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Domain Estimation Using Linear Regression 

Michael A. Hidiroglou and Zdenek Patak 1 

Abstract 
One of the main objectives of a sample survey is the computation of estimates of means and totals for specific domains of 
interest. Domains are determined either before the survey is carried out (primary domains) or after it has been carried out 
(secondary domains). The reliability of the associated estimates depends on the variability of the sample size as well as on 
the y-variables of interest. This variability cannot be controlled in the absence of auxiliary information for subgroups of the 
population. However, if auxiliary information is available, the estimated reliability of the resulting estimates can be 
controlled to some extent. In this paper, we study the potential improvements in terms of the reliability of domain estimates 
that use auxiliary information. The properties (bias, coverage, efficiency) of various estimators that use auxiliary 
information are compared using a conditional approach. 
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1. Introduction  
One of the main objectives of a sample survey is to 

compute estimates of means and totals of a number of 
characteristics associated with the units of a finite 
population U. The data are often used for analytic studies 
such as the comparison of means and totals for subgroups of 
the population. Such subgroups are referred to as domains of 
study. Hartley’s (1959) paper is one of the first attempts to 
unify the theory of domain estimation. Hartley provided the 
theory for a number of sample designs where domain 
estimation was of interest. His paper mostly discussed 
estimators that did not make use of auxiliary information. 
He did, however, consider the case of the ratio estimator 
where population totals were known for the domains. The 
use of auxiliary data in the context of domain estimation has 
been discussed in a number of articles. Särndal, Swensson 
and Wretman (1992) provided a unified treatment of 
domain estimation with auxiliary data. Estevao, Hidiroglou 
and Särndal (1995) were the first to recognize that the 
weights accounting for auxiliary data could be domain 
dependent or not domain dependent. Estevao and Särndal 
(1999) discussed desirable properties of regression esti- 
mators of domain totals using auxiliary data. 

The existence of multivariate auxiliary data raises a 
number of questions in the context of domain estimation. 
Some of those questions are as follows. What is the effect of 
having auxiliary information that is not known on a popu-
lation basis for the given domain of interest? How do we 
compute valid variance estimates in the context of domain 
estimators that use auxiliary data? If more than one esti-
mator is possible for point estimation and/or variance esti-
mation, what criteria should be used to choose the best 
estimator? Durbin (1969) supported the use of conditional 

inference to do such comparisons. He stated, “If the sample 
size is determined by a random mechanism and one happens 
to get a large sample, one knows perfectly well that the 
quantities of interest are measured more accurately than 
they would have been if the sample size had happened to be 
small. It seems self evident that one should use the infor-
mation available on sample size in the interpretation of the 
result. To average over variations in sample size which 
might have occurred but did not occur, when in fact the 
sample size is exactly known, seems quite wrong from the 
standpoint of the analysis of the data actually observed”. 
Holt and Smith (1979) favored conditional inference, and 
applied it to study the properties of the post-stratified esti-
mator, given simple random sampling. Rao (1985) intro-
duced the idea of “recognizable subsets” of the population 
to formalize the conditioning process. Recognizable subsets 
are defined after the sample has been drawn. In the case of 
domain estimation the number of units belonging to a par-
ticular domain is a random variable. Recognizable subsets in 
that context are those where the sample size is fixed within 
each domain. Comparison of the conditional statistical prop-
erties (i.e., bias, mean squared error) of the different esti-
mators can then be based on these subsets. The conditioning 
process assumes that population totals are known for each 
domain. In the case of simple random sampling, the number 
of units in the population domain is assumed known. 

The main purpose of this paper is to study the un- 
conditional and conditional properties of a number of 
domain estimators of totals in the presence of auxiliary data 
in the context of simple random sampling without 
replacement (SRSWOR). These conditional properties will 
be established by conditioning on fixed sample sizes within 
each domain. 
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The paper is organized as follows. In section 2 we will 
introduce several estimators of domain totals. Their 
unconditional and conditional properties are provided in 
section 3. In section 4, we will present the results of a 
simulation study for the case of the ratio estimator of 
domain totals, and provide some concluding remarks in 
section 5. 

 
2. Estimators of Domain Totals  

We first introduce some notation to set up the 
framework, under which we will be assessing the 
performance of various estimators of domain totals. Let 

{ }NkU ...,,...,,1=  denote the finite population. A sample 
“s” is selected from this population using a sampling plan 
P(s). Let the first and second order inclusion probabilities be 
given by kπ  and Akπ . The domain total ∑=

dU kd yY is the 
parameter of interest for a variable “y”. A domain dU  
(d = 1, ..., D) is any subpopulation of U, for which a 
separate estimate may be required, before or after the 
planning stage. The number of population units in domain 

dU  is denoted dN  and d
D
d NN 1=∑=  for D mutually 

exclusive and exhaustive domains spanning the entire 
population. The sample s is correspondingly divided into D 
domains Dd sss ...,,...,,1  where =ds sU d ∩ . The 
realized sample size within ds  is a random variable that we 
denote dn . Note that the sum of the dn ’s over non-
overlapping and exhaustive domains of the sample equals 
n . An estimator of the domain total kUd yY

d
∑=  that does 

not use auxiliary data is given by =HT,d̂Y  

dkkskks ywyw
d

∑=∑  where 1π−= kkw , and dky  is equal 
to ky  if dUk∈  and 0 otherwise. 

Auxiliary information in the form of a p-dimensional 
vector x may be available at different levels of aggregation. 
It may be known for each unit in the population, or for 
subsets )...,,1( GgUU g =⊆  of the population U that may 
coincide with the domains dU . We denote such known 
totals kUg g

xX ∑= ; they are estimated by =HT,
ˆ

gX  
.kks w

g
x∑  A modified set of weights kw~  incorporating the 

auxiliary data can be computed using either calibration or 
linear regression procedures (LR). We chose the LR 
approach. In the case of G population groups, the LR 
estimator is given by 

ggg

G

g
r YY BXX ˆ)ˆ(ˆˆ

HT,
1

HT ′−+= ∑
=

A  (1.1) 

where kkkkskkkksg cywcw
gg

/)/(ˆ 1 xxxB ∑′∑= − , and kc  
are suitable positive constants. The use of auxiliary data in 
the domain context offers a wide range of choices for 
various levels at which auxiliary totals are used and 
regression models are constructed. To simplify matters, we 
assume that g = 1 (e.g.: a single group U), yielding the 

simple regression estimator BXX ˆ)ˆ(ˆˆ
HTHT ′−+= YY rA , 

where kks w xX ∑=HT
ˆ . 

We consider six estimators for estimating the domain 
population total dY . These estimators are based on whether 
we use the domain totals dX  or the population total ,X  and 
whether we construct the regression estimator at the domain 
or at the population levels. The estimators are categorized 
into Horvitz-Thompson and “Hájek” types. We provide an 
example of the ratio estimator that is associated with each of 
these estimators. 
 
2.1 Horvitz-Thompson Type Estimators  
Case 1   

We assume that the auxiliary information kx  is available 
at the population level U, kU xX ∑= and that the domain 
specific dky  variables are regressed on ,kx  .Uk∈  The 
resulting population regression parameter =d1B  
( ) kdkU kkkkU cyc // 1∑−′∑ xxx  is estimated by =d1B̂  
( ) kdkkkskkkks cywcw // 1 xxx ∑′∑ −  and the resulting 
estimator of the population total dY  is  

.ˆ)ˆ(ˆˆ
1HTHT,, 1 ddrd YY BXX ′−+=A  (2.1) 

Example: The domain ratio estimator given by =RAT,
ˆ
dY  

dRX 1
ˆ , where HTHT,1

ˆ/ˆˆ XYR dd = . This estimator was first 
suggested by Hidiroglou (1991), and is discussed in more 
detail in Estevao et al. (1995). 

If the auxiliary data totals are available at the domain 
level, kUd d

xX ∑= , then two possible estimators of dY  
(cases 2 and 3) can be constructed, depending on how the 
population regression parameter is estimated.  

 
Case 2  
The population regression parameter 

∑∑
−

⎟
⎠
⎞⎜

⎝
⎛ ′=

dUdU
kkkkkkd cyc )(

1

2 xxxB  

is estimated by regressing ky  on kx  for each domain dU  
separately. Its estimator is given by 

=d2B̂ ( )∑∑
−

⎟
⎠
⎞⎜

⎝
⎛ ′

dsds
kkkkkkkk cywcw xxx

1

, 

and the resulting regression estimator of a domain total is 

ddddrd YY 2HT,HT,,
ˆ)ˆ(ˆˆ

2
BXX ′−+=A  (2.2) 

where ∑= s dkkd w xX̂  with dkx  defined similarly to .dky  
 
 

 

Example: The Horvitz-Thompson post-stratified estimator 
given by ,ˆˆ

2POSTR, ddd RXY =  where HT,HT,2
ˆ/ˆˆ

ddd XYR = . 
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Case 3  
 

The population regression parameter 

( )( ) ( )∑∑ −′=
U kkkU kkk cyc xxxB

1
3  

is estimated by regressing ky  on kx  using all units in U. 
The corresponding estimator is 

( ) ( )∑∑ −′=
s kkkks kkkk cywcw xxxB

1
3

ˆ , 

resulting in the regression estimator 

.ˆ)ˆ(ˆˆ
3HT,HT,, 3

BXX ′−+= dddrd YY A  (2.3) 

Example: The alternate ratio estimator given by =ALTR,d̂Y  
3HT,HT,

ˆ)ˆ(ˆ RXXY ddd −+ , where HTHT3
ˆ/ˆˆ XYR = .  

2.2 Hájek Type Estimators  
Estimators (2.1)-(2.3) belong to the Horvitz-Thompson 

family. If the known population domain size dN  is also 
incorporated in the estimation, then we get the “Hájek” 
versions of the previously defined Horvitz-Thompson 
regression estimators. The Hájek regression estimators are 
obtained by replacing HT,d̂Y , HT,

ˆ
dX , and HTX̂  by  

( ) ,ˆˆˆ
HT,HA, dddd YNNY =  ( ) ,HA,

ˆˆˆ
dddd NN XX =  

and 

( ) HTHA
ˆˆˆ XX NN= , 

where ∑=
ds kd wN̂  and ∑= s kwN .ˆ  The estimators are 

nearly conditionally unbiased for a given ,dn  whereas their 
Horvitz-Thompson counterparts do not have this property. 
The “ B̂ ”s contained within the Hájek regression estimators 
correspond exactly to their Horvitz-Thompson counterparts.   
Case 4 

.ˆ)ˆ(ˆ~
1HAHA,, 1 ddrd YY BXX ′−+=A  (2.4) 

Example: The Hájek ratio estimator given by =RAT,

~
dY  

.ˆ)ˆ(ˆ
1HAHA, dd RXXY −+    

Case 5  

.ˆ)ˆ(ˆ~
2HA,HA,, 2 ddddrd YY BXX ′−+=A  (2.5) 

Example: The Hájek post-stratified ratio estimator given by 
.ˆ)ˆ(ˆ~

2HA,HA,POSTR, ddddd RXXYY −+=  This estimator is 
identical to the Horvitz-Thompson post-stratified estimator. 
 

Case 6 

.ˆ)ˆ(ˆ~
3HA,HA,, 3

BXX ′−+= dddrd YY A  (2.6) 

Example: The Hájek alternate ratio estimator given by 
3HA,HA,ALTR,

ˆ)ˆ(ˆ~
RXXYY dddd −+= . 

 

3. Properties of the Domain 
       Estimators  

Estimators (2.1)  – (2.6) may be expressed as: 

∑∑ ==
s dkdks dkdkkrd ywyawY ~ˆ

,A  (2.7) 

where dka  is an adjustment factor that may or may not be 
domain dependent. The product of the design weight kw  
and the adjustment factor dka  is known as the regression 
weight (or calibration weight) .~

dkw  Tables 1 and 2 provide 
a summary of these factors, as well as the residuals required 
for unconditional variance estimation. The population and 
sample residuals are denoted as dkE  and .dke  The indicator 
variable dkδ  is equal to one if dUk ∈  and zero otherwise. 

The approximate population and corresponding esti-
mated variances of the Horvitz-Thompson estimators 

( )3,2,1ˆ
, =jY

jrd A  are: 

( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Δ=∑∑

A

A
AA ππ

ˆ
,

d

k

dk
U krd

EE
YV

j
 (2.8) 

and 

( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛Δ
=∑∑

A

AA

A

A
A πππ

ˆv ,
dd

k

dkdk
s

k

k
rd

eaea
Y

j
 (2.9) 

where AAA πππ kkk −=Δ ; { }skk ∈= AA ,Prπ  with the 
appropriate dkE ’s, dke ’s, dka ’s defined in Table 1. 

The approximate unconditional population and corre- 
spondding estimated variances of the Hájek-type estimators 

( )3,2,1
~

, =jY
jrd A  are: 

( )
( )

( )

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

=

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛ −
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛ −
Δ

=

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛ −

×⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛ −
Δ

=

∑∑

∑

∑
∑∑

3,2jfor 

π

~

π

~

1jfor 

π

δ/

π

δ/

~
,

A

A
A

A

AA

A

A

dd

d

j

Ud

k

Udk

U k

ddU dkd

k

dkdU dkdk

U k

rd

EEEE

NEE

NEE

YV

 

(2.10)
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Table 1 
Adjustment Factors and Residuals for Horvitz-Thompson Regression Estimators 

 

Estimator Domain Dependent Adjustment Factor: dka  Residuals 

1,
ˆ

rdY A  No 
k

k
s

k

kkk

cc

w xxx
XX

1

HT )ˆ(1
−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′
′−+ ∑  

dkdkdk yE 1Bx′−=  

dkdkdk ye 1B̂x′−=  

2,
ˆ

rdY A  Yes 
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′
′−+

−

∑
k

k
s

k

kkk
dddk cc

w
d

xxx
XX

1

HT, )ˆ(1δ  
ddkdkdk yE 2Bx′−=

ddkdkdk ye 2B̂x′−=  

3,
ˆ

rdY A  Yes 
k

k
s

k

kkk
dddk cc

w xxx
XX

1

HT, )ˆ(δ
−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′
′−+ ∑  

3Bxdkdkdk yE ′−=  

3B̂xdkdkdk ye ′−=  
 

Table 2 
Adjustment Factors and Residuals for the Hájek-type Estimators 

 

Estimator Domain Dependent Adjustment Factor: dka  Residuals 

1,
~

rdY A  Yes ( )
k

k
s

k

kkk

d

d

cc

w

N

N xxx
XX

1

HA
ˆ

ˆ

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′′
−+ ∑  

dkdkdk yE 1Bx′−=  

dkdkdk ye 1B̂x′−=  

2,
~

rdY A  Yes ( )
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′′
−+

−

∑
k

k
s

k

kkk
dd

d

d
dk cc

w

N

N
d

xxx
XX

1

HA,
ˆ

ˆ
δ  

ddkdkdk yE 2Bx′−=

ddkdkdk ye 2B̂x′−=  

3,
~

rdY A  Yes ( )
k

k
s

k

kkk
dd

d

d
dk cc

w

N

N xxx
XX

1

HA,
ˆ

ˆ
δ

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′′
−+ ∑  

3Bxdkdkdk yE ′−=  

3B̂xdkdkdk ye ′−=  
 

 

and 

( )
3,2,1jfor 

 
πππ

~
v ,

=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛Δ=∑∑
A

AA

A

A
A

dd

k

dkdk
s

k

k
rd

eaea
Y

j  

(2.11)

 

where ./
~

∑=
dd U ddkU NEE  The appropriate dkE ’s, dke ’s, 

and dka ’s are defined in Table 2. Note that the form of the 
estimated unconditional variance is the same for both the 
Horvitz-Thompson and the Hájek-type estimators.  
Result 3.1: The Hájek-type regression estimator can be 
obtained as a by-product of the regression of ky  on 

( ) ⎟
⎠
⎞⎜

⎝
⎛ ′−=′ Ukk xxx ,1)( D , 

where ∑−= U kU N .1 xx  The resulting regression vector is 

⎟
⎠
⎞⎜

⎝
⎛ ′=

′
xB BB ˆ,ˆˆ

1
DD , 

where 

( )( )

( )( )∑

∑
−

×⎟
⎠
⎞

⎜
⎝
⎛ ⎟

⎠
⎞⎜

⎝
⎛ ′−−=

−

s kkskk

ksksks kx

cyw

cw

/~

/~~ˆ
1

xx

xxxxB
 

and ( ) ,ˆ~~ˆ
1 xsUsyB Bxx ′−+=D  with NYys

ˆ/ˆ~
HT=  and 

.ˆ/ˆ~
HT Ns Xx =  

The regression estimator of total D
A 1

ˆˆ BNY r =  is equal to 
the Hájek form .ˆ)ˆ(ˆ~

HAHA xr YY BXX ′−+=A  The various 
Hájek-type domain regression estimators can be obtained 
using this approach. For instance, regressing dky  on 

( ) ⎟
⎠
⎞⎜

⎝
⎛ ′−=′

dUdkk xxx ,1)( D  

yields 
1,

~
rdY A .  

Proof: We first show how to arrive at the Hájek form of the 
regression estimator. Defining the auxiliary data vector kz  
as ,),( 0 ′′=′ kkk x xz  the regression estimator is 

( ) zBZZ ˆˆˆŶ HTHT

′
−+= YrA  

where 

( ) ( )∑∑ −′=
ss

kkkkkkkk cwcw yˆ 1
zzzBz , 

∑=
U kzZ  and ∑=

s kkw .ˆ
HT zZ   

If 10 =kx , rAŶ  is exactly equivalent to zBZ ˆŶ ′=rA . 
Decomposing zB̂  as  

⎟
⎠
⎞⎜

⎝
⎛ ′=′

xB BBz
ˆ,ˆˆ

0 , 

we have that ,ˆˆŶ 0 ∑ ′+= U xkr BN BxA  where −= syB ~ˆ
0  

xk Bx ˆ~′  and 

( )( )

( )( )
.

y~y~

~~
ˆ

k

1

k

sskks

k

skskks
x

c

w

c

w

−−

×
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛ ′−−
=

∑

∑
−

xx

xxxx
B

 

Hence, the Hájek form of the regression estimator is 
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( ) .ˆ'ˆŶY
~

HAHA xUr BXX −+=A  

Regressing ky  on  

( ) ⎟
⎠
⎞⎜

⎝
⎛ ′−=′ Ukk xxx ,1)( D  

yields the estimated regression vector ,ˆ,ˆˆ
1 ⎟

⎠
⎞⎜

⎝
⎛ ′=

′
xB BB DD  

where 

( )( ) ( )∑
∑ −

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛ −−
=

−

s
k

kskk

k

skskk

x c

yw

c

w
s

xxxxxx
B

~~~
ˆ

1

 

and xsUsyB Bxx ˆ)~(~ˆ
1

′−+=D . Substituting D
1B̂  into 

0
1

ˆˆ BNY r =A  yields the Hájek form rAY
~

.  
Remark 3.1: (Additivity). Suppose that the domains dU  
are mutually exclusive ( 0

21
/=∩ dd UU  for 21 dd ≠ ) and 

exhaustive ( UUD
d d ==∪ 1 ). Additivity over such domains 

means that  r
D
d rd

D
d rd YYY AAA

ˆˆˆ
1 ,1 , 31

∑∑ == ==  where 

( ) .ˆˆˆˆ
HTHT BXX

′
−+= YY rA  

The additive property of 
1,

ˆ
rdY A  is desirable because a single 

set of calibration weights, ,dkk aw  can be used repeatedly 
to produce ad hoc domain estimates. Only two out of the six 
estimators, 

1,
ˆ

rdY A  and ,ˆ
3, rdY A  are additive over all such 

domains.   
Remark 3.2: (Calibrating on domain auxiliary data). 
Estevao et al. (1999) discussed some of the estimators 
provided in Tables 1 and 2 for the case of a single auxiliary 
variable kx . They arrived at their estimators by controlling 
on domain information, either via auxiliary variables and /or 
control totals.  

In what follows, we will assume that the sample s of size 
n has been selected using simple random sampling without 
replacement (SRSWOR) from a universe of size N. The 
estimated unconditional variance of the Horvitz-Thompson 
and Hájek-type estimators for this sampling plan is: 

( )

( ) ( )
1

)1(~
v

ˆv

2
2

,

,

−

−−
=

=

∑∑
n

eaea

n

fN
Y

Y

s ddkdk

srd

rd

j

j

A

A

 
(2.12)

 

where ( )∑= s dkdkd neaea /  and Nnf /=  is the sampling 
fraction.   
3.1 Unconditional Properties  

The choice between the various regression estimators 
should be based on the level at which the auxiliary totals are 
available, as well as bias and variance. All the above esti- 
mators are asymptotically unconditionally unbiased; how- 
ever, their variances differ. We compare the unconditional 

population variances of the six domain regression estimators 
(2.1) – (2.6) by distinguishing two cases: (i) an intercept 
term is included in the regression; and (ii) no intercept term 
is included in the regression.  
Result 3.2: Assume that an intercept is included in the 
regression, Ukcck ∈=  allfor  , and ,pN >  where p refers 
to the number of auxiliary variables. The following 
inequalities hold for the population variances of the domain 
regression estimators (2.1) – (2.6):  
(i) )ˆ(

2, rdYV A  < )ˆ(
1, rdYV A ; )ˆ()ˆ(

32 ,, rdrd YVYV AA ≤ ; )ˆ(
3, rdYV A  

may be smaller, equal or greater to ).ˆ(
1, rdYV A   

(ii) )
~

(
2, rdYV A  < )

~
(

1, rdYV A  and )
~

(
2, rdYV A  < )

~
(

3, rdYV A ; 
)

~
(

3, rdYV A  may be smaller, equal or greater to )
~

(
1, rdYV A .  

Proof:  In the case of simple random sampling without 
replacement,  ∑ −= U Udkrd dj

EEAYV 2
, )()ˆ( A  for ,3,2,1=A  

where ))1((/)1(2 −−= NnfNA  and =
dUE  

./∑
dU dk NE  Given that the regression contains an 

intercept, it follows that 0=∑U dkE  or that 0=∑
dU dkE , 

depending on which regression estimator we use. We only 
show that (i) holds: the proof for (ii) is similar. The 
population variances for 

1,
ˆ

rdY A  and 
2,

ˆ
rdY A  are respectively 

( ) ∑ ′−=
U dkdkrd yAYV 2

1, )(ˆ
1

BxA  

and 

( ) ∑ ′−=
U dkdkrd yAYV 2

2, )(ˆ
2

BxA . 

The population variance of 
3,

ˆ
rdY A  is  

( ) ∑ −=
U Udkrd d

EEAYV 2
, )

~
(ˆ

3A
, 

where 

( )3
1~

Bx
ddd UU

d
U dkU y

N

N
ENE ′−⎟

⎠
⎞

⎜
⎝
⎛== ∑− , 

with ∑−=
dd U dkdU yNy 1  and 

dUx′  similarly defined.  
We first show that )ˆ(

2, rdYV A  < )ˆ(
1, rdYV A . To this end, we 

decompose ∑ ′−U dkdky 2
1 )( Bx  into its within domain dU  

and outside domain 
d

U  components, yielding 

.)(

)()(

2
1

2
1

2
1

∑
∑∑

′−+

′−=′−

d

d

U dkdk

U dkdkU dkdk

y

yy

Bx

BxBx
 

Since 

( ) ,)(

)()(

2
12

2
2

2
1

∑
∑∑

−′+

′−=′−

d

dd

U ddk

U dkdkU dkdk yy

BBx

BxBx
 

it follows that )ˆ(
2, rdYV A  < )ˆ(

1, rdYV A .  
Next, we show that 

( ) ( )
32 ,,

ˆˆ
rdrd YVYV AA ≤ . 

The variance )ˆ(
3, rdYV A  can be re-expressed as  
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( ) ( )∑
⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

′−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

′−
=

d

dd

U
UU

d

kk

rd
y

N

N

y

YV 2
3

2

2
3

,

)(
ˆ

3 Bx

Bx

A . 

The difference between )ˆ(
3, rdYV A  and )ˆ(

2, rdYV A  is:  

( ) ( )
( ) ( )

( ) ( )( )

( )

( ) ( )( )
( ) .

2

2

)(

)(

ˆˆ

333
2

2323

333
2

2

2323

2
2

2
3

2
2

3

,, 23

⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

′′+′−−

−′′−
≥

⎪
⎪
⎭

⎪⎪
⎬

⎫

⎪
⎪
⎩

⎪⎪
⎨

⎧

′′+′−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−

−′′−

=

⎪
⎪
⎭

⎪⎪
⎬

⎫

⎪
⎪
⎩

⎪⎪
⎨

⎧

′−−

′−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−′−

=

−

∑

∑

∑

∑

BxxBxB

BBxxBB

BxxBxB

BBxxBB

Bx

BxBx

ddddd

d

ddddd

d

d

ddd

UUUUUd

dU kkd

UUUUU
d

dU kkd

U dkk

UU
d

U kk

rdrd

yyN
A

yy
N

NA

y

y
N

N
y

A

YVYV AA

 

Noting that dUU dd
y 2Bx′=  it follows that: 

( ) ( )dUUd

UU

dUUdUUd

UUUUU

dd

dd

dddd

ddddd
yy

2323

33

2322

333
2

2

2

BBxxBB

BxxB

BxxBBxxB

BxxBxB

−′′−=

′′+

′′−′′=

′′+′′−

 

Since 

( ) ( ) ,∑∑ ′−−=′−′
d ddddd U UkUkUUdU kk N xxxxxxxx  

the difference )ˆ()ˆ(
23 ,, rdrd YVYV AA −  can be expressed as: 

( ) ( )
( ) ( )( ){ }
( ) ( )( ) ( ){ }
.0

ˆˆ

2323

2323

,, 23

≥

−′−−′−=

−′−′′−=

−

∑

∑

dU UkUkd

dUUdU kkd

rdrd

d dd

ddd

A

NA

YVYV

BBxxxxBB

BBxxxxBB

AA

 

Finally, we show that )ˆ(
3, rdYV A  may be smaller, equal or 

greater to )ˆ(
1, rdYV A by constructing examples:  

(i) )ˆ(
3, rdYV A  < )ˆ(

1, rdYV A , if d23 BB = ; 
 
 

(ii) )ˆ(
3, rdYV A  = )ˆ(

1, rdYV A , if d13 BB = ; 
 

(iii) )ˆ(
3, rdYV A  > )ˆ(

1, rdYV A , if the fit of ky  on kx  is 
 much poorer than the fit dky  on kx  for .Uk ∈   

It can also be shown that )
~

(
2, rdYV A  < )ˆ(

2, rdYV A ; 
)

~
(

3, rdYV A  < )ˆ(
3, rdYV A ; and )

~
(

1, rdYV A  < )ˆ(
1, rdYV A . The esti- 

mator with the smallest variance is 
2r,dY

~
A . However, if it is 

assumed that the d2B̂ ’s are similar across all domains, and 

that there are very few observations in ds , it may be 
preferable to use .

~
3, rdY A  The choice between 

2,

~
rdY A  and 

3,

~
rdY A  should not always be based on the asymptotic 

variance. If there are very few observations in ds , this can 
cause significant bias in 

2,

~
rdY A  and also cause the exact 

variance of 
2,

~
rdY A  to be larger than that of 

3r,dY
~
A , so that the 

latter may be preferred. 
 

Remark 3.3: If there is no intercept in the regression, then it 
does not necessarily follow that Result 3.2 holds.  
 

Proof: We illustrate this statement using the elementary ratio 
versions of cases 1 and 2. They are respectively the Horvitz-
Thompson ratio estimator =RAT,d̂Y )ˆ/(ˆ

HTHT, XXYd  and the 
Horvitz-Thompson post-stratified ratio estimator =POSTR,d̂Y  

)ˆ/(ˆ
HT,HT, ddd XXY . Also, suppose that the elements of the 

data vector ( )kk xy ,  are positive for all Uk∈ .  The 
population variances for RAT,d̂Y  and POSTR,

ˆ
dY  are 

2
2POSTRd, )()ˆ( ∑ −=

dU kdk xByAYV  and =)ˆ( RAT,dYV  
∑ −U kddk xByA 2

1 )( , where ddd XYB /2 = , and =dB1  
./ XYd  

The difference )ˆ()ˆ( POSTR,RAT, dd YVYV −  can be re-
expressed as: 

( )
( ) ( )

( ) .

2

2
1

221

22
21

∑
∑

∑

−+

−−+

−

d

d

d

U kddk

kU kdkdd

U kdd

xByA

xxByBBA

xBBA

 

Since the second term of this expression can be positive, 
negative or zero, the difference −)ˆ( RAT,dYV )ˆ( POSTR,dYV  
can be negative.   
3.2 Conditional Properties  

For a given sample s, let dn  be the realized sample size 
of .ds  The following result can be used to evaluate the 
conditional bias of estimators (2.1) to (2.6). 
 

Result 3.3: Let kz  be an arbitrary p-dimensional vector, 
that is )...,,( 1 ′= kpkk zzz , and suppose that 1≥dn . The 
conditional expectation of ∑−= s ks n zz 1  given dn  can be 
written as: 

( ) ( )[ ]

( )UU
d

dd
U

U U kU kdkdds

d

d d

W

Ww

ff
n

nE

zzz

zzzz

−
−
−

+=

−+= ∑ ∑∑

~
1

1
|

 
(3.1)

 
where ∑−= U kU N zz 1 , nnwN ddU kdU dd

/,~ 1 == ∑− zz , 
NNW dd /= , ddd Nnf = , 

ddd
Nnf =  with =

d
n  

dnn − , and dd
NNN −= . 

Proof:  Rewriting sz  as 

⎟
⎠
⎞⎜

⎝
⎛ +∑∑

dd s ks kn
zz

1
, 

we have that 

⎥
⎦

⎤
⎢
⎣

⎡
−
−

+= ∑ ∑
d d

U U k
d

d
k

d

d
ds NN

nn

N

n

n
nE zzz

1
)(  
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where { }dd
sksks ∉∈= and  and 

{ }dd
UkUkU ∉∈= and . 

Since ,∑ ∑ ∑−=
d dU U U kkk zzz  we obtain the required 

result, that is  

)~(
1

)( UU
d

dd
Uds dW

Ww
nE zzzz −

−
−

+= . 

Result 3.4: The conditional population variance of sz  given 
dn , can be written as 

( ) ( ) ( )
dUdU zd

d

d
zd

d

d
ds f

n

w
f

n

w
nV VVz −+−= 11

22

, 

where 

( ) ( )′−−
−

= ∑ dd ddU UkU Uk
d

z N
zzzzV ~~

1

1
, 

( ) ( )′−−
−

= ∑
dd ddU UkU Uk

d

z N
zzzzV ~~

1

1
, 

with ∑−=
dd

U kdU N zz 1~ , and dd
ww −=1 . 

The estimator of the conditional population variance 
)|( ds nzV  is given by 

( ) ( )
dsds zd

d

d
zd

d

d
ds f

n

w
f

n

w
n vvzv −+= 1

22

, 

where 

( ) ( )′−−
−

= ∑ dd dds sks sk
dn

zzzzvz
~~

1

1
 

and 

( ) ( )′−−
−

= ∑
dd dds sks sk

d
n

zzzzvz
~~

1

1
, 

with ∑−=
dd s kds n zz 1~ , .~ 1 ∑−=

dd
s kds n zz  

 

Proof:  It follows using arguments similar to those used in 
Result 3.3. We first illustrate how Result 3.3 can be used to 
obtain the conditional bias for the simpler estimators of 
domain totals. This includes the Horvitz-Thompson esti- 
mator HT,d̂Y , as well as post-stratified ratio estimator  

HT,HT,POSTR,
ˆ)ˆ/(ˆ
dddd YXXY = . Let kz  be the domain vari- 

able dky . Using Result 3.3, we have that =)|ˆ( HT, dd nYE  

dUd yNw ~ , where ddU NYy
d

/~ = . The conditional bias of 
HT,d̂Y  given dn  is therefore =)|ˆ(Bias HT, dd nY  

dUdd yWwN ~)( − . For the post-stratified ratio estimator, 
note that −=− HT,POSTR,

ˆˆ
ddd YYY � .ˆ)/( HT,ddd XXY  

Defining kz  as dkdddk xXYy )/(− , we obtain that 
=�)|ˆ(Bias POSTR, dd nY 0 .  

We next proceed to evaluate the conditional bias and 
variance of estimators (2.1) – (2.6). We only illustrate the 
procedure for the regression estimator 

1,
ˆ

rdY A , as the steps are 
similar for the other estimators. Conditional on dn , the dis-
tribution of ds  is that of an SRSWOR.  This means that, for 
each sample ds , dn  can be considered as having been se-
lected from dN . We express 

1,
ˆ

rdY A  as =
1,

ˆ
rdY A ∑ +U kŷ  

∑s dkenN ,/  where dkdkdk ye 1B̂x′−=  and =kŷ dk 1B̂x′ .  

Following Särndal and Hidiroglou (1989), we define the 
conditional regression vector *

1dB  as 

.

1

*
1

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

×
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′
=

∑

∑
−

ds
k

kk

ds
k

kk
d

n
c

y
E

n
c

E

x

xx
B

 

(3.2)

 

The estimated regression vector d1B̂  will converge to 
*
1dB  (under appropriate conditions) in conditional design 

probability as dn  and dN  increase. 
We have that 

∑∑ +
′

=⎥
⎦

⎤
⎢
⎣

⎡ ′
U c

k

kk
s d

k

kk

cN
n

cn
E R

xxxx
 

and 

∑∑ +=⎥
⎦

⎤
⎢
⎣

⎡
U c

k

kk
s d

k

kk

cN

y
n

cn

y
E r

xx
, 

where 

0
xxxx

R =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′
−

′
−
−= ∑∑ �

U
k

kk
U

k

kk

dd

dd
c cNcNW

Ww
d

11
1

 

and 

0
xx

r =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
−

= ∑∑ �
U

k

kk
U

k

kk

dd

dd
c c

y

Nc

y

NW

Ww
d

11

1
. 

Consequently, using Result 3.3 and assuming that 
( ) ( ) 01/ =−− �ddd WWw , we have that *

11
ˆ

dd BB =� .  
Define the “conditional residual” for the kth unit as 

.*
1

*
dkdkdk yE Bx′−=  (3.3) 

The deviation of 
1,

ˆ
rdY A  from the true value dY  can be 

written as 

∑ ∑ Δ−+−=−
U s ddkdkdrd E

n

N
EYY *

1
**

, 1

ˆ
A  (3.4) 

where 

( )*
11

*
1

ˆ
dds U kkd n

N
BBxx −

′
⎟
⎠
⎞

⎜
⎝
⎛ −=Δ ∑ ∑ . 

In equation (3.4), *
1dΔ  is of lower order than ∑ s dkEnN * . 

To see this, note that 

( ) ,~
1 UU

d

dd
ds U kk dW

Ww
Nn

n

N
E xxxx −

−
−

=⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −∑ ∑  

where )1/()( ddd WWw −−  should be close to zero.  
Also, as noted earlier, *

11
ˆ

dd BB −  is near the vector 0  in 
conditional design probability. Hence −= dkdk yE*  

.1
*
1 dkdkdkdk Ey =′−=′ BxBx �  This implies that we can 

write (3.4) as 

.ˆ
1, ∑ ∑+−=−

U s dkdkdrd E
n

N
EYY �A  (3.5) 

The conditional expectation of drd YY −
1,

ˆ
A  is approx-

imately: 
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[ ] ( )
dd UU

d

dd
ddrd EE

W

Ww
NnYYE −

−
−=− ~

1
)ˆ(

1,A  (3.6) 

where ∑=
dd U ddkU NEE /

~
 and ∑= U dkU NEE

d
./

~
 

Since 
dd UdU yWy ~= , the conditional expectation (3.6) can 

be re-expressed as: 

.])~()1(~[

1
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1

, 1
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ddrd
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nYYE
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(3.7)

 

The term ∑ U dkE  is constant in (3.5). Using Result 3.4, 
the conditional population variance of 

1,
ˆ

rdY A  and its 
estimated value are respectively 
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⎟
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⎜
⎜
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⎛
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d dsds s
d
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eanv  

The conditional bias and variances of the remaining five 
estimators can be derived similarly. Table 3 presents a sum-
mary of these properties. The required adjustment factors 

dka  and residual terms dke  are given in Tables 1 and 2. 
 

4. Simulation Study  
A simulation study was carried out to illustrate the 

conditional and unconditional properties of the ratio version 
of estimators (2.1) – (2.6). We studied these properties using 
a population of 1,000 bivariate observations ),( xy . This 
population resulted from the concatenation of two generated 
population domains: a large domain of size 900 and a small 
domain of size 100. The ( y, x) observations were generated 
within each domain assuming a ratio model kkk xy εβ +=  
where 0)ε( =kE  and kk xV 2σ)ε( = . The β  coefficients 
were 0.1  and 3.0 in the large and small domains. The 
auxiliary variable x was generated using a gamma 
distribution ),(Γ ba , where 3=a  and 16=b . The 
dependent variable y was also generated by a gamma 
distribution, ),(Γ BA  such that the parameters A and B 
satisfied ABxyE kk == β)(  and 22σ)( ABxyV kk == . 
After solving for A and B, we obtained 22 σ/β=A  and 

β/σ2=B . The term 2σ  was chosen to satisfy a set 
correlation between x and y defined by 

222
YX,

βσ

β

bb

bρ
+

= . 

The preceding equation yields the constant term 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−= 1

ρ
1βσ
2

,

22

YX

b  

of the error variance. Common correlation values y,x ρ  were 
used for both domains, ranging from 0.1 to of 0.9 in steps of 
0.1, resulting in nine different populations. Random samples 
(M = 10,000) of size 250 were then repeatedly selected from 
the populations. For each sample, estimates of domain totals 
were computed using the estimators given in Table 4. We 
do not include the Hájek post-stratified estimator, 

2,

~
rdY A , as 

it corresponds exactly to its Horvitz-Thompson analogue, 
.ˆ

2, rdY A

 

Table 3 
Conditional Bias and Variance of Estimators (2.1)  – (2.6) 

 

Estimator Conditional Bias Estimated Conditional Variance 

1,
ˆ

rdY A  ( ) ( )( ) ( ) ( ) ⎟
⎠
⎞⎜

⎝
⎛ ′−−−−− dUUdUddd dd

WyWWwN 1
~1~1 Bxx  ( ) ( ) ( ) ( ) ⎥⎦

⎤
⎢⎣
⎡ −+−

dsds edddeddd vfnwvfnwN 11 222  

2,
ˆ

rdY A  Almost 0 ( ) ( ) ( )∑ ⎟
⎠
⎞

⎜
⎝
⎛ −−−

ds dddkdkddd neaeanfN 1)1(
22  

3,
ˆ

rdY A   ( ) ( )3
~~ Bx

dd UUdd yWwN ′−−    ( ) ( )( ) ( ) ( )∑ ⎟
⎠
⎞

⎜
⎝
⎛ −−−

ds dddkdkdddd neaeanfwN 11
22  

1,
~

rdY A  ( ) ( ) ( )⎟
⎠
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⎝
⎛ −′−− ddUUdd WWwN

d
1~

1Bxx  ( ) ( ) ( ) ( ) ( ) ⎥⎦
⎤

⎢⎣
⎡ −+−

dsds edddedddd vfnwvfnwwN 11 222  

2,
~

rdY A   Almost 0 ( ) ( ) ( )∑ ⎟
⎠
⎞

⎜
⎝
⎛ −−−

ds dddkdkddd neaeanfN 1)1(
22  

3,
~

rdY A   Almost 0 ( ) ( ) ( )∑ ⎟
⎠
⎞

⎜
⎝
⎛ −−−

ds dddkdkddd neaeanfN 1)1(
22  
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Table 4 
Estimators and Associated Error Terms 

 

Estimator Ratio Version Error Term 

HT ratio:
1,

ˆ
rdY A  ( )HTHT,RAT,

ˆˆˆ XXYY dd =  kddkdk xRye 1
ˆ−= , HTHT,1

ˆˆˆ XYR dd =  

HT post-stratified ratio:
2,

ˆ
rdY A  ( )HT,HT,POSTR,

ˆˆˆ
dddd XXYY =  dkddkdk xRye 2

ˆ−= , HTd,HT,2
ˆˆˆ XYR dd =  

HT alternate ratio: 
3,

ˆ
rdY A  ( )HTHTHT,HT,ALTR,

ˆˆ)ˆ(ˆˆ XYXXYY dddd −+=  kdkdk xRye 3
ˆ−= , HTHT3

ˆˆˆ XYR =  

Hájek ratio: 
1,

~
rdY A  ( ).ˆˆ)ˆ(ˆ~

HTHT,HAHA,RAT, XYXXYY ddd −+=  ,ˆ
1 kddkdk xRye −= HTHT,1

ˆˆˆ XYR dd =  

Hájek alternate ratio: 
3,

~
rdY A  ( )HTHTHA,HA,ALTR,

ˆˆ)ˆ(ˆ~
XYXXYY dddd −+=  kdkdk xRye 3

ˆ−= , HTHT3
ˆˆˆ XYR =  

 

4.1 Unconditional Results  
The unconditional properties of the estimators were 

assessed using two performance measures: (i) root mean 
squared error  (RMSE) and (ii) coverage rate (CR). They 
are: 
i. The RMSE  is defined as 

MYY
M

m
d

m
d /)ˆ(

1

2)(∑
=

− ,
 

where )(ˆ m
dY  is the estimated total (either Horvitz-

Thompson or Hájek type) based on sample m, and M is 
the total number of samples drawn for the simulation.  

ii. The coverage rate CR  for a given estimator Ŷ  is 
defined as the ratio of the number of times that the 95% 
confidence interval  

)ˆ(96.1ˆ )()( m
d

m
d YvY ±  

 contains the true population total to the number of 
replicates. We used the unconditional variances given by 
(2.12), and the error terms in Table 4 to estimate the 
required variances. 

 

The four graphs provided in Figures 1 and 2, summarize 
the unconditional analysis for small and large domains. Also 
shown is the impact of increasing y,x ρ . The square root of 
the average mean squared error and coverage rates are used 
to compare the estimators. 

In Figure 1, we note that the RMSE decreases 
substantially with increasing y,x ρ . This can be attributed to 
the decreasing dispersion of the dependent variable 
conditional on the independent variable as the correlation 
between the two increases. We also note that the spread of 
the RMSE is narrower for the large domain than for the 
small domain. The ranking of the estimators in terms of 
RMSE from worst to best is as follows: (i) HT ratio (HT 
RAT), (ii) Hájek ratio (HA RAT), (iii) HT alternate ratio 
(HT ALTR), (iv) Hájek alternate ratio (HA ALTR), and (v) 

HT post-stratified ratio (HT POSTR). This ranking is in 
agreement with Result 3.2. 

In Figure 2, we note that the unconditional coverage rates 
are similar across all the estimators regardless of the 
correlation y,x ρ . For small domains the Horvitz-Thompson 
estimators exhibit a slight degradation in the coverage rate 
when y,x ρ  is weak. But as the correlation increases, their 
coverage rate becomes comparable to the Hájek type 
estimators. The Hájek estimators have a better overall 
coverage rate than their Horvitz-Thompson counterparts.  
4.2 Conditional Results  

The conditional properties of the estimators were studied 
using: (i) average relative conditional bias and (ii) condi- 
tional coverage rates. They are defined as: 
 

i. ( ) d
M
m d

m
ddd YYYM d /)ˆ(/100ARB 1

)(∑ = −= , where dM  is 
the number of samples of size dn . 

 

ii. The conditional coverage rate has the same definition as 
its unconditional counterpart. The associated variance is 

∑
=

−
−

=
dM

m
d

m
d

d
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M
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1
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where 

∑
=

=
dM

m

m
d

d
d Y

M
Y

1

)(ˆ1
. 

Table 5 summarizes the conditional biases of the ratio 
versions of estimators (2.1) – (2.4) and (2.6). They were 
obtained from Table 3 using a single auxiliary variable. 

The relative conditional bias and coverage rates of the 
estimators are summarized in Figures 3, 4a, and 4b with 
respect to the realized sample size dn  for large and small 
domains, and for two correlations ( 90.0ρ , =YX  and 

60.0ρ , =YX ). 
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Figure 1. Unconditional RMSE. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2. Unconditional Coverage Rates. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3. Average Relative Conditional Bias for 90.0ρ , =YX , 0.1β 1 =d , and 0.3β 2 =d . 
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Figure 4a. Conditional Coverage Rates for 90.0ρ , =YX , 0.1β 1 =d , and 0.3β 2 =d . 

 
 

 

 

 

 

Figure 4b. Conditional Coverage Rates for 60.0ρ , =YX , 0.1β 1 =d , and 0.3β 2 =d . 
 

Table 5 
Conditional Biases of Ratio Versions of Estimators (2.1)  – (2.4) and (2.6) 

 

Estimator  Conditional Bias 

HT Ratio: 
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Hájek alternate ratio: 
3,

~
rdY A   Almost 0 

 
 
 

 

The conditional bias presented in Figure 3 supports the 
theoretical results presented in Table 5. The three Hájek 
estimators are nearly conditionally unbiased. The magnitude 
of the conditional bias of both the HT ratio estimator and the 
HT alternate ratio estimator is in agreement with the 
theoretical conditional bias. But it should be noted that the 
conditional bias associated with the HT alternate ratio 
estimator is smaller than the one of the HT ratio estimator. 
Also, in larger domains, this conditional bias is less 
pronounced for the HT alternate ratio estimator. 

 

The conditional coverage rates are given in Figures 4a 
and 4b. We note that the three Hájek estimators follow 
closely the nominal 95% coverage probability. The cover- 
age rate of the HT alternate ratio estimator is reasonable in 
larger domains despite its being conditionally biased. But its 
coverage deteriorates substantially in smaller domains. The 
coverage rate of the HT ratio estimator is not acceptable. 
But it should be noted that the coverage rates of the condi- 
tionally biased estimators improve as the realized sample 
size dn  approaches the expected domain sample size 

( )dnE .  
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In summary, the simulation study identified the three 
Hájek estimators, Hájek post-stratified ratio, Hájek 
alternate ratio, and Hájek ratio as the best estimators in 
terms of their conditional and unconditional properties. Note 
that even though the Hájek ratio estimator uses the least 
domain auxiliary data (it uses domain population counts 

),dN  its mean squared error is still reasonable. The Hájek 
post-stratified ratio is the best estimator in terms of its 
conditional and unconditional properties. 

 
5. Concluding Remarks  

We have studied six possible regression estimators of 
domain totals, each using various levels of auxiliary 
information at the domain and/or population level. The only 
estimator that has regression weights that are not domain 
dependent and that also have the additive property is 
Horvitz-Thompson estimator .ˆ

1, rdY A  This estimator is 
constructed using auxiliary information at the population 
level: the domain dependent independent variable dky  is 
regressed on the auxiliary vector .kx  However, it can be 
seriously conditionally biased and the associated confidence 
intervals can be understated.  

The Hájek-type estimators have two the disadvantages: 
(i) they do not have the additive property; and (ii) their 
associated regression weights are domain dependent. 
However, they have the best conditional properties. They 
are nearly conditionally unbiased, and the conditional 
confidence intervals associated with the estimators follow 
closely the nominal coverage rate. They also have the 
smaller unconditional MSE’s. The Hájek estimator that uses 
the least auxiliary data at the domain level is .

~
1, rdY A  It 

requires domain population counts dN (d = 1, …, D), and 
the population totals X . Its conditional and unconditional 
properties are reasonable.  

The best Hájek estimator, 
2,

~
rdY A , uses auxiliary infor- 

mation at the domain level. The Hájek regression type esti- 
mator 

1,

~
rdY A  can be made domain independent using a single 

set of regression weights as follows. Suppose that the most 

important domains are )...,,1( GgUU g =⊆ , and that 
these domains are mutually exclusive and exhaustive. The 
resulting Hájek estimator is 

[ ]gggg
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g
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1
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A  

where 
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and 
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