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Mean - Adjusted bootstrap for two - Phase sampling

Hiroshi Saigo '

Abstract

Two-phase sampling is a useful design when the auxiliary variables are unavailable in advance. Variance estimation under
this design, however, is complicated particularly when sampling fractions are high. This article addresses a simple bootstrap
method for two-phase simple random sampling without replacement at each phase with high sampling fractions. It works for
the estimation of distribution functions and quantiles since no rescaling is performed. The method can be extended to
stratified two-phase sampling by independently repeating the proposed procedure in different strata. Variance estimation of
some conventional estimators, such as the ratio and regression estimators, is studied for illustration. A simulation study is
conducted to compare the proposed method with existing variance estimators for estimating distribution functions and

quantiles.
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1. Introduction

Two-phase sampling or double sampling is a powerful
tool for efficient estimation in surveys. Usually, a large-
scale first phase sample is taken where auxiliary variables,
correlated with the characteristics of interest and relatively
easily obtained, are observed. Then, a small-scale sub-
sample is chosen from the first phase sample to measure the
characteristics of interest that are harder to obtain. At the
estimation stage, the auxiliary variables at the first phase are
employed to obtain an efficient estimator.

A closed-form sample variance formula for an estimator
can be complicated or even unavailable under two-phase
sampling. Consequently, resampling methods, such as the
jackknife and bootstrap, are appealing for two-phase
sampling. Rao and Sitter (1995) and Sitter (1997) studied
the delete-1 jackknife approach to the ratio and regression
estimators under two-phase sampling and found the method
provides design-consistent variance estimation with desir-
able conditional properties given the auxiliary variables.

A weakness of the delete-1 jackknife is that it cannot
handle quantile estimation. Moreover, it is not trivial how
one can incorporate the finite population correction into the
jackknife variance estimation under two-phase sampling
(see Lee and Kim 2002 and Berger and Rao 2006). The
bootstrap, on the other hand, eliminates these problems if
properly formulated.

Several bootstrap methods for two-phase sampling have
been proposed and studied. Schreuder, Li and Scott (1987),
Biemer and Atkinson (1993) and Sitter (1997) considered
similar bootstrap methods which provide consistent variance
estimation when sampling fractions are negligible. Rao and
Sitter (1997) proposed a rescaling bootstrap for high
sampling fractions.

A disadvantage of the rescaling approach is that it cannot
handle the estimation of distribution functions and quantiles.
In this paper, we propose a mean-adjusted bootstrap for
two-phase sampling that accommodates the estimation of
distribution functions and quantiles. The method is simple
and includes the existing ones for negligible sampling
fractions as a special case. Recently, Kim, Navarro, and
Fuller (2006) studied replication variance estimation with-
out rescaling for two-phase sampling in a more generalized
framework than that of this paper. Our method, however, is
different in that it internally incorporates the finite popu-
lation correction.

This paper is organized as follows. Section 2 presents the
mean-adjusted bootstrap for two-phase sampling. Section 3
illustrates how the proposed method works for some
conventional estimators. A simulation for estimating distri-
bution functions and quantiles is conducted in Section 4.
Section 5 discusses further applications of the mean-
adjusted bootstrap. Concluding remarks are given in
Section 6.

2. Mean - Adjusted bootstrap

For notational simplicity, we assume there is only one
stratum. To extend our method to stratified sampling, repeat
the same procedure independently in different strata to
obtain a bootstrap sample (see Rao and Sitter 1997, pages
759-762).

Let P be the set of unit labels in a population of size M.
Suppose a simple random sample without replacement
(SRSWOR) of size n,,, from P is taken and denote the
sampled labels by 4 + B. The auxiliary variable (vector) x,
is observed for ie A+ B. Then take a second phase
SRSWOR of size n, <n,,, from 4+ B and denote the
sampled labels by 4. The characteristic (vector) y, is
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measured for ie 4. Let B=(A+B)—A4, ng=n,,, -
ng,yy={yriedl, x,={x:ied}, and x,={x;
j € B}. An approximately design-unbiased estimator of
parameter 0 is assumed to be written as 0 =7 (y o X
Xp).

Under the proposed method, a bootstrap sample is
constructed as follows.

1. Regard 4 as an SRSWOR of size n, from P.
Choose n, units from 4 by a bootstrap method
suitable for an SRSWOR of size n, from P.
Denote the sampled labels by 4"

2. Regard B as an SRSWOR of size n, from P-4
conditional on 4 having been selected. Choose r,
units from B by a bootstrap method suitable for an
SRSWOR of size n, from P — A. Denote the
sampled labels by B".

3. For je B", define the mean-adjustment as %,
where

Xo=x 4+ f,(X -X /A= f), (D

with X, = nQIZ[EAx,., X, = njz,.eA*x,., and f, =
n,/N.
4. Let Y, —{y,:zeA} X,o=1{x: ied}, and
=% :je€ B'}. The bootstrap analogue of O
1stheng1venby 0" =1(y o» X5 Xp0).

For bootstrap methods for a finite population, see Shao
and Tu (1995, Chapter 6). The Bernoulli Bootstrap (BBE)
proposed by Funaoka, Saigo, Sitter and Toida (2006) is
appropriate for our method because of a reason specified
later. To obtain a bootstrap sample A~ in the BBE, we
conduct random replacement for each i in A4: keep
(x;, y) 1in the bootstrap sample with probability
p={-00-n" A=) or replace it with one
randomly selected from 4. For the case where p ¢ [0, 1],
see Funaoka et al. (2006).

To estimate the variance of 0, repeat steps 1-4 a large
number of times K and use

K
Voot (0) = K™ z O — 6y )2’ )

where 0; ) 1s the Value of & inthe &™ bootstrap sample
and 6() =K'y, 6 )

When f, is negligible, the mean adjustment (1) is
unnecessary. The above method then reduces for large #,
to that by Schreuder et al. (1987) and Sitter (1997).

The proposed bootstrap method is motivated by the
following two observations. First, let sampling schemes I
and Il be [P > A+B, A+B —> A] and [P > A, P -
A — B], respectively, where — means “the right hand
side is an SRSWOR from the left hand side.” Then, I and II
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implement the identical design. In fact, the design
probability assigned to a particular sample {i = (i, i,, ...,

i, €A, = Jos s Jo,)€B} in 1 is Priie4,
JEB} =[vC N nMCn,,] = = n,lng (N — nA+B)'/N
while it is Pr{ied, je B} =[,C, chng] =

nng (N —ny )/ N in IL ObV10usly, the sampling
distribution of an estimator under repeated sampling
depends on the sampling design. So, it is a matter of
convenience to assume Il is carried out even when I is
employed.

Second, to motivate the mean adjustment (1), observe
that the mean of x of the set P— A4, or the conditional
expectation of X, under repeated sampling given 4, is

X, , =(X - foA)/(l—fA) The bootstrap analogue of
XPAlsglvenbe = (X - S X)) A= f). So,
equation (1) amounts to X=x; -X, A+XP_A , a mean
adjustment similar to that proposed by Rao and Shao (1992)
in the context of hot deck imputation under the uniform
response mechanism. This mean adjustment ensures
appropriate correlations between x in 4 and x in B’
required for consistent variance estimation with high
sampling fractions (see Rao and Sitter 1997, page 760).
Note that the condition n, =n . or f, = f . is essential
for cancelling out X in the mean adjustment. Therefore, the
mean-adjusted bootstrap requires a bootstrap method for
SRSWOR which retains the original sample size, such as
the BBE.

It is shown in Appendix A that the proposed bootstrap
method provides design-consistent variance estimation for
the class of estimators studied by Rao and Sitter (1997).
Since no rescaling is performed, the method also works for
estimation of distribution functions. Under some regularity
conditions for the population distribution function, it
provides design-consistent variance estimates for quantiles.

3. Illustrations
3.1 Ratio estimator

To illustrate, let us first consider the ratio estimator
Y, =r;X,p Where r,=5y,/x,w,=n,/n,, and
Xpop = Wi X, + (1= w) X, Let y, =, /X ) wX +
(1-w,)X,.}, the bootstrap analogue of y,. Using the
results in Appendix A with A(y,, X,, X3) = (¥, /xA)
w,x, +(1-—w,)xz}, we may approx1mate variance of y yr
under the proposed bootstrap method V. (¥, ") by

G0 G 10 8
+ 2(X /X)) — & fA+B) deA
Nyip
( fA+B) (WA fA) sz + ( WA) sz (3)
a-rn 7 a-rp 77
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Where S =(n,—1y Z,eA(J’, )’ AdxA =(n, -1

a Qi) (= X0 S8 = (0 =) T )
and St =y -1 s (xl X,)’. The right hand side of
(3) can be described as a “bootstrap-linearization” variance
estimator. We denote it by vy, (77,). Note that vy (¥,) is
almost identical to the jackknife-linearization variance
estimator by Rao and Sitter (1995),

_ _ _ 1 s
v (3,) = (xA+B/xA)2 ( an) dA
+ 2(X,, 5/ X,) —5 d fA+B) deA
Nyp
( fA+B) 2 SY:A+B, (4)
Ny.p
where S, ,=(n,, - 1)"'Yus (x, —X,.,)°, which

agrees with equation 4.8 of Demnati and Rao (2004), page
25. Since they are close to vy, (7,), Vi(¥,,), its Monte Carlo
approximation v, (7.) and vy (¥, ) should perform well
not only unconditionally but conditionally on (x,,,/X,) as
well. It is interesting to note that Taylor linearization in
deriving vy (.) is performed around the sample means,
not the population means (see the comment made by
Demnati and Rao 2004, page 21).

3.2 Regression estimator

We next consider the regression estimator. The estimator
of the population mean is ¥, =V, +b (xA+B xA)—
y+(1- wA)b (x3—Xx,), where b, —SYA/SM with S”1

(ny=D)"Ties (=X, —¥,). Let ¥, =y, +(01-
wy)b,. (xB —X ). Using the results in Appendix A (see
also Appendix B), we have
. (1=
Vi(,) = M My,
n,
+ (1_fA+B) bj (WA _fA) Sva + (1_WA) AfB
nyp =7 (I=1)
1- 1-
RN A By A
ny n,
+2ZA (1_fA+B) bA "
nyvB
1- N
+ 4z £———152-aAbe;‘$;, )
ny

Where 2y =15 —%,) /{(nA - )85, m,, =(n, —
1) Yiea ;=% )€, e=y, -y, -b,(x,—X,), and

=y,-b,x, We call the right hand side of (5) a
bootstrap—linearization variance estimator of ¥, and denote
it by vy (¥,). The jackknife-linearization variance
estimator for 7, (Sitter 1997, page 781) is
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_ (=N (1= fip)
vie () = B 4 My, + B A2 b2 vA+B
4 A+B
ZAZ (x, %, e 2ZAZ (x xA)e
nA icA (1_0) nA icA C)

2z,b, Z (x;, =X )(x, _fA+B)ei’ (6)

ny(ngp =1 ic (I-¢)

where ¢, =n}' + (x, - x,)* /{(n, —1)S2,}, the leverage
values. From (5) and (6), Vi (7). v, (7,) and vy, (7,)
perform in a similar fashion conditionally provided that
fup =0, n, is large enough for all ¢; to be nearly zero
and the last term on the right hand side of (5) is negligible.

3.3 Estimation of distribution functions

As an example, let us take the model-calibrated pseudo-
empirical maximum likelihood estimator (ME) under two-
phase sampling proposed by Wu and Luan (2003) defined

by
B =Y p 1y, <), (7)

icA

where p, maximizes the pseudo-likelihood function
I(p)=%, (N/n,) logp, subject to (a) X, p, =
1(0<p, <1); and (b) X, pig =nysSas g Where
g =g(x,t)=P(y<t|x;) under a certain working
model. For example, we may assume log(g,/(1-g,)) =
x; 0 with variance function V(g) = g(1 — g). Chen, Sitter
and Wu (2002) showed a simple algorithm for computing
P, It can be shown (see Wu and Luan 2003) that under the
two-phase sampling considered in this paper,

Fye(®) =n}'Y 1(y,<1)

icA4

+{n;LB Y g -n)Y g,-} B+ o,(n}"),

i€A+B ie4
where  B=3%, (g&-)I/(y<0/Tp (g—-2)° with
g=N"Y, g. Note that this equation is not used in

estimation, but it shows that the variance of F,,;(¢) can be
estimated by the mean-adjusted bootstrap since Fy(f) is
approximated by a regression-type estimator.

3.4 Quantile estimation

Quantile estimation can be obtained by directly inverting
F(t) by F'(a) =inf {t: F(t) > o} for some o € (0, 1).
For example, if (7) is used, then a quantile estimate is given
by v, where y,, is the k™ order statistic of y such that
S5 Py <o and X, p,) =a (Chen and Wu 2002).
Under some conditions specified in Chen and Wu (2002), a
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Bahadur-type representation for £,. (o) can be established.
Thus the mean-adjusted bootstrap variance estimator for
Fb(a) is design-consistent. Note that no closed form
variance estimator for Fy; (o) is available, but a consistent
variance estimator based on Woodruff’s interval estimation
(Woodruff 1952) can be applied.

4. Simulation

4.1 Population and sampling

A simulation study was conducted to examine the mean-
adjusted bootstrap variance estimator for the estimators in
Section 3. We report here the results for estimating
distribution functions and quantiles. The results for the ratio
and regression estimators are available from the author upon
request.

First, the auxiliary variable x for a finite population P
of size N =2,000 were generated as Gamma(1, 1). The
characteristic variable y was then generated by y, =
x, + [x, v, where v, ~ N(0, 0.5°). An SRSWOR 4 + B
of size n,, , =800 was taken from the population and then
an SRSWOR A4 of size n, =200 was selected from
A+ B. The population was fixed throughout all simulation
runs since we focus on design-based repeated-sampling
properties.

4.2 Estimation of distribution functions

For the estimation of distribution functions, we took
F,:(t) as an example. Other estimators, e.g., Chambers
and Dunstan (1986) and Rao, Kovar and Mantel (1990), can
be handled similarly when an estimator is approximately
design-unbiased. The working model for g in £y (¢) was
assumed to be logit with binomial variance. The bootstrap
variance estimator v, (£ (f)) was calculated with K =
200. The BBE was used in constructing a bootstrap sample.
The total simulation runs were M = 5,000 while the true
MSE of £, (¢) atagiven ¢ was estimated by 50,000 runs.

We compared v, (Fy:(¢)) with three variance
estimators: Wu and Luan’s (2003) analytical estimator, the
standard delete-1 jackknife and an ad hoc fpc-adjusted
delete-1 jackknife. Wu and Luan’s (2003) estimator is

v (Fye (D) = (n5 = NS} + () —n,5)Sh,

where the two $? components are estimated respectively
by
$2 g%y 1 z
=g [ u,‘j
Ny g (Mg =1 jsiiean
1

-l ¥

n, (nA _1)j>i:i,jeA
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where 5% = {n,(n, - 1)}_lzi<j:i,jeA v, and BF =
Sic i jea UV | ic i jea Uy With u; and v, specified as
follows: For S;, v = — Ij)2 and u; = (&, - gj.)2 with
I, =1(y;<t) and g, =g(x, t) estimated in 4; For
Sp-vy=(D; =D’ and w;=g,(1-8)+8,(1-¢))
Vzith Di =1L, =8B B=2ics L(& — &)/ Xicu (& —
gA)z and g, = n;llzieA g
The standard delete-1 jackknife formula is given by

A -1 A A
Vy (©) = M z (e(_j) - e(.)) 5

Nyp  jed+B

where 0 = Fy; (1), 0_, is the j" jackknife pseudo-

estimate and 0, = nATLBZjE/HB 0. Note that for j € 4,
both y, and x, are deleted from the sample while for
J €B, only x; is deleted (see Rao and Sitter 1995 and
Sitter 1997). The adhoc fpc-adjusted formula is
Vitpe (Fue(0) = (1= f4,5)v, (Fyg (D).

Table 1 shows the relative bias (%Bias) and the
coefficient of variation (CV) of the four variance estimators
for  F(¢,) (o= 0.10, 0.25, 0.50, 0.75, 0.90),  where
F(t,)=0a. Here, %Bias and CV were calculated as
%Bias = 100x (M '™, v —MSE)/MSE and CV =
[M7'SM (V™ —MSE)*]"? /MSE, respectively, where
v(™ is a variance estimate in the m™ simulation run. Table
1 demonstrates that v, (£, (¢)) is biased upward since the
sampling fractions are not negligible, that vm,c(F‘ME(t)) is
biased downward since the adhoc adjustment factor
(1= f,.z) is too small, and that both v, (F;(¢)) and
Vooot (Fri (£))  are approximately unbiased although the
latter is slightly more unstable, as is typical for a resampling
method.

Table 1 Variance estimation for the pseudo-empirical MLE

ﬁME(tu)
a
Estimator 0.10 025 050 0.75 0.90
Vooot Fme(fa))  %Bias 027 -0.22 0.64 083 273
CV 019 0.14 014 0.15 024
v, (EFve(y)) %Bias -2.29 -2.03 -0.47 -1.95 -3.26
CvV 017 0.1 009 0.11 0.19
vy (Fume(ty) %Bias 14.24 1729 2298 23.80 24.97
CV 024 021 025 027 036
Vipe(FMe(a))  %Bias -31.45 -29.63 -26.21 -25.72 -25.02
CV 033 030 027 027 030

Paralleling Royall and Cumberland (1981a, 1981b), we
ordered the M = 5,000 simulated samples on the values of
X, — %, classified them into 20 consecutive groups of
G =250 in each of which the simulated conditional
MSE(MSE,) and conditional mean of v(E.(v)) were
computed. Figure 1 shows MSE_, and E_.(v) plotted
against the group averages of X, — X, for #,,, and ),
It is seen that both v, (£ (¢)) and vy, (Fy:(¢)) behave
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similarly conditioned on X,,, — X,. The jackknife variance
estimators, v, (Fy;(#)) and \/prc(lf‘l\,[E (t)), though biased,
track a trend in MSE,.

4.3 Quantile estimation

By directly inverting F,,;(f), we estimated the a
quantile. To obtain p, for £ (¢), we fixed ¢ at 7, where
i =inf{t:n,'Y, I(y, <t)>a}, an estimator using only
{y,:i € A}. For variance estimation, K =1,000 bootstrap
samples were created. For comparison, we also computed
the Woodruff variance estimator (Woodruff 1952 and Shao
and Tu 1995, page 238),

n A 2
o (Bt o] PO 61ow6) = Frg (4= 612y) |-
2C1—K/2
where 62F = v(Ey: (1)) with ¢ = F L (o) and &, _,, is the
(1-1x/2) quantile of N(0, 1). We let k = 0.05 although
the best choice of x is unknown. The performance
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M = 5,000 runs while the true MSE was estimated through
50,000 simulation runs.

Table 2 summarizes the results for quantile estimation. It
demonstrates that the mean-adjusted bootstrap has an
upward bias in estimating ¥ (F,1. (o)) while the bias in the
Woodruff variance estimator is negligible.

Table 2 Variance estimation for quantiles

a
Estimator 0.10 0.25 0.50 0.75 0.90
vbom(ﬁg,[lE(a)) %Bias 6.27 14.32 10.05 10.02 10.28
CV 0.53 053 0.51 052 0.61
vW(ﬁK,[lE(oc)) %Bias 1.64 3.75 292 0.70 -3.67

CV 050 045 045 046 0.52

Figure 2 shows conditional properties of v, ., (Fyyp(ct))
and v, (Fyt(a) for o =0.10,0.90. We see that both
Vooot (Fup () and vy, (Fyf(a)) track MSE, similarly
although the former uniformly possesses an upward bias.

— MSE, ... vJ Vs
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=)
S -
<
=)
y v
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9 3
§ 27
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|22]
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S 4
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S
wy
—
g_
S T T T T T
=)

-0.10 -0.05 0.00 0.05 0.10
mean(x ) - mean(x,)

(b) Frig(9.90)

Figure 1 MSE, and E.(v) for Fy(t,)
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Figure 2 MSE, and E(v) for quantile estimation
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5. Further remarks
5.1 Stratified two-phase sampling

Suppose a population is to be stratified into H strata but
no information for stratification is available. A possible
solution for this situation is to first obtain an SRSWOR of
size n' from the population, observe auxiliary variables
including the ones for stratification, stratify the sample into
H strata, and in each stratum take an SRSWOR of size n,
from n, units belonging to stratum /4 in the sample. See,
for example, Cochran (1977, section 12.2) for details.

Let N, be the size of stratum % in the population.
Conditioned on #n; >0, the first-phase sampling in stratum
h described above is equivalent to simple random sampling
without replacement of size n; in stratum / independent
across strata. Thus, given n, (h=1,..,H), the mean-
adjusted bootstrap can be applied independently in different
strata to obtain a bootstrap sample. When N, is unknown,
as is usually the case for stratified two-phase sampling, an
unbiased estimator A7, = N(n,/n") canbe used in the mean-
adjusted bootstrap. In this case, the sampling fraction n'/N
is used commonly throughout all the strata.

Note, however, that the present discussion is legitimate
for estimates conditioned on the first phase sample sizes.
Variance due to the variable n, may be large. For
unconditional variance estimation, see Kim et al. (2006).

5.2 Non-response

The above comment applies to imputed survey data
under the uniform response mechanism. Let us suppose that
a population is stratified into S, (4 =1,..., H) where simple
random sampling without replacement is undertaken
independently. A sample is divided into imputation classes
C, (I=1,..,L) in each of which the response rate is
assume to be uniform and imputation is performed. An
imputation class may cut across strata. We also assume
which imputation class a sampled unit belongs to is
correctly identified before imputation. Let us denote the
numbers of sampled units and respondents in S, N C, by
n,, and r,, respectively. Then, it is seen that given n,, and
1, the corresponding design in S, N C, is the same as the
one discussed in this paper if we regard the n,, units and
r, respondents as A+ B and A4, respectively. Therefore,
the mean-adjusted bootstrap can be conducted
independently in different S, N"C, (h=1, ..., H;l=
L, ..., L). The size of S, nC,, denoted by N,, can be
estimated by N,, =N, (n, /n,). Note that this is a boot-
strap method conditioned on the number of respondents.

6. Conclusion

In this paper, we have proposed the mean-adjusted
bootstrap for two-phase sampling. The method requires a
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simple mean adjustment and can handle the estimation of
distribution functions and quantiles because it requires no
rescaling. The Taylor series expansion shows that the
method has desirable conditional properties for the ratio and
regression estimators. A simulation study demonstrates that
it also has similar conditional properties in estimating
distribution functions and quantiles. An extension to strat-
fied two-phase sampling is straightforward. Conditioned on
the first phase sample sizes, the method can handle stratified
two-phase sampling and imputation under the uniform
response mechanism. We are currently invesigating an
extension of the proposed method to more generalized
multi-phase sampling designs.
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Appendix A

In this appendix, we show that the proposed bootstrap
method provides consistent variance estimates for a class of
estimators considered by Rao and Sitter (1997). We use the
same setting as in Rao and Sitter (1997) with slightly
different notation. For simplicity, we assume there exists
only one stratum, but an extension to stratified two-phase
sampling is straightforward.

Consider a class of estimators, 6 =A(y ,, X,, X;), of a
population parameter 8 =/4(Y, X, X), where ¥ and X
are the population means of vectors y and x, ie.,
Y=N"'Y,,y and X = N'Y, ,x,. Here, x is observed
in the first phase sample 4+ B whereas y is measured
only in the second phase sample 4. The sample means
(y, x4 and x, are calculated in A4 and B,
respectively, ie., ¥ ,=n,YiiVi ¥4=N, SicaX,, and
Xp="p Licp X,

By a Taylor expansion, we have

0=0+Vh'(AY,,AX,, AX}) +0,(n,"?),

where VA is the gradient vector of /4 evaluated at
Y, X, X), Ay ,=y,-Y, AX,=X,-X, AX,;=X, -
X, and ' means a transposed matrix (see equation 33.7 of
Rao and Sitter 1997, page 757 and the required conditions
therein). Then, the variance of 8=h(y,, X, X,) is
approximated by

v)=vhy . Vh,

(70 %0 %)
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where X ¢ o) i the variance-covariance matrix of
(¥, X', X3)" under repeated two-phase sampling. Because
A and B are SRSWOR’s of size n, and n, from the
population P, respectively, we see that X o )=
(1- fA)S(y wy/ny and T =(- f3)Sy/ng, where S
(N-1)" Siep(u, —U)(u, —U) is the population variance
of u=(y, x") or x and f, =ny/N. For Cov(y,, Xp),
let E, and Ej, be the expectation for selecting an
SRSWOR 4 from P and choosing an SRSWOR B from
P-4 given A, respectively. Note that Ej ,(x,)=(X —
f4x)/ (- f,). So, we have

Cov(y , X) = E(¥ ,X3) — E(¥ ) E(Xp)
=E, (5, Ep (%) -V X'
=-S,. /N,

where =(N =)'y -V)(x - X)'
COV(XA: xB) =—S}/N.

Now consider a Taylor expansion of §" =#4(y .,
X, x ) with x =X, +f,(x,-x)/(-f,), the
bootstrap analogue of 0= h(yA, X,, Xp). Let E, and V, be
the expectation and variance under the proposed bootstrap
procedure, respectively. First, observe that E.(y .)=¥,,
E.(x,)=Xx, and

E(xp)= E*A»« (E*B»«‘A»« (X5))

Similarly,

=E (X + f4(x, =X )/ 1))
= EB’
where E . and E . o are respectively the expectation

with respect to samphng A" and the conditional expectation
with respect to sampling B* given 4" under the proposed
bootstrap method. Then, 0" = (¥ > X o» X,0) 1S approxi-
mated by

0" =0+ VA" (AT, A%, AR + o, (n]"),

where VA is the gradient of / evaluated at (y ,, X X, Xz),
AV =V, =V,p AX,. =X, -X,, and AX,. =X, — X,
(see equation 33.A.1 of Rao and Sitter 1997, page 767 and
the required conditions therein). Therefore, ¥,(0°) is
approximated by
V.(0)=Vh z(j;*, 2.2y v,

where Z(y S is the variance-covariance matrix of
(VX 05 X, L) "under the proposed bootstrap sampling.

Consrstent variance estimation under the proposed
method is proved by showing VA* and Z(y %. %,y are
consistent for Vi and Xy v wys respectlvely
Consistency of VA® for Vi follows from consistency of
(¥,, X, X) for (¥,X,X) and continuity of 4.
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Consistency of Z( ¥ Ry Can be shown as follows.
First, since we use a bootstrap method suitable for simple
random sampling without replacement in subsampling A",
we have Z(y = (1—fA)SA'(2y:x,),A/nA, where §2,=
(n,~)"'Tis (u w,)(u,—u,) with u=(y,x'). Sec-

ond, because
1. Z; (VB‘A (x )+ A*(E*B*\A*(;CB*))’ where
V. e and Vg are respectively the variance with
respect to sampling 4" and the conditional variance
wrth respect to sampling B” given 47,

2.V, " (x D=01- fB\A)SxB/nB’ Where S =(ng =
D7 Y (x; —X3)(x;, —X;)" and Soa=ng/(N -
n,), and

3. E*B‘A (x )= xB+fA(xA )/(1 f4), we have

. = (1 fB‘A)SxB/nB +fA SxA/(N nA) Since
both $2, and §2, are consistent for S, Zf is
consistent for X = (1-f; )S2/ny. Frnally, we
compute Cov, (¥ ,, X,.) and Cov,(X ., X,.). For
the former, we have

COV*(yA*’ EB*) = E*(yA* if;*) _E*(yA*) E*(EB*)'
=E, (Vi By, (X)) =7 ,%,
=E (¥ Axs+t [u(xa—X0)A=F )} =V X5
__SyxA/N’

where §, =(n, )"y, =¥ )(x, —X,). Similarly,

Cov,(x A*,.?TCB*):—S'iA/N. This completes the proof of
consistency of X5 = z.y for Ty, «, 5y

Appendix B

In this appendix, we derive vy (¥,). Under the mean-
adjusted bootstrap,

=Y
+(1-wy)b, {—M'F(JTB*—)TB)"‘(YB—)TA)}-
(=1
Define
&;q:n;z,'efr* x;” yiq’
‘% = [‘%10’ ‘%01’ ‘%11’ ‘%20’ fB*]'
and

S ETS IS IR T 7D SR IE N X ()

Note that bA»« = (&Tl - &TO&ZI)/(&ZO - &T(Z)) Let )_’; = h(%*)'
This expression is slightly different from that in Appendix
A, but we may exploit independent subsampling of 4" and
B". Then, by Taylor linearization of 7, =/(¢") around &,
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we obtain 7, =7, + VA" (¢ ~€) and V.(¥,)=Vh" 3.
* é
Vh', where

Vi =[-b,(A=w /(A= [)=2,(¥ ,=2b,%,).1 =2, X
zp—2,b,b,(1=w,))]

and Y = [v;] with
V=26, S'iA’
Va1 =4 S
Vi =¢4 S
vy =c (n, =07y (x5 y =€) — X0,
=y (=)' (-0 — T,
vy =c,(n, —1)_lzi€A (x v, =€)
v =, (ng =D (7 = Ey)(X — X0,
v =c (n, =07 Y (7 =€) =T )
Vs =, (ny =D (5 —E)(x ¥, — &),
Vag =€ (ny = 1)_12ieA (7 = &),
Vs = Vsy = Vg3 =gy =0,
Ve = {ng' —(N —n,)"} S2,

v;=v;, and c,=(1-f,)/n, Rewriting the moments

from the origin as the central moments, noting that
y; =¥ ,=b,(x,—x ) +e and using properties of e; as the
least-squares residuals, we obtain the right hand side of (5)
after some algebra.

References

Berger, Y.G., and Rao, J.N.K. (2006). Adjusted jackknife for
imputation under probability sampling without replacement.
Journal of the Royal Statistical Society, B, 68, 531-547.

Biemer, P.P., and Atkinson, D. (1993). Estimation of measurement
bias using a model prediction approach. Survey Methodology, 19,
127-136.

Chambers, R.L., and Dunstan, R. (1986). Estimating distribution
functions from survey data. Biometrika, 73, 597-604.

Chen, J., Sitter, R.R. and Wu, C. (2002). Using empirical likelihood
method to obtain range restricted weights in regression estimator
for surveys. Biometrika, 89, 230-237.

Chen, J., and Wu, C. (2002). Estimation of distribution function and

quantiles using the model-calibrated pseudo empirical likelihood
method. Statistica Sinica, 12, 1223-1239.

Statistics Canada, Catalogue No. 12-001

Saigo: Mean - Adjusted bootstrap for two - Phase sampling

Cochran, W.G. (1977). Sampling Techniques. 3™ Edition. New York:
John Wiley & Sons, Inc.

Demnati, A., and Rao, JN.K. (2004). Linearization variance
estimators for survey data. Survey Methodology, 30, 17-26.

Funaoka, F., Saigo, H., Sitter, R.R. and Toida, T. (2006). Bernoulli
bootstrap for stratified multistage sampling. Survey Methodology,
32, 151-156.

Kim, J.-K., Navarro, A. and Fuller, W. A. (2006). Replication
variance estimation for two-phase stratified sampling. Journal of
the American Statistical Association, 101, 312-320.

Lee, H., and Kim, J.-K. (2002). Jackknife variance estimation for
two-phase samples with high sampling fractions. Proceedings of
ASA Section on Survey Research Methods, 2024-2028.

Rao, J.N.K., Kovar, J.G. and Mantel, H.J. (1990). On estimating
distribution functions and quantiles from survey data. Biometrika,
77,365-375.

Rao, J.N.K., and Shao, J. (1992). Jackknife variance estimation with
survey data under hot deck imputation. Biometrika, 79, 811-822.

Rao, JN.K., and Sitter, R.R. (1995). Variance estimation under two-
phase sampling with application to imputation for missing data.
Biometrika, 82, 453-460.

Rao, J.NK., and Sitter, R.R. (1997). Variance estimation under
stratified two-phase sampling with applications to measurement
bias. In Survey Measurement and Process Quality: Wiley Series in
Probability and Statistics. (Eds. L. Lyberg, P. Biemer, M. Collins,
E. de Leeuw, C. Dippo, N. Schwarz and D. Trewin), New York.
753-768.

Royall, R-M., and Cumberland, W.G. (1981a). An empirical study of
the ratio estimator and estimators of its variance. Journal of the
American Statistical Association, 76, 66-77.

Royall, R.M., and Cumberland, W.G. (1981b). The finite population
linear regression estimator: An empirical study. Journal of the
American Statistical Association, 76, 924-930.

Schreuder, H.T., Li, H.G. and Scott, C.T. (1987). Jackknife and
bootstrap estimation for sampling with partial replacement. Forest
Science, 33, 676-689.

Shao, J., and Tu, D. (1995). The Jackknife and Bootstrap. Springer-
Verlag: New York.

Sitter, R.R. (1997). Variance estimation for the regression estimator in
two-phase sampling. Journal of the American Statistical
Association, 92, 780-787.

Woodruft, R.S. (1952). Confidence intervals for median and other
position measures. Journal of the American Statistical
Association, 47, 635-646.

Wu, C., and Luan, Y. (2003). Optimal calibration estimators under
two-phase sampling. Journal of Official Statistics, 19, 119-131.





