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Domain Estimation Using Linear Regression

Michael A. Hidiroglou and Zdenek Patak *

Abstract

One of the main objectives of a sample survey is the computation of estimates of means and totals for specific domains of
interest. Domains are determined either before the survey is carried out (primary domains) or after it has been carried out
(secondary domains). The reliability of the associated estimates depends on the variability of the sample size as well as on
the y-variables of interest. This variability cannot be controlled in the absence of auxiliary information for subgroups of the
population. However, if auxiliary information is available, the estimated reiability of the resulting estimates can be
controlled to some extent. In this paper, we study the potentid improvements in terms of the reliability of domain estimates
that use auxiliary information. The properties (bias, coverage, efficiency) of various estimators that use auxiliary

information are compared using a conditiona approach.
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1. Introduction

One of the main objectives of a sample survey is to
compute estimates of means and totals of a number of
characteristics associated with the units of a finite
population U. The data are often used for andytic studies
such as the comparison of means and totals for subgroups of
the population. Such subgroups are referred to as domains of
study. Hartley's (1959) paper is one of the first attempts to
unify the theory of domain estimation. Hartley provided the
theory for a number of sample designs where domain
edimation was of interest. His paper mostly discussed
estimators that did not make use of auxiliary information.
He did, however, consder the case of the ratio estimator
where population totals were known for the domains. The
use of auxiliary dataiin the context of domain estimation has
been discussed in a number of articles. Sarndal, Swensson
and Wretman (1992) provided a unified treatment of
domain estimation with auxiliary data. Estevao, Hidiroglou
and Sirnda (1995) were the first to recognize that the
weights accounting for auxiliary data could be domain
dependent or not domain dependent. Estevao and Sarnda
(1999) discussed desirable properties of regression esti-
mators of domain totals using auxiliary data.

The exigence of multivariate auxiliary data raises a
number of questions in the context of domain estimation.
Some of those questions are asfollows. What isthe effect of
having auxiliary information that is not known on a popu-
lation basis for the given domain of interest? How do we
compute valid variance estimates in the context of domain
estimators that use auxiliary data? If more than one esti-
meator is possible for point estimation and/or variance esti-
mation, what criteria should be used to choose the best
estimator? Durbin (1969) supported the use of conditiona

inference to do such comparisons. He stated, “If the sample
sizeisdetermined by arandom mechanism and one happens
to get a large sample, one knows perfectly well that the
quantities of interest are measured more accurately than
they would have been if the sample size had happened to be
small. It seems self evident that one should use the infor-
mation available on sample size in the interpretation of the
result. To average over variations in sample size which
might have occurred but did not occur, when in fact the
sample size is exactly known, seems quite wrong from the
standpoint of the analysis of the data actually observed”.
Holt and Smith (1979) favored conditiona inference, and
applied it to study the properties of the post-stratified esti-
mator, given simple random sampling. Rao (1985) intro-
duced the idea of “recognizable subsets’ of the population
to formalize the conditioning process. Recognizable subsets
are defined after the sample has been drawn. In the case of
domain estimation the number of units belonging to a par-
ticular domain is arandom variable. Recognizable subsetsin
that context are those where the sample size is fixed within
each domain. Comparison of the conditional statistical prop-
erties (i.e, bias, mean squared error) of the different esti-
mators can then be based on these subsets. The conditioning
process assumes that population totals are known for each
domain. In the case of smple random sampling, the number
of unitsin the population domain is assumed known.

The main purpose of this paper is to study the un-
conditionad and conditional properties of a number of
domain estimators of totals in the presence of auxiliary data
in the context of simple random sampling without
replacement (SRSWOR). These conditional properties will
be established by conditioning on fixed sample sizes within
esch domain.
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The paper is organized as follows. In section 2 we will
introduce several edtimators of domain totals. Their
unconditional and conditiona properties are provided in
section 3. In section 4, we will present the results of a
smulation study for the case of the ratio estimator of
domain totals, and provide some concluding remarks in
section 5.

2. Egtimatorsof Domain Totals

We first introduce some notation to set up the
framework, under which we will be assessng the
performance of various estimators of domain totals. Let
U ={1, .., k,..., N} denote the finite population. A sample
“s’ is selected from this population using a sampling plan
P(9). Let thefirst and second order inclusion probabilities be
givenby m, and m,, . Thedomaintotal Yy =% 'y, isthe
parameter of interest for a variable “y’. A domain U,
(d=1,..D) is any subpopulation of U, for which a
Sseparate estimate may be required, before or after the
planning stage. The number of population units in domain
U, is denoted N, and N=X2, N, for D mutualy
exclusve and exhaugtive domains spanning the entire
population. The sample s is correspondingly divided into D
domans s, ..., Sy, .., Sp Where s;=U ;ns. The
realized sample size within s, isarandom variable that we
denote n,. Note that the sum of the n,’s over non-
overlapping and exhaustive domains of the sample equals
n. An estimator of the domain total Yy =2, Y, that does
not use auxiliay data is given by Y, =
X, Wy Yy =X W, Yy Where w =m,", and vy isequal
to y, if keU, and O otherwise.

Auxiliary information in the form of a p-dimensona
vector X may be available at different levels of aggregation.
It may be known for each unit in the population, or for
subsets U, c U (g=1...,G) of the population U that may
coincide with the domains U, . We denote such known
totals X, =2, X,; they ae estimated by XgHT
2, Wi xk A modified set of weights W, incorporating the
aJX|I|ary data can be computed using either cdibration or
linear regression procedures (LR). We chose the LR
gpproach. In the case of G population groups, the LR
estimator isgiven by

X 1) By (LD

where B =X, W X X /)t ng W, X, Y. /¢ ,and c,
are swtable pos%lve congtants. The use of auxiliary data in
the domain context offers a wide range of choices for
various levels a which auxiliary totas are used and
regression models are constructed. To simplify matters, we
assume that g=1 (e.g.: a single group U), yielding the

Statistics Canada, Catalogue No. 12-001-XPB

smple regresson estimator \?ﬁ = \?HT + X E
where X ;1 = 2 WX, .

We congder six edtimators for estimating the domain
population total Y, . These estimators are based on whether
we use the domain totals X, or the population total X, and
whether we construct the regression estimator at the domain
or a the population levels. The estimators are categorized
into Horvitz-Thompson and “H§ek” types. We provide an
example of the ratio estimator that is associated with each of
these estimators.

2.1 Horvitz-Thompson Type Estimators
Casl

We assume that the auxiliary information X, isavailable
at the population level U, X =%, x, and that the domain
specific y, Vvariables are regressed on x,, keU. The
resulting population regresson parameter B, =
(Zu X X4/ G ) By X, Vg /G is estimated by By, =
(Z. wx, X /1e ) T WX, Vg /c, and the reslting
estimator of the population total Y, is

~

Yo, = Yaur +(X =X wr) B (23
Example: The domam ratio estimator given by Yd RAT =
XR,, where Rm =Yg ur/ XHT This estimator was first
suggested by Hidiroglou (1991), and is discussed in more
detail in Estevao et al. (1995).

If the auxiliary data totals are available at the domain
level, Xy =2y, X, then two possible estimators of Y,
(cases 2 and 3) can be congtructed, depending on how the
population regression parameter is estimated.

Cae2
The population regression parameter

By =(Zud Xy XL/iji zw (X Yi/C)

is estimated by regressng y, on x, for each domain U,
separately. Its estimator is given by

Bay = (Zsa W Xy X,k/ckj st (W Xy Vi /Gy ),
and the resulting regression estimator of adomain total is

Vo, = 22

anr T (Xy Xd,HT),BZd

where X, =¥ W, Xy With X, defined similarly to v, .

Example: The Horvitz-Thompson post-stretified estimator
givenby Y, posrr = X Roq Where Ryg =Yy i / X iy -
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Case3
The population regression parameter

B; Z(ZU (X, X;/Ck))ilzu X Vi /c)

is estimated by regressing y, on X, using al unitsin U.
The corresponding estimator is

- , )
Bs Z(ZS Wi Xy Xk/Ck) Zs (Wi X, ¥ie /),
resulting in the regression estimator

YAd,A’rs = Ad,HT +(Xy _kd,HT),éa' (23)

Example: The aternate ratio estimator given by \?d, ALTR =
Your T (Xg = Xgur)Rs, where Ry =Yy / Xr.

2.2 Hajek TypeEstimators

Edtimators (2.1)-(2.3) belong to the Horvitz-Thompson
family. If the known population domain sze N, is dso
incorporated in the estimation, then we get the “H§ek”
versons of the previoudy defined Horvitz-Thompson
regression estimators. The Hgek regression estimators are
obtained by replacing Yy 7, Xy r,and Xy by

dHA:( /N)dHT' dHA:( /N)

and
X HA Z(N/N))A(HT’

where Ny =%, w, and N =3, w,. The estimators are
nearly conditionally unbiased for agiven n,, whereas their
Horvitz-Thompson counterparts do not have this property.
The* B "s contained within the H§ek regression estimators
correspond exactly to their Horvitz-Thompson counterparts.

Case4

Y~d,zfr1 = Ad,HA +(X - XHA),éld- (24)
Example: The Haek ratio estimator given by Y, gar =
Yaua + (X = Xpa )Ry
Cae5

Vd,frz :YAd,HA +(Xyq _>A<d,HA )/é2d' (25)

Example: The Hgek post-dratified ratio estimator given by
Yarostr = Yana +(Xg = Xgpa)Ryy. This estimator is
identicd to the Horvitz-Thompson post-stratified estimator.

Ca=6
Yo, =Yaua +(Xgq X4 na) Bs. (26)

Example: The Hgek dternate ratio estimator given by
Yaarrr = Yapua T (Xg = Xgua)Rs
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3. Propertiesof the Domain
Estimators

Estimators (2.1) —(2.6) may be expressed as.

Y. Z Wi Qg Yok —Z Wy Yo (2.7)
where a,, is an adjustment factor that may or may not be
domain dependent. The product of the design weight w
and the adjustment factor a,, is known as the regression
weight (or calibration weight) w,, . Tables 1 and 2 provide
asummary of these factors, as well as the residuals required
for unconditional variance estimation. The population and
sample residuals are denoted as E,, and e, . Theindicator
variable 8, isequd tooneif ke U, and zero otherwise.
The approximate population and corresponding esti-
mated variances of the Horvitz-Thompson estimators

dfr (]—1,23) ael

oz (25

2.9)

and

V(YAd,/;‘rj ): ZZS i_:j (MJ(%J (2.9)

Ty ‘

where Ay, =m, —m X5 7 = Pr{k,/e s} with the
appropriate E, 'S, €, 'S, a4 'Sdefinedin Table 1.

The approximate unconditional population and corre-
sL)onddi ng estimated variances of the H§ek-type estimators

dfr (]—1,23) ae

V (Vd,(frj )=

ZZU Ay [

Ea — (ZU Ea /Ng )Sdk
T, 8

Edc _(Zu Edk /Nd )Sdé
T

forj=1

E, - E E, - E
ZZU Ak({ { dk Uyqg J{ d/ Uy J
d T, T,

forj=2,3 (210)
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Tablel
Adjustment Factors and Residuals for Horvitz-Thompson Regression Estimators
Estimator Domain Dependent  Adjustment Factor: ag, Residuas
N1 Eqy = -X, B
A, Wi X1 X X dk = Yk ~ Xk Bud
Yo No 1+ (X = Xyr) [ZM] - _ ;4
Ck Ck €k = Yok — Xk Big
-1 ’
- - f WX Xy | X Edgk = Yak —Xak Bag
Ya i Yes S| 1+ (Xg —Xgpr)| D, —K= | = ~
e ' G Cr €k = Yok — Xak Ba2g
s \L Egk = Yok — XaB
~ -~ ¥ W, Xy, X X k dk dk3
Ya,rr, Yes St (Xg =Xgpr)] D —=k | K ;A
S G Cx €k = Yok —Xak B3
Table2
Adjustment Factors and Residuals for the H§j ek-type Estimators
Estimator Domain Dependent  Adjustment Factor: ag, Residuals
’ ’ -1 = — /B
- N A Egk = Yok —XkBug
Vo, Yes N4 (X = Xpa ) (z Mj X st
Ng SG €k = Yok — Xk Bud
-1 ’
= N - ' WX X | X Egk = Yok —Xak Bag
Yd,[l'z Yes Sdk A—d+(Xd—Xd’HA) z KKk 2k R
Ny S Gy Ck €k = Yok —Xak Bad
’ ’ -1 = X B
~ Ng Ea = Yok —XakBs
Ya,rr, Yes B —=— +(xd ~Xg HA) (z M] 2 , A
Ny S Gy Ck €k = Yok —Xak B3
and ,
(X;)' = (l, (Xdk _iud ) )
V(Y~ ):zz Aw [ B B | Ba B/ _
& S | my T, yields Y, . .

forj=1,23 (211

where B, =%y, Ey/Ny. The gppropriate Ey's, €4S,
and a, 's are defined in Table 2. Note that the form of the
estimated unconditional variance is the same for both the
Horvitz-Thompson and the H§ ek-type estimators.

Result 3.1: The Hgek-type regression estimator can be
obtained as aby-product of theregression of y, on

060 =(2 06 =%,) )

where X, = N™' 3, x,. Theresulting regression vector is

X< )Yy / )
=YHT/N and

Z (w (%
X.) B,, with ¥,
The regression estimator of total YC =NB: is equa to
the Hgek form Ya Y +(X=X,2)B,. The various

Hgek-type domain regression estimators can be obtained
using this approach. For instance, regressing y,, on
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Proof: We firgt show how to arrive at the H§ek form of the
regrc.'on estimator. Defining the auxiliary data vector z,
as z, = (Xo» Xi)s theregression estimator is

Yo =Yur + (Z

’

_ZHT) éz

where
B, = (Z WkaZL/Ck)_l (ZSWkaYK/Ck)1

Z=3% z, and ZHT > WZy.
If X =1, Y, is exactly equivalent to Y“ =7’ B .
Decomposing B, as

é;:(émé;j,
we have that Y, =NB,+Y,X,B,, where B =, -
X B, and

—~ -~ ’ _l

B - D W (X = X J(xi = Xs) v

Cx

D W (X =X Nyy = ¥s)
Cx

Hence, the Hg ek form of the regression estimator is
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Vy =Vin + Xy ~ X ) B,
Regressing y, on
06) =(26 %) )
yields the estimated regression vector B :(éi,éx,),

where

B =

X

~ ~ -1

stk (i =X )xi =) 5 W, (X, — X
Cy s

ad B =§,+(X, -%X) B, Sbsituing B into
Y, =NB? yiddsthe Hgek form Y, .

Remark 3.1: (Additivity). Suppose that the domains U,
are mutualy exclusve (U, mUd =0 for d;#d,) and
e(haustlve(ud LUy =U). Add|t|V|ty over such domans
meansthat ¥.5.,Yy v =%g4 Y., =Y, Where

’

+(X—)2HT) B.

Yo =Yur

The additive property of Y, , is desrable because asingle
set of calibration weights, w, a,, can be used repestedly
to produce ad hoc domain estimates. Only two out of the Six
esimators, Yy, ad Y, , ae additive over al such
domains.

Remark 3.2: (Calibrating on domain auxiliary data).
Estevao et al. (1999) discussed some of the estimators
provided in Tables 1 and 2 for the case of asingle auxiliary
variable x, . They arrived a their estimators by controlling
on domain information, either via auxiliary variables and /or
control totals.

In what follows, we will assume that the sample s of size
n has been sedlected using simple random sampling without
replacement (SRSWOR) from a universe of sze N. The
estimated unconditional variance of the Horvitz-Thompson
and Hgek-type estimators for this sampling planis:

V(Yﬂd,frj ):

V(~ )_ 5 N?(1-f) Zs(adk Ca ‘ﬁ)z (212

Yoo |=
d,fr; n n-1

where a,e=Y(a, e, /n) and f =n/N isthe sampling
fraction.

3.1 Unconditional Properties

The choice between the various regression estimators
should be based on the level a which the auxiliary totas are
available, as well as bias and variance. All the above eti-
meators are asymptotically unconditionaly unbiased; how-
ever, their variances differ. We compare the unconditiona
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population variances of the six domain regression estimators
(2.1) - (2.6) by digtinguishing two cases. (i) an intercept
term isincluded in the regression; and (ii) no intercept term
isincluded in the regression.

Result 322 Assume that an intercept is included in the
regression, ¢, =cforallkeU ,and N > p, where p refers
to the number of auxiliary variables. The following
inequalities hold for the population variances of the domain
regression etimators (2.1) — (2.6):

M) V) V) VY ) SVYa):
may be smaller, equal or greater to V(Y ,,, ).

M)V 0ar) VM)  ad  V(Y,) <V(¥,.);
V(Yy,r,) may besmaller, equal or greater to V(Y . ) -

Proof: In the case of smple random sampllng without
replacement, V(Ydfr) AYy (Eg — EU) for 1=1,23,
whee A=N2({1-f)/(n(N-2)) and EUd =
Yu, E«/N. Given that the regresson contans an
intercept, it follows that >, Ey =0 or that >, Ey =0,
depending on which regression estimator we use. We only
show that (i) holds: the proof for (ii) is similar. The
population variancesfor Y, , and Yy , arerespectively

V(d/rl) AZ (ydk X Bld)

\% (YAd,/:‘r3)

and

V(dérz) AZU(de XBZd)

The population variance of Y, . is

ViV, )= A (B~ B,

where

E,, =N?Y Ey = [ j(yud X, Ba)’

with y,, = Ng'>u, Vg and X;,, Smilarly defined.

Wefirst show that V(Yd " ) <V(Yy,,)  Tothisend, we
decompose Y, (Y — Xk Bm) into its within domain U,
and outside domain U ; components, yielding

20 Yae —X’kBm)z =20, Vac =XByg)’
+Zua(ydk —X;By)?.
Since
2w, Va = XiBiy)* =20, (Yo —XiB )’
+3,, (i (Bog =Bw)),

it followsthat V (Y, ) <V(Yy,.).
Next, we show that

\/(YWr )<V(Yd ", )

The variance V(\?d, «,) Can bere-expressed as
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(Y = XiB3)*
(%Yo, -
The difference between V (Y, ) and V (Y, ) is
v (\?d,ffrg )_V(\?d,/:‘r2 )
IR —x;BaZ)—(NW‘?J(VUd ~X(,B5)?
— 20, V=X Boy)?
(Bs-Ba) (5, %) By -Bo)

( d érg) Z:Ud

=A

=A 2
N — [ r= =
_(WdJ(ySd ~2B5Xy, Yy, +B3xudedB3)
A (Bs—By) (Zud kalk)(Bs ~By)
- - Ny ()_/Sd _ZBlsiud Yu, +B;yudibd Bs)

Noting thet ¥, =X, B,y it followsthat:
de _ZB;XEdeUd + Béiud76d83
=B XUdY[JdBZd — 2B; Xud%dBZd
+ B;YUdY[JdB3
= (Ba —Boyq ) Xud iﬁd (Ba - Bzd)
Since
ZUa X Xi — Ndyudiﬂd =Zud (Xk - Xy, )(Xk — Xy, ) ,
the difference V (\?d,fra) —V(\?MZ) can be expressed as.
V(Yd,€r3)_V(Yd,€r2)
= {(B _Bzd (ZU X X; - Ndiud%d)(Bs —Byyq )}
= {( Bog ZU ( Xud>(xk _iud) (B3 —Baq )}
>0.
Finally, we show that V(\?dlfrs) may be smaller, equa or
greater to V(Y ,, ) by constructing examples:
M) V(Yau) <VVas) if By=By;
(i) V(Yd,6r3) = V(Yd,frl) Jf B;=By;
(i) V(Ygu,) >V(Yy,),if the fit of y, on x, is
much poorer than thefit y,, on x, for ke U.

It can aso be shown tha V(YM ) <V(Yd m)
V(Yd m) < V(Yd ) and V(Yd m) <V (Yy,). The esti-
mator with the smallest variance is Yd v, - However, if it is
assumed that the B, s are similar across all domains, and
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that there are very few observations in s,, it may be
preferable to use Y, , . The choice between Y, , and
Ys., Should not aways be based on the asymptotic
variance. If there are very few observations in s, , this can
cause significant bias in Yd «, and aso cause the exact
variance of Y, . to be larger than that of Y, i, » SO that the
latter may be preferred.
Remark 3.3: If thereisno intercept in the regression, then it
does not necessarily follow that Result 3.2 holds.
Proof: We illugtrate this satement using the dementary ratio
versions of cases 1 and 2. They are respectively the Horvitz
Thompson ratio estimator Y, par = Yy r (X/ Xyyp) and the
Horvitz-Thompson pogt-stratified ratio etimator Y, pogrr =
Yyur (Xg /Xy ur) - Also, suppose that the elements of the
data vector (y,,x) ae pogtive for dl keU. The
population  variances for Yy and Yd postR A€
V (Yypos ) = AXy, (yk ~Bog X )* ad V(Yypar)=
A%y (Yo — Bug Xk) where B,y =Y, /X,, ad By =
Yy ! X.

The difference V(Yd rat) —V (Yd rosTr) Can be re-
expressed as

AY . (B =By )X
+2ABy — By Zu — By X) X,
+AZ _ (ydk_Bld Xk) .

Since the second term of this expression can be positive,
negaive or zero, the difference V(Y rar) = V (Yg postr)
can be negative.

3.2 Conditional Properties

For agiven samples, let n, betheredized samplesize
of s,. The following result can be used to evaluate the
conditiona bias of estimators (2.1) to (2.6).

Reault 3.3: Let z, be an arbitrary p-dimensiona vector,

that is z, = (24, ...2,)", ad Suppose that n, >1. The
conditional expectation of Z, =n" 3 z, given n, can be
written as:
E(z,Iny)= [Zz+f(ZZkZ )]
_ow, =W, -
Z, + 1" W, d (zUd —zu) (3.1
where z, =N, z, , Z,, —N Zud z,, Wy=nyg/n,
W, =N, /N, d—nd/Nd, n;/Ns with n;=

n-ny,and Ny =N-Ng
Proof: ReNriting Z,as

%(zsd z, +Z&d zkj ,

we have that

- 1l n
= wln) =3 T, ne
d

n—n,

Zuzk}
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where s; ={kesandkes,} and
U ={keU andkeU,}.

S|nce ZUH Zk :ZU Zk
result, that is

-2u,Z, We obtain the required

- _ w, —W, _ -
E (Z,|ng) =2, ‘*‘1d_—de(Zud -Zy).

Result 3.4: The conditional population variance of z_ given
n, , can bewritten as

2
V(z,|ng) =20 (1 £, )V,
d

where

2
i )V,

d

VzUd ﬁ (Zk - 2—ud )(Zk - 2—ud ), )

1 - - 4
VZUa =N 1 Ua(zk —zua)(zk _ZUa) ,
d
W|th EUE = Nail ZUH Zk .md Wa =l_Wd .

The edtimator of the conditiona population variance
V(zZ,|n,) isgivenby

- WA w2
V(ZS| nd):n_: fd VzSd +i(1_ fa)vzsa )
where
1 _ Y
% _12%(Zk_z%)(zk st)
d
and
1 - - 4
25 = Ny 125&(Zk B Sa)(zk _st) ’
with Z, =n," X 2, Z, =ng " X, 2
Proof: It follows using arguments similar to those used in

Result 3.3. Wefirst illustrate how Result 3.3 can be used to
obtain the conditional bias for the smpler estimators of
domain totals. This includes the Horvitz-Thompson esti-
mator Yy, a well as pos-dratified ratio estimator
Yy postr =(Xg ! Xgur) Yaur - L&t z, be the domain vari-
able Yac - Using Result 3.3, we have that E(Yd urlNg) =
Nw, Yy, » where ¥, =Y, /N, . The conditiona bias of
Yyur diven ny is therefore Blas(Yd,HT Ing) =
N (w; —W,) ¥, - For the post-stratified ratio estimator,
note that Yy posrr = Yo = Your — (Yo / Xg) X
Defining z, a Yg —(Yq/Xy)Xg, We obtain tha
Bias(Yy posrr INg) = 0

We next proceed to evduate the conditiond bias and
variance of estimators (2.1) — (2.6). We only illustrate the
procedure for the regression estimator Y, , asthe stepsare
smilar for the other estimators. Conditional on n,, the dis-
tribution of s; isthat of an SRSWOR. This meansthat, for
each sample s;, n, can be considered as having been se-
lected from N,. We express Y, & Yy, = Xy Y +
N/NnY ey, where ey =Yg — X By and ¥, = X Byg
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Following Sérndal and Hidiroglou (1989), we define the
conditional regression vector B}, as

= -|e [z,
EHZS Xkckyk J'n‘j}' (32)

The estimated regression vector B, will converge to
By, (under appropriate conditions) in conditiona design
probability as ny and N, increase.

We have that
X, Xo | X, X,
E k2K = k %k
_ZS an | d_ ZU NCk C
and
Xk Yk kyk
E kZkin |= ,
ZS nC | d_ ZU NCk C
where
A X, 1 X, X,
R =-—4d "4d k k - kM k =0
c l W ( Zud NZU Ck
and

Wy

_ X | =
re = 1— W ( Zud ZU C, J 0.

Consequently, using Result 3.3 and assuming that
(w, —W, )/(1-W,)=0, wehavethat B,, =B, .
Define the “conditional residual” for the K" unit as
Ea = Yok — Xk Bug- (33
The deviation of \?Ml from the true value Y, can be
written as

Yo, =Yg = ZU & +—

Z Edk *ld
’

m—( 2 X 2y kj(éld_B;d)'

In equation (3.4), A,, isof lower order than N/nY ¢ E,, .
To seethis, note that
wy =W, (~

K PIRIED I j|”d} 1-W, Xud—7u)’

where (w; —W,)/(1-W,) should be closeto zero.

Also, as noted earlier, B, — B}, isnear the vector 0 in
conditiona  design probability. Hence E, =y, —
Xt Bly = Yy — X By = Eg4. This implies that we can
write (3.4) as

(34

where

Yd,/r1

Yy = Zu Ew +— Z Eu-

The conditional expectation of de,{rl
imately:

(35)

-Y, is approx-
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(€, -E,,) 39
and E

E[(de Y)|nd]
where EU =2y, Ea/Ny

=>u Ea/N.

Since Yy, =W, Yy, » the conditional expectatlon (3.6) can
bere-exprewedas
E[(Yd,frl _Yd )l nd]
N wy —Wq
1-W,
[yud (1_Wd ) - (Yud —Xy ), Bld ] : (37)
Theterm X Eg iscondant in (3.5). Using Resuilt 3.4,

the conditional population variance of Y,, and its

estimated val ue are respectively
; W W2
V (¥, g )= N2 {n—d (1 Ve, +n—;(1— fd)vEud}

d
and

: W w2
V(Yd,/:‘r1|nd)= NZ l:n_: (l_ fd)VeSd + n; (l fa ) eS:I
where Ve, =(N, -5y, (Ea~ ), )?,

Ve, =N, 0%, (Ea-E, )7
oy, [z %0

and

2
_z adkeko '

N3

Ve, = (na - 1)_12 5 [adkedk

The conditional bias and variances of the remaining five
estimators can be derived similarly. Table 3 presents a sum-
mary of these properties. The required adjustment factors
ay, andresdud terms e, aregivenin Tablesland 2.

4. Smulation Study

A dmulation study was carried out to illudtrate the
conditiona and unconditional properties of the ratio version
of estimators (2.1) — (2.6). We studied these properties using
a population of 1,000 bivariate observations (y,X). This
population resulted from the concatenation of two generated
population domains. alarge domain of size 900 and a small
domain of size 100. The (y, X) observations were generated
within each domain assuming a ratio model y, =px, +¢,
where E(e,)=0 and V(g,)=0°%.. The B coefficients
were 1.0 and 3.0 in the large and smal domains. The
auxiliary varidble x was generated using a gamma
digribution T'(a,b), where a=3 and b=16. The
dependent variable y was dso generated by a gamma
digtribution, T'(A,B) such that the parameters A and B
stisfied E(y,)=px,=AB and V(y,)=0°% = AB?.
After solving for A and B, we obtained A=p*/c® and
B=c?/B. The teem o? was chosen to satisfy a set
correlation between x and y defined by

Bb

Pxy =T -
T [o?b+ 22

The preceding equation yields the constant term

i
Pxy

of the error variance. Common correlation vaues p, , were
used for both domains, ranging from 0.1 to of 0.9 in steps of
0.1, resulting in nine different populations. Random samples
(M =10,000) of size 250 were then repeatedly selected from
the populations. For each sample, estimates of domain totas
were computed using the estimators given in Table 4. We
do not include the Hgek post-stratified estimator, Y, ,, , a
it corresponds exactly to its Horvitz-Thompson analogue,
Yd,[r2 .

Table3
Conditional Bias and Variance of Estimators (2.1) —(2.6)

Estimated Conditional Variance

Estimator  Conditional Bias

Vo N (g =W ) W ) S, W)~ (R, ~ %y By
\?dﬂz Almost 0

YAd,(frg N (W —Wd)(yud —iﬁdBa)

?d,(frl N (wy —Wg )((?u Xu, ),Bld /(1_Wd )j

Ya,r, Almost 0

fd’m Almost 0

NZ| (W6 /) 0 fa)ve, + (05 /ng )1 5 )ve, |
(HERERTEN)S Sd((adk ca~agef /(g 1)
(Voo P 10 3l e =5 ef flng -1
(N /o | (8 /g - ) ve, + (02 /g - 5)ve, |

(Ng(l— fg)/ng )st ((adk = —a.Te)z/(”d —1)j
(Ng(l— fg)/ng )st ((adk = —a.Te)z/(”d —1)j
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Table4
Estimators and Associated Error Terms
Estimator Ratio Version Error Term
HT ratio: Yy ,p, Ya raT = Ya HT (X/XHT) €a = Yok — Rt X Rig = Yot/ Xur

HT pOSt-SII’aIIerd ratiO: YAd'/{rz YAd,POSTR = YAd'HT (Xd/)’id,HT)
HT aternate ratio: \?d%

Héjek ratio: \7d,€r1

Héjek alternate ratio: Vd’[ra

YAd,ALTR :YAd,HT +(Xg = Xd,HT)(YAHT/)zHT)

Yarar =Vana +(X - XHA)(?d,HT/)ZHT )

Vd,ALTR :YAd,HA +(Xg - )Zd,HA)(YAHT/)ZHT)

€ak = Yak ~ Rod Xak s Reg :Yd,HT/Xd,HT
€ = Yok — RoXic» Ry = Yiyr /X
€k = Yak — Rig Xk » Rug =Yd,HT/XHT

€k = Yok — ReXic - Re = Yur / Xr

4.1 Unconditional Results

The unconditional properties of the estimators were
asessed using two performance measures: (i) root mean
squared error  (RMSE) and (ii) coverage rate (CR). They
are
i. The RMSE isdefined as

m=1

where Y, is the estimated total (either Horvitz-
Thompson or Hgjek type) based on sample m, and M is
the total number of samples drawn for the smulation.

ii. The coverage rate CR for a given estimator Y is
defined as the ratio of the number of times that the 95%
confidenceinterva

Y,™ +1.96,/v(Y,™)

contains the true population tota to the number of
replicates. We used the unconditiona variances given by
(2.12), and the error terms in Table 4 to esimate the
required variances.

The four graphs provided in Figures 1 and 2, summarize
the unconditiond analysisfor small and large domains. Also
shown is the impact of increasing p, , . The square root of
the average mean squared error and coverage rates are used
to compare the estimators.

In Figure 1, we note that the RMSE decreases
substantialy with increasing p, , . This can be attributed to
the decreasng disperson of the dependent varigble
conditiona on the independent variable as the correation
between the two increases. We dso note that the spread of
the RMSE is narrower for the large domain than for the
small domain. The ranking of the estimators in terms of
RMSE from worgt to best is as follows: (i) HT ratio (HT
RAT), (ii) Hgek ratio (HA RAT), (iii) HT dternate ratio
(HT ALTR), (iv) Hgek alternate ratio (HA ALTR), and (v)

HT pod-dratified ratio (HT POSTR). This ranking is in
agreement with Result 3.2,

In Figure 2, we note that the unconditiona coverage rates
ae smilar across al the estimators regardiess of the
correlation p, ., . For smal domains the Horvitz-Thompson
estimators exhibit a dight degradation in the coverage rate
when Py y is weak. But as the correlation increases, their
coverage rae becomes comparable to the Hgek type
esdimators. The Hgek edtimators have a better overall
coverage rate than their Horvitz-Thompson counterparts.

4.2 Conditional Results

The conditional properties of the estimators were studied
using: (i) average relative conditional bias and (ii) condi-
tional coverage rates. They are defined as.

i. ARB, =(100/M )M (Y™ —Y,)/Y,, where M, is

the number of ssmplesof size n,.

il. The conditional coverage rate has the same definition as
its unconditiond counterpart. The associated varianceis

M
-1 S

7(m) 7 \2
vV, =Y.
=)
where

_ 1 My

Y, =——>Y™.

p MdmZzl g

Table 5 summarizes the conditiona biases of the ratio
versons of estimators (2.1) —(2.4) and (2.6). They were
obtained from Table 3 using asingle auxiliary variable.

The relative conditional bias and coverage rates of the
esimators are summarized in Figures 3, 4a and 4b with
respect to the redlized sample sze n, for large and small
domains, and for two correlations (py, =0.90 and
pxy =0.60).
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RMSE

Unconditional RMSE - Large Domain
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Unconditional RMSE - Small Domain
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‘—Q—HT RAT —8—HT POSTR —&—HT ALTR ——HA RAT —%—HAALTR

Figure 1. Unconditional RMSE.

Coverage Rate - Large Domain
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Coverage Rate - Small Domain
0.970

0.965
0.960
0.955
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0.950
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[+~ HTRAT —=~ HT POSTR —+~ HT ALTR —*~ HA RAT - HA ALTR]

Figure 2. Unconditional Coverage Rates.

Relative Conditional Bias - Large Dorrain
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Relative Conditional Bias - Small Domain

17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34
Domain Sample Size

‘—0—HTRAT+I-|'I'PCSI’R—‘—HTN.TR—O—I—ARAT—X—HAN_TR

Figure 3. Average Relative Conditional Biasfor py y =0.90, By =1.0, and By, =3.0.
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Conditional Coverage Rate - Large Domain
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Conditional Coverage Rate - Small Domain

Py N
Vi N~

/
/

1.0

0.9

0.8

0.7

~

0.6

0.5

\o\
\
N

0.4

0.3 5

0.2

19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34
Domain Sample Size
‘+ HT RAF#—HT POSTRA—HT ALTR-¢—HA RAT*—HA ALTF}Z

Figure 4a. Conditional Coverage Rates for

pX,Y :0.90, Bdl =10,and de =30.
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Conditional Coverage Rate - Small Domain
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Figure 4b. Conditional Coverage Rates for

pxy =060, By, =1.0,and By, =3.0.

Table5
Conditional Biases of Ratio Versions of Estimators (2.1) —(2.4) and (2.6)

Estimator Conditional Bias
. ~ (% ~We%y, )
HT Ratio: Yy . N ¥y, (wy =W )w
HT post-stratified ratio: \?dv,{rz Almost 0
o - X —Xu. Yu ! Vi

HT alternate ratio: Yy ,,, N ¥y, (wy — W )W

. o - Wy (% - %, )
H&ek ratio: Yy ;. N ¥y, (wy =W )(1—W—d)fud

Hjek alternate ratio: \7d,€r3

Almost 0

The conditiona bias presented in Figure 3 supports the
theoretical results presented in Table 5. The three Hgek
estimators are nearly conditionally unbiased. The magnitude
of the conditional bias of both the HT ratio estimator and the
HT dternate ratio estimator is in agreement with the
theoretical conditional bias. But it should be noted that the
conditionad bias associated with the HT dternate ratio
egimator is smaler than the one of the HT ratio estimator.
Also, in larger domains, this conditional bias is less
pronounced for the HT dternate ratio estimator.

The conditiona coverage rates are given in Figures 4a
and 4b. We note that the three Hgek estimators follow
closaly the nominal 95% coverage probability. The cover-
age rate of the HT dternate ratio estimator is reasonable in
larger domains despite its being conditionally biased. But its
coverage deteriorates subgtantialy in smdler domains. The
coverage rate of the HT ratio estimator is not acceptable.
But it should be noted that the coverage rates of the condi-
tiondly biased estimators improve as the redized sample
sze n, agpproaches the expected domain sample size
E(n,).
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In summary, the smulation study identified the three
Haek edimaors, Hajek post-sratified ratio, Hajek
alternate ratio, and Hgjek ratio as the best estimators in
terms of their conditional and unconditional properties. Note
that even though the Hjek ratio estimator uses the least
domain auxiliary data (it uses domain population counts
N,), its mean squared error is still reasonable. The Hgjek
post-stratified ratio is the best estimator in terms of its
conditional and unconditional properties.

5. Concluding Remarks

We have studied six possible regresson egimators of
domain totds, each using various levels of auxiliary
information at the domain and/or population level. The only
estimator that has regression weights that are not domain
dependent and that aso have the additive property is
Horvitz-Thompson estimator Y, ,.. This estimator is
congtructed using auxiliary information at the population
level: the domain dependent independent variable y, is
regressed on the auxiliary vector x,. However, it can be
serioudly conditionally biased and the associated confidence
intervals can be understated.

The Hek-type estimators have two the disadvantages:
(i) they do not have the additive property; and (ii) their
associated regression weights are domain  dependent.
However, they have the best conditional properties. They
are nearly conditiondly unbiased, and the conditiona
confidence intervals associated with the estimators follow
closely the nominal coverage rate. They dso have the
smaller unconditional MSE's. The Hgek estimator that uses
the least auxiliary deta a the domain level is Y, . It
requires domain population counts N, (d=1, ..., D), and
the population totals X . Its conditional and unconditiona
properties are reasonable. N

The best Hgek edimator, Yy, , uses auxiliary infor-
mation at the domain level. The Hgek regression type esti-
mator Y, ., can be made domain independent using asingle
st of regresson weights as follows. Suppose that the most

Statistics Canada, Catalogue No. 12-001-XPB

important domains are U,cu (g=1..,G), ad that
these domains are mutually exclusive and exhaustive. The
resulting Hjek estimator is

~ G -~ ~ -~
Yo, = Z [Yg,HA +(Xg - Xg,HA),Blg]
g=1
where
YAg,HA Z(Ng/Ng)YAg,HT’ YAg,HT :ng Wi Yo
and

B., :(ng Wy X, x;/ck)_l ng W Xi Yy /Cy-
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