s  0.881p0100  -0.012p0004  0.00038p00003  0.011p0001  0.01600002  0.0420 0002
UN 0-1450.0003 0-794’0.0128 '0-0050.0002 0-000090.00000 0-0060.0000 0-0100.0001 0-0240.0001
Note: The two models considered are: Model 3 - informative prior for 6 and model 4 - uniform prior for 6. RMSE =

J(eo — PM)? + PSD?. The notation a, means a is an estimate and b is the standard error.

Table 5

Simulation: Comparison of the four models using posterior standard deviation and root mean square error (RMSE) of =; by

domain (D)

Unrestricted Fixed Informative Uniform

D PSD RMSE PSD RMSE PSD RMSE PSD RMSE
1 0.048,, 0003 0.057¢.0004 0.046¢ 003 0.054,004 0.045¢ 002 0.056¢ 0005 0.047¢.0004 0.056¢ 0005
2 0.046¢.0003 0.0550,0004 0.044,0003 0.053,.0004 0.044,0002 0.054¢.0005 0.045¢.0004 0.05440005
3 0.044¢ 0002 0.0530.0004 0.042 0002 0.0504.0004 0.0424 0002 0.0524 0005 0.043,,0003 0.0514,0004
4 0.042 0002 0.0500.0004 0.0404.0002 0.0474.0004 0.0404.0002 0.0500.0004 0.0414.0002 0.049.0004
5 0.0414.0002 0.049,004 0.0380.0002 0.046¢,0004 0.039.0002 0.0480 0004 0.039.9003 0.048,,0005
6 0.040¢ 0002 0.0480.0004 0.037¢.0002 0.045¢,0004 0.0370.0002 0.0480,0004 0.038,.0003 0.0474.0005
7 0.038¢.0002 0.046¢ 0004 0.035¢,0002 0.043,,0003 0.0360.0002 0.046¢.0004 0.037¢.0003 0.045¢ 0004
8 0.037¢.0002 0.045¢ 003 0.034,0002 0.0414.0003 0.036¢.0002 0.046¢.0004 0.036¢.9003 0.044¢ 0004
9 0.036¢.0002 0.044 0003 0.033,.0002 0.0404.0004 0.034,.0001 0.0444 0004 0.035¢.0003 0.0424,0004
10 0.035¢ 0002 0.043,,0003 0.032 0002 0.039.0003 0.034,0001 0.0444 0004 0.034¢.0003 0.0424,0004
11 0.034¢,0001 0.0424 0003 0.031,0002 0.038y.0003 0.033,,001 0.0424.0004 0.033;.0003 0.0410.0004
12 0.035¢ o902 0.0474 0005 0.031,0002 0.0424 0004 0.034,003 0.0474,0006 0.034,0007 0.046 0008

Note: The four models are: Model 1 - no restriction; Model 2 - fixed 6; Model 3 - informative prior for 8; Model 4 - uniform prior for

6. RMSE= \/(ni — PM)? + PSD?. The notation a, means a is an estimate and b is the standard error. Here 12 domains are used
and the original simulated sample sizes are divided by 2.
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We study the posterior density of =, for ¢ =12, and we
compare the four models. Again we use the Parzen-
Rosenblatt density estimator. In Figure 2 we present the
estimated posterior densities (Parzen-Rosenblatt) averaged
over the 1,000 runs for ¢ =12. We obtain the same results
as for the BMI data. Again the tails are similar. Fl is the
tallest density and UN is the shortest. UN is slightly shifted
to the left of IN. In Figure 3 we present a systematic sample
of 10 densities from the 1,000 simulation runs by model.
We can see large variation among the 10 estimated posterior
densities. Again we can see that Fl is tallest; UR, Fl and UN
show similar variation with IN slightly taller. Thus, it is
important to take the average for comparison as in Figure 2.

149

4. Concluding remarks

We have extended the beta-binomial model of small area
estimation to accommodate a prior specification of a
weighted average of the area probabilities. We have used
the Bayesian approach which is particularly attractive for
problems with awkward likelihood functions as in our
application with the constraint of the weighted average of
the beta-binomial model. We viewed the constraint as prior
knowledge which can be precise or less informative. The
griddy Gibbs sampler is used to fit the models, thereby
avoiding the more sophisticated Metropolis-Hastings sam-
pler. We have developed a theory which permits sampling
from a density function which is proportional to the product
of a truncated beta-binomial density and a generalized beta
density. We have found that overall our complete algorithm
forming the griddy Gibbs sampler runs efficiently and fast.

10

Density

Posterior densities

0.0 0.1 0.2 0.3 0.4
Probability
Model : UR  ———————————— Fl
————————————— IN -—-—--—-—-—--—---UN

Figure 2 Plots of the estimated posterior densities of m; by model when there are 12 domains
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Figure 3 Plots of the estimated posterior densities of w,; for a systematic sample of size 10 from the 1,000 runs by model when

there are 12 domains

We have shown that there could be gains in precision
when extra information is incorporated into the beta-bino-
mial model. We have considered three scenarios in which a
survey practitioner (a) can not specify any constraint (stan-
dard beta-binomial model for small areas), (b) can specify a
constraint and the parameter completely, and (c) can specify
a constraint and information which can be used to construct
a prior distribution for the parameter. Our example on
obesity of children in the National Health and Nutrition
Examination Survey and simulation study showed that the
gain in precision beyond (a) is in an order with (b) larger
than (c). As the exact algebraic arguments are difficult, we
obtained an analytical approximation which shows that
indeed there could be gain in precision of (b) over (a). For
comparison we have considered a fourth scenario in which
0 has vague information, and as expected, it turned to be
rather uninteresting and inefficient.

Statistics Canada, Catalogue No. 12-001-X

It is straight forward to make Bayesian predictive infer-
ence about the finite population mean of each small area.
Let P =T, /N; denote the finite population proportion for
the i" area, where T = z?‘;lyu, y; are the binary re-
sponses, and N;, the number of individuals in the i" area,
is assumed known. Now T, =t + ™), where t® and
t(™ are respectively the sample total and the nonsample to-
tal. Now under any of the models t,"™| x, ~ Binomial (n;,
m) and p(t™]|y,) = [pt™ | =) p(n | y;)dm;, where
Yo = (Y, ..., ¥,). Thus, it is easy to obtain the empirical
posterior density of P using a sampling-based method.
Nandram and Sedransk (1993) obtained some analytical
features of P, when t is known, but not with the constraint;
see also Nandram (1998).

We mention a generalization of our restricted beta-bino-
mial hierarchical Bayesian model to the Dirichlet-multi-
nomial model (e.g., Nandram 1998). Let y, be c-vector of
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cell counts (i.e., number of people possessing one of ¢
traits), and let n, denote the sample sizes within the i"
area, i =1,..., . We assume

ind iid
y; | m; ~ Multinomial(n;, ©;), m, | u, t, 0 ~ Dirichlet (ut)

with ¥{,w, m; = 6. Finally 0~ Dirichlet(u,t,), where
n, and t, are to be specified, and independently p(u, 7) =
k-DY(A+19%0<p, <1, k=1,...,¢,3 8- = 1. With
k constraints this problem is much more complex, but we
plan to work on it. Other extensions to nonignorable non-
response (Nandram and Choi 2002) and two-way categori-
cal tables are possible.
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Appendix A
Proofs of lemmas 1, 2 and theorems 1, 2

Proof of lemma 1

This is a special case of a general result. Using the
multiplication rule and because the prior is proper, it is clear
that the joint density of =, pu,t, s “integrates” to one.
Therefore, the joint posterior density of «, u, T given s is
proper.

Proof of theorem 1

Let 7 ={(m, 1, 7,0):0<m <1,i=1,.,40<p<
1,1>0,0-w, <¥Gon <0,0<0<1nx =(0-

Zom)lo} and T°={(m, pn 1):0<m <1, i=
1,..,0,0<u<1, t>0} notethat 7 = 7.

Let §(m, pu,t|s) denote the right-hand side of the
unrestricted posterior density in (7) and p(m, 1, 7,0 | s,
¢ =0) denote the right-hand side of the restricted posterior
density in (9). Noting that =, = (0 - X/l o, ;) / ®,, We
observe that

r)(ﬂ:(//,)’ I T, 0 | S, (I):O) =
g(m v | )00 (1 9)(1_”‘))10_1, (7, 7,0) e 7.

Because 000 (1 - 0) %™ s proportional to the
density function of beta random variable, we have

[ By 17 015, ¢ = 0)dndpdedd =
A_[Tg(n, w7 s)drdpdr < AjT*g(n,u,r | s)drdpdr,
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where A = B{u,1,, (1 - o) 7o} IS the beta function. By
lemma 1, IT*G (r, u, t|s) drdudt < oo, Thus, p(nm, u,
1,01 s,¢ = 0) isproper.

Proof of Lemma 2 (a)

This can be proved in two ways. The second derivative
of log{f,(x)} is negative in (c, d), and so the first
derivative, when set to zero, provides a unique mode which
is od + (1 —-8)c. Alternatively, because (X —c)/(d—c)~
Beta (a,b) with a, b >1, there is a uniqgue mode for
(X —c)/(d —c), and this translates to 6d + (1 - 8)c;
note that &d + (1-3)c is a point in (c,d). Thus,
substituting dd + (1 - 8)c into f,(x), we have

sup f,(x) = 81— 8)""/(d —c) B(a, b).

c<x<d

Proof of Lemma 2 (b)

Because a,b>1, x>x—-c and 1—x >d —x, itis
true that

A2 D[ - )™ (d - x)P " Rd,

where D = (d - c)*"*B(a, b) B(g, h{F, ) - F,, ()}
and F; ,(x) is the cdf of a standard beta random variable in
(0, 1). Note that because ¢ < d (strictly) and F,,(x) is
monotone increasing in (0,1), F,,(d) - F;,(c) >0
(strictly). By comparison with the generalized beta density
[ie., Beta(a+g-1,b+h-1,c,d)], the integral is
(d — c)*™®*9*"3B(a + g —1,b + h —1). Thus,
Aty (A c)*"?*B(@a+g-Lb+h-1)
~ B(a,b)B(g, N{F,,(d) -F,,©F
Also, we have

A < 1,00 sup (0 dx

> 0.

c<x<d
Then by Lemma 2 (a),
a-1 b-1 a-1 b-1
Al < 3 (1-9) Idfl(x)dx= 3 (1-9)
(d —c)B(a, b) e (d —c)B(a, b)
=H, <o

Proof of theorem 2

To show the claim, we calculate the cdf F, () of the
random variable X defined in the Theorem. We have

Fy (X) = P(X<x)

P[F, {UF, ,@d) + (1-U)F, ,©)}< x]
PUF,,d) + 1-U)F, () < Fy ()]
PU{F,,[d) - Fn©} < Fyn(x) — Fy» )]

olyc Fn®-Fa@]
Fon(@) = Fyn(©
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Now, since U ~ Uniform(0, 1), from the above expres-
sion for F, (), wehave F, (x) =1 if x > d and F (x) =
O0if x <c. When ¢ < x <d, wehave

Fyn(X) — Fy 1 (c)
Fon(d) = Fy(0)
This shows that X has the truncated beta density f,(x)

in (20).
Now, looking to use the accept-reject algorithm, consider

Fy () =

f(x) _
00 Af, (x).

By Lemma 2, we have

6a—1 (1 _ S)b—l
(d - ¢)B(a, b)

sup { f(x)} = Asup f,(x) = A

c<n<d fl(X) c<n<d

Thus, by the accept-reject algorithm, if

Ve 1 (X—cj‘”(d—x)bl
T d-c)*? § 1-8 ) '

then X has the density f(x) in (19).
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