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Weighting Sample Data Subject to Independent Controls 

Cary T. Isaki, Julie H. Tsay and Wayne A. Fuller 1 

Abstract 
In the U.S. Census of Population and Housing, a sample of about one-in-six of the households receives a longer version of 
the census questionnaire called the long form. All others receive a version called the short form. Raking, using selected 
control totals from the short form, has been used to create two sets of weights for long form estimation; one for individuals 
and one for households. We describe a weight construction method based on quadratic programming that produces 
household weights such that the weighted sum for individual characteristics and for household characteristics agree closely 
with selected short form totals. The method is broadly applicable to situations where weights are to be constructed to meet 
both size bounds and sum-to-control restrictions. Application to the situation where the controls are estimates with an 
estimated covariance matrix is described. 
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1. Introduction  
Given the availability of known characteristic totals, it is 

common among survey practitioners to use such in-
formation in estimators of the post stratified, ratio and 
regression type. The known characteristic totals are some-
times called independent controls because they are derived 
outside of the survey situation. Use of independent controls 
tends to reduce the variance of most estimates. Independent 
controls also often compensate for coverage problems in 
surveys. See Deville and Särndal (1992) and Fuller (2002). 

The U.S. decennial census utilizes a sample for the 
measurement of selected characteristics. The questionnaire 
for these characteristics is called the long form and the 
sample for the long form consists of a random sample of 
addresses. The long form questionnaire requests information 
that is asked of all individuals (called short form infor-
mation) plus information on a set of additional charac-
teristics. In previous Censuses, raking to controls based on 
short form information was used to construct weights for the 
long form sample. Two sets of sample weights were created, 
one for person characteristics and one for housing unit 
characteristics. 

The set of categories used for person weighting was a 
classification of individuals by race, Hispanic origin, age 
and sex, family type, and household size. For households, 
the categories were the cross classification of race by 
Hispanic-origin-of-householder by tenure by household type 
and size. In the 1990 Census long form weighting process, 
persons and housing units were each classified by four sets 
of classifications for raking in four dimensions. When 
raking was completed, the long form sample weights were 
converted to integers. Integer weights are desirable because, 

unlike real weights, integer weights provide arithmetically
consistent totals of integral characteristics. For details, see 
Schindler, Griffin and Swan (1992). 

Long form weighting using short form census infor-
mation is a part of the Canadian Census of population and 
housing. Unlike the procedure used by the U.S. Census 
Bureau (USCB), the procedure used at Statistics Canada 
constructs a single set of household weights using regres-
sion estimation. See Bankier, Houle and Luc (1997). Should 
the initial weights generated by the regression procedure 
exceed prescribed bounds, collapsing of cells defining ex-
planatory variables is carried out. Linear dependencies and 
near linear dependencies among the explanatory variables 
are also removed by eliminating variables. See Bankier, 
Rathwell and Majkowski (1992). 

Lemaître and Dufour (1987) used a generalized least 
squares estimator (GLS) to construct weights meeting 
person and household constraints. Alexander (1987) con-
siders a procedure for constructing household weights in the 
census setting. One of his distance functions is similar to the 
one used in this paper. 

The use of quadratic programming to compute regression 
weights in the survey context was suggested by Husain 
(1969). An application of quadratic programming (QP) in a 
Census environment is that in Isaki, Ikeda, Tsay and Fuller 
(2000) where household weights for Census households 
were obtained using person totals as controls. Motivation for 
the use of various distance functions can be found in these 
two papers and in Deville and Särndal (1992) who discuss a 
general class of estimators called calibration estimators.  
Fuller, Laughin and Baker (1994) consider a regression 
weight generation procedure that is modified so that all 
weights are positive and very large weights are made 
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smaller than the corresponding least squares weight. 
Jayasuriya and Valliant (1996) also consider a restricted 
regression. Fuller (2002) is a review of regression esti-
mation. 

Our proposed long form weighting method is a type of 
regression estimation and, like the Statistics Canada 
approach, provides a single set of household weights that 
maintain given independent controls. We generate house-
hold weights using quadratic programming with the re-
strictions that the weights fall within a specified range and 
that the weights maintain control totals. In the following, we 
refer to the suggested method as the quadratic programming 
method or QP. 

 
2. The Quadratic Programming 

      Method  
The purpose of quadratic programming is to produce 

sample weights that i) are close to initial weights, ii) are 
within reasonable bounds, iii) maintain specified control 
totals and iv) produce a design consistent estimator. Apart 
from the bounds on the weight, the weights from quadratic 
programming are those of a simple regression estimator. We 
first describe the mathematical form of the QP and then 
discuss the implementation. Let  
i) {Wi ; i = 1, 2, ..., n } denote the set of final housing unit 

weights, where i denotes the i 
th long form sample 

household and n is the size of the long form sample, 
 

ii) { niWi ,,2,1;)2( …= } denote the set of initial housing 
unit weights, 

 

iii) Xji, nimj p ,,2,1,,,2,1 …… == ; denote the obser-
vation on the j 

th person control variable for the i 
th  

sample household, 
 

iv) Zji, nimj h ,,2,1,,,2,1 …… == ; denote the obser-
vation on the j 

th household control variable for the i 
th  

sample household, 
 

v) Xj,  j = 1, 2, ..., mp ,  denote the j 
th person control,  

 

vi) Zj,  j = 1, 2, ..., mh ,  denote the j 
th household control.  

The quadratic programming method seeks Wi, i = 1, 
2, ...,  n, that minimize a quadratic objective function subject 
to linear constraints. In our application we minimize 

( ) ( ) [ ] 1)2(2)2(

1

−

=
−= ∑ iii

n

i

WWWWg , (1) 

subject to 

pjjii

n

i

mjXXW ...,,2,1for,
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==∑
=

, (2) 

hjjii

n

i

mjZZW ...,,2,1for,
1

==∑
=

, (3) 

KWi ≤≤1  (4) 

where the summations are over housing units in the long 
form sample. Observe that the long form household weights 
are bounded below by one. This is on the basis that an 
element in the sample should at least “represent” itself. In 
our program, K was set equal to 48 but the bound was never 
attained. The lower bound of one was attained. The 
FORTRAN subroutine from IMSL was used to solve the 
QP. Other programs, such as LCP of SAS®/IML, are 
available. 

The USCB’s current long form weighting procedure 
rakes the initially weighted long form sample counts to the 
census counts for the control categories. The weighting is 
done by subdivisions of the country called weighting areas 
and is done separately for person and household char-
acteristics. The nominal sample rates for the long form are 
one-in-two, one-in-six, and one-in-eight. The nominal 
sampling weights are the inverses of the nominal sampling 
rates and are denoted by .)1(

iW  A second set of weights, 
denoted by ,)2(

iW  are the realized sampling rates calculated 
for cells, where the cells are required to contain at least five 
sample households. For details on the USCB’s procedures 
see Schindler et al. (1992). 

Since we intend to compare the raking and QP methods, 
we use most of the USCB’s person and household cat-
egories as the Xj and Zj control totals in the quadratic 
program, but some changes were instituted.  For example, 
while we maintained all of the age-race-sex person cat-
egories, we did not use a category based on the nominal 
sampling rates. 

We used the USCB’s specifications for determining 
whether a cell category would be retained as a separate 
control or would be combined with another cell and we used 
the USCB’s procedure for determining the cells to be 
combined. This capitalized on the USCB’s experience and 
minimized differences between the USCB’s set of long 
form control totals and the set used by the QP method.  The 
procedure used to define )2(

iW  is given in the appendix. 
Two possibilities exist for the control totals to be used in 

the construction of weights for the long form of the U.S. 
2000 Census. One possibility is to use controls from the 
2000 Census short form. That is, the independent controls to 
be maintained in long form weighting are those that are 
tabulated from the Census short form. When the Census is 
used as the control, the person control (Xj ) categories 
include a cross classification of age and sex-race/ethnicity. 
Other characteristics, such as tenure, were used as additional 
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controls. The majority of the household control categories 
(Zj ) are defined by a cross classification of household type 
(e.g., family with children under 18) and household size 
(e.g., number of persons in the family). The Zj also include 
race/ethnicity of the householder cross-classified by tenure. 

The other possible set of controls for the 2000 Census is 
the set of estimates from the post enumeration survey, called 
the Accuracy and Coverage Evaluation (A.C.E.) survey. 
The A.C.E. survey is designed to estimate person char-
acteristics only. The Xj for the A.C.E. include age-sex-
race/ethnicity-tenure controls.  

The last step in long form weighting is to round the Wi to 
integers. Integer weights prevent discrepancies between sets 
of estimates caused by rounding of real valued estimates. 
Sample housing units were grouped by race/ethnicity of the 
householder and by tenure. Then within each group, the 
sample was sorted by family type by household size. The 
weights were then rounded to integers using the cumulate-
and-round procedure. Table 1 illustrates the method. The 
partial sums of the weights are formed (cumulated) as 
shown in the column CW. The partial sums are then 
rounded as shown in the column RCW. The integer weight 
for element  i  is the difference between successive entries  
i – 1 and  i  in the RCW column.  

Table 1 
Illustration of Cumulate and Round 

 

Sample 
Unit 

Initial 
Weight 

CW RCW Integer 
Weight 

1 3.333 3.333 3 3 

2 2.500 5.833 6 3 

3 1.428 7.261 7 1 

4 1.250 8.511 9 2 

5 1.111 9.622 10 1 

6 5.021 14.643 15 5 

 
 

3. Variance Estimation  
Variances of long form estimates were estimated using 

the jackknife method. In the numerical results using census 
controls, sixteen replicates were formed. Sixteen was chosen 
for convenience and a larger number could have been used. 
The long form sample was ordered by the census iden-
tification number within blocks and sixteen replicates were 
formed as the sixteen one-in-sixteen systematic samples. 
Sixty seven replicates were formed for the estimates using 
ACE controls. 

 
 

3.1 Replicates for Census Controls  
The jackknife replicate is created by deleting the i 

th 
group of elements, computing the quadratic programming 
weights and rounding the weights to integers. Because of 
the rounding, the usual jackknife variance estimation 
procedure required modification. To isolate the effect of 
rounding, we consider the replicate estimate constructed 
with real-valued weights. Let  

wθ̂  = the sample estimator with weights rounded to 
integers, 

 

Rθ̂  = the sample estimator with real-valued weights, 
 

)(θ̂ iR  = jackknife replicate estimate with i 
th group 

deleted and real-valued weights, 
 

)(θ̂ iw  = jackknife replicate estimate with i 
th group 

deleted weights rounded to integers, 
 
and let 

)(
1

1 θ̂θ iw

r

i
w r ∑

=

−= , (5) 

where r is the total number of replicates. Then the jackknife 
deviation for the estimator with integer weights can be 
decomposed as 

[ ].)θ̂θ̂(θθ̂

θ̂θ̂θθ̂

)()(

)()(

RiRwiw

RiRwiw

−−−+

−=−
 

(6)
 

We assume that the error in the rounding operation is 
independent of the group chosen for deletion, a reasonable 
assumption, given that the deletion produces an entire new 
set of weights to be rounded. Then 

{ } { }
[ ]{ }.)θ̂θ()θ̂θ̂(

)θ̂θ̂()θθ̂(

2
)()(

2
)(

2
)(

RwiRiw

RiRwiw

E

EE

−−−+

−=−  

(7)

 

Assume that the average of the )(θ̂ iR  is equal to Rθ̂ . 
Then the last term of (7) is a replicate deviation for the 
difference between the real and rounded estimates. Then 

( ) ( )( ) ( )[ ]{ }
( ) { } { }RwiRiw

RwiRiw

VVrr

E

θ̂θ̂θ̂θ̂1

θ̂θθ̂θ̂

)()(
1

2

−=−−

=−−−
−  (8)

 

where }θ̂θ̂{ )()( iRiwV −  is the variance due to rounding 
for a sample of r – 1 groups and }θ̂θ̂{ RwV −  is the 
variance due to rounding for a sample of r groups. In 
obtaining (8) we assumed the variance due to rounding for a 
sample of r groups is the variance for r – 1 groups 
multiplied by )1(1 −− rr . Thus 
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where 

2
)(

1

1 )θ̂θ̂()1(}θ̂{ˆ
RiR

r

i
RR rrV −−= ∑

=

−  

is the jackknife variance estimator for the estimator with real 
weights. Then an estimator of the variance due to rounding 
is  

.
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Based on these results, the estimated variance for the 
rounded estimator is 

.)θθ̂(

}θ̂{ˆ)2()1(}θ̂{ˆ

2
)(

1

1

1

wiw

r

i

RRw

r

VrrV

−+

−−=

∑
=

−
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(11)

 

3.2 Replicates for A.C.E. Controls  
The replicates for estimates constructed with A.C.E. 

controls were modified so that the estimated variances 
contained a component for the error in the A.C.E. estimates.  
The data in a weighting area were assigned to 67 replicates 
where 67 is the number of controls. The procedure requires 
the number of replicates to equal or exceed the number of 
controls if the covariance matrix of the estimated control 
totals is to be reproduced. More replicates than controls can 
be used. See Fuller (1998). 

The estimator of the total of a characteristic for the long 
form is a type of regression estimator using the A.C.E. 
numbers as controls. We write the estimator for the total 
based on real valued weights as 

βX ˆˆθ̂ AR = , (12) 

where AX̂  is the vector of A.C.E. estimates and β̂  is the 
regression coefficient computed with the long form data. 

Let AAV̂  be the r × r covariance matrix of the vector of 
A.C.E. controls, where AAV̂  is estimated as part of the 
A.C.E. process, and r = 67. Let rλ...,,λ,λ 21  be the roots of 

AAV̂  and let 
 

ΛQVQ =′ AA , (13) 

where rr λ...λλ),λ...,,λ,λ(diag 2121 ≥≥≥=Λ , and Q 
is the matrix composed of the characteristic vectors of AAV̂ . 
Recall that 

QQΛV ′=AA
ˆ  

and 

jj

r

j
jjj

r

j
AA ••

=
••

=

′=′= ∑∑ zzqqV
11

:λˆ  (14) 

where q•j is the  j 
th column of Q and jqz •• = 2/1λ jj . 

Using result (14), controls for the r replicates were 
constructed as 

ric iAiA ...,,2,1,ˆ
)( =′+= •zXX , (15) 

where AX̂  is the row vector of the original controls and c is 
a constant. The constant c is determined so that the ex-
pectation of the sum of the jackknife squared deviations for 
the elements of the vector X are the diagonal elements of 

AAV̂ . In our application, the constant c is 2/12/1)1( rr −−  and 

.ˆ

)1(

1

2

1

1

AAjj

r

j

jj

r

j

crr

Vzz

zz

=′=

′−

••
=

••
=

−

∑

∑
 

(16)

 

Thus, if the characteristic being “estimated” is one of the 
controls used in the QP, the jackknife procedure returns the 
A.C.E. estimated variance for that characteristic. The z•j are 
assigned at random to the r replicates. 

Using the regression representation, we write the 
estimator for the i 

th replicate as 

( )

,ˆθ̂:

ˆˆˆˆ

ˆθ

)(

)()()(

)()()(

)( ii

iAiAiA

iiAiR

c
iR

βz

βXXβX

βX

•′+=

−+=

=

 

(17)

 

where )(θ iR  is the real-valued estimator computed with the 
i 

th group deleted using )(iAX  as the control vector, )(
ˆ

iβ  is 
the regression coefficient computed with the i 

th group 
deleted, and )(θ̂ iR  is the real-valued estimator computed 
with the i 

th group deleted using AX̂  as the control vector.  
Then 

)()()(
ˆθ̂θ̂θ̂θ iiRiRRiR c βz •′+−=− . 

Because q•j are assigned to replicates at random, the 
expectation of the replicate variance estimator for the real-
valued estimator based on A.C.E. controls is 
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Now, assuming ,}ˆ{,}ˆ{ )( ββVV == iAAAA EE  and that 

AAV̂  is independent of )(
ˆ

iβ , 
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where }{tr AAV  is the trace of the matrix. It follows that 
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where we assume }{tr AAV  = O (n−1) and =}]ˆ{[tr )(iV β  
)( 1−nO , where n is the sample size. The first term on the 

right of the equality in (19) is the expectation of the variance 
estimator for the variance due to the sampling of long forms 
from the census. The second term is the contribution of the 
variance of the error in the A.C.E. estimates to the total 
variance. Thus, the variance estimator based on )(θ iR  
estimates both components of variation. Observe that the 
estimated covariance matrix for the controls is AAV̂ , as it 
should be.  

4. Numerical Results  
We used the USCB’s 1990 Census data file to illustrate 

the application of the QP method to actual data. The file 
provides data for households and for persons in households, 
together with long form weights as developed for the 1990 
U.S. Census. Hence, the file provides data appropriate for 
comparing the performance of the USCB’s 1990 long form 
weighting method with the QP method. 

The USCB long form sample weighting is done by 
weighting area, where the weighting areas usually contain 
two to three thousand housing units. There were about 
56,000 weighting areas in the U.S. in 1990. For our 
numerical work we chose weighting area (WA) 1788 that 
contains 8,034 occupied housing units and 25,145 persons. 

In Table 2 we provide estimates of some person and 
housing unit characteristics for weighting area 1788. The 
characteristics in the table, except the number of rented 

units, were suggested by subject matter personnel at the 
USCB. In Table 2, Est.(H) is the long form sample weighted 
estimate computed with housing unit weights, Est.(P) is the 
long form sample weighted estimate computed with person 
weights. The quadratic programming estimator constructed 
with Census controls is called QP in the table, while QPG is 
used to denote the generalization of the quadratic pro-
gramming estimator with objective function (20). The QPG 
estimator is discussed subsequently. The USCB housing 
unit estimates in Table 2 that are based on person weights 
were created by using the householder weight as the 
housing unit weight. Every occupied unit contains a single 
householder. The householder procedure is called the 
principal person method by Alexander (1987). All estimates 
in the table are given as a percent of the census count. 

Estimates constructed by the two USCB methods can 
differ by several percentage points with the differences 
between Est.(P) and Est.(H) for rented units, persons aged 0 
to 4 years, persons aged 65 and over, Hispanic, Asian, and 
persons in rented units being noticeable. The Est.(H) 
estimate for persons in rented units is closer to 100 than the 
Est.(P) estimate. 

The cell collapsing rules produced 45 person and 22 
housing unit controls for WA 1788. An example of a person 
control is the total number of Non-Hispanic Black males 
aged 65 and over, while an example of a housing unit 
control is the total number of Non-Hispanic White owned 
housing units. Total Black persons is an implicit control in 
WA 1788. Controls for total persons 18-44, total persons 
45-64, total males, total renters and total number of rented 
housing units were added to the QP. Apart from the controls 
mentioned above, none of the remaining characteristics in 
Table 2 is also used as a control in the QP procedure. 

The QP estimates and standard errors of the QP estimates 
are given, as a percent of the census counts, in the fourth 
and fifth columns of Table 2.  The agreement between count 
and QP estimates for household characteristics are 
comparable to the USCB household based estimates and 
superior to USCB person based estimates. For person 
counts, the QP estimates are generally closer to the census 
counts than either of the USCB raking estimates. 

The largest difference between a QP estimate and the 
census count relative to the standard error is for the estimate 
of the number of households with own children present, 
where the difference is about 1.6 standard errors. The 
majority of the QP estimates differ from the census count by 
less than one standard error.  A number of the USCB person 
estimates deviate from the census count by more than one 
QP standard error. 
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Table 2 
Estimated Occupied Housing Unit and Person Characteristics for WA 1788 

 

 Census 
Count (%)

Count

Est.(H)*

 

(%)
Count

Est.(P) **

 

(%)
Count

QP†

 

(%)
Count

(QP) se

 

(%)
Count

QPG ††

 

(%)
Count

(QPG) se

 

Housing unit characteristics        

With Own Children 4,349 100.18 100.45 100.21 0.13 100.18 0.14 

Not With Own Children 3,685 99.78 99.67 99.76 0.15 99.78 0.16 

        

With 1 to 4 Persons 6,785 100.00 100.57 100.04 0.05 100.07 0.05 

With 5+ Persons 1,249 100.00 97.51 99.76 0.30 99.60 0.30 

        

Rented Unit 2,559 100.00 95.97 100.00 0.19 99.92 0.16 

Owned Unit 5,475 100.00 102.02 100.00 0.09 100.04 0.08 

        

Person characteristics        

Age 0−4 years 2,493 101.92 97.95 98.84 1.68 99.96 0.29 

Age 5−17 years 6,339 103.91 101.07 100.63 0.71 99.98 0.18 

Age 18−44 years 12,711 99.50 99.69 100.01 0.05 100.00 0.06 

Age 45−64 years 3,028 101.65 101.95 99.90 0.09 99.97 0.09 

Age  65+ years 574 81.18 93.73 100.17 0.85 100.00 027 

        

Males 12,473 99.95 99.64 100.06 0.08 99.98 0.09 

Females 12,672 101.43 100.36 99.95 0.10 100.01 0.09 

        

Hispanic 2,385 95.38 103.40 99.96 0.38 99.87 0.38 

Not Hispanic 22,760 101.25 99.64 100.03 0.07 100.00 0.10 

        

Black 1,285 101.08 101.79 100.86 1.22 99.77 0.54 

White 22,372 100.69 99.91 100.03 0.07 100.00 0.10 

Asian 257 92.60 80.05 96.83 2.32 99.76 0.50 

Remainder 1,231 101.94 103.89 105.84 9.54 100.78 1.75 

        

In Rented Unit 7,978 102.04 95.41 100.01 0.24 99.92 0.19 

In Owned Unit 17,167 100.06 102.13 100.00 0.09 100.02 0.13 

* USCB weights for households 
** USCB weights for persons 
† QP weights with 82 constraints 
†† Generalized QP with 13 constraints and objective function (20) 
 
 

Because the number of rented units, persons aged 18-44, 
persons aged 45-64, males, and persons in rented units were 
used as controls in the QP procedure, differences between 
QP estimates and census totals for those categories are due 
to rounding. The standard errors demonstrate that the 
rounding can lead to sizeable deviations from the controls. 

The 45 person and 22 housing unit control totals obtained 
by the collapsing rules are such that a margin estimate, such 
as total males, may not be constrained to agree with the 
count. In addition, for different weighting areas, USCB’s 
collapsing procedure gives different person and housing unit 
constraints. Thus we considered adding some margin totals 
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to the set of control totals. To reduce the impact of the added 
controls on the weights, we replaced the original constraints 
with additional terms in the objective function. The terms 
are deviations between the final estimates and the control 
totals. The objective function becomes 

( ) ( )
267

1

α ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+= ∑∑
=

jjii
i

j
j

XXWWgWG , (20) 

where )(Wg  is defined in expression (1), the 
{ Xji, }67,,2,1 …=j  is the set of auxiliary variables 
defining the 45 person and 22 housing unit controls, and jα  
are constants to be specified. The Xji for category j of 
household i for a person characteristic is the number of 
individuals in category j in the housing unit. The Xji for a 
housing unit characteristic is one if the housing unit has the 
characteristic and zero otherwise. In our application, the 
function is minimized subject to two household controls and 
eleven person controls. The housing unit controls are rented 
housing units and owned housing units. The person controls 
are persons 0 to 4 years, persons 5 to 17 years, persons 18 to 
44 years, persons 45-64 years, persons 65 years and over, 
males, black, white, Asian, Hispanic, and renters. The jα  
are 121)2( ]σ[][10 −−

jW , where 95.8)2( =W  is the mean of 
the )1(σ, 2)2(

jjji PPW −= , and jP  is the proportion of 
the population in cell j. The jα  would minimize the mean 
square error of an estimated total if there was a single 
control variable and the squared correlation between the 
control variable and the dependent variable was about 0.9. 
Thus, the function exerts considerable pressure for the final 
estimate to be close to the control total. 

The QP solution to (20) gives a type of regression 
estimator. See Fuller (2002) and Fuller and Isaki (2001). 
Rao and Singh (1997) and Bardsley and Chambers (1984) 
consider related estimators. 

Using )(WG  of (20) and the 13 linear constraints, the 
results in the final two columns of Table 2, under the 
heading “QPG”, were obtained.  As expected, the estimates 
are close to Census totals because the Census marginals 
were used as constraints. The relative percent differences 
between the QP estimate and the census count for the 67 
characteristics in )(WG  of (20) ranged from –3.50% to 
3.75% with about 50 of the differences being less than one 
percent. 

The sample weights obtained by the two programming 
approaches are compared to those of the USCB’s household 
raking method in Table 3. The number and type of controls 
used under the USCB raking was not determined exactly 
because the number depends on the execution of the USCB 
collapsing procedure and on some preliminary files that are 
not readily available. However, we believe the number to be 
about 67 because the collapsing procedure used to form the 
67 cells is basically that used by the USCB. The QP 
procedure used 82 controls and the QPG procedure used 90 
controls. The range of weights for the two QP methods are 

similar with a smaller range for raking. There are modest 
differences among the three sums of squares of the weights.  
The g(W) values are also similar, with the value for (20) 
being the largest. The )(Wg  value is the quantity being 
minimized by the weights of the first line of the table.  The 
sum of squares of the weights for the QP of (20) could be 
reduced by reducing the jα  in the objective function. 

We also used data from the 1990 Census to simulate the 
situation in which the controls come from adjusted census 
counts. For 1990, person estimates from the 1990 Post 
Enumeration Survey are available, but there are no housing 
unit estimates based on that survey.  We call these estimates 
A.C.E. estimates. See Hogan (1993) and Isaki, Tsay and 
Fuller (2000). Estimates for WA 1788 were created by the 
QP method, using the A.C.E. estimates as controls. We used 
G(W) of (20) as the objective function with 63 age-race-sex-
tenure person characteristics in the second term of the 
objective function and 11 person constraints. The person 
constraints are persons 0 to 4 years, 5 to 17 years, 18 to 44 
years, 45 to 64 years, 65 and over, total males, total 
Hispanic, total Black, total White, total Asian and total 
persons in rented units.  

Table 3 
Properties of Long Form Housing Unit Sample Weights  

in WA 1788  
 

Method 
Minimum 

Weight 
Maximum 

Weight 
2

i
i

W∑  g(W) 

QP with g(W) of (1) 1 26.5 78,028 326 
  72 constraints     
QP with G (W) of (20) 1 29.9 78,672 383 
  13 exact constraints     
Raking 4 22 77,000 369 

 
 

Table 4 contains the estimates for WA 1788 identified as 
QPG and given as a percent of the census counts. The QPG 
estimates for these eleven person characteristics agree with 
the A.C.E estimates, except for rounding error. The standard 
errors reflect the error in the A.C.E estimates and, hence, are 
much larger than the standard deviation of rounding error. 
For example, the rounding error standard deviation for 
persons 18 – 44 is 0.06 in Table 2, while the standard error 
for the ACE estimate of persons 18 – 44 is 0.63. The QP 
estimates for household characteristics seem very reason-
able. The estimated total number of households is 1.8% 
larger than the census count while the A.C.E. estimated 
number of persons is 2.0% larger than the census count. The 
quadratic programming total number of persons differs 
slightly from the A.C.E. estimate because of rounding of the 
weights. The difference is about 7% of the standard error. 
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Table 4 
The Census Count, A.C.E. Estimates and QP Estimates with A.C.E. Controls − WA 1788 

 

 Census Count 

Count

A.C.E
 ( )%

Count

QPG
 

( ) ( )%
Count

QPG s.e.
 

 

Housing unit characteristics     

With Own Children 4,349 − 101.89 2.09 

Not With Own Children 3,685 − 101.66 3.07 

     

With 1 to 4 Persons 6,785 − 102.03 2.03 

With 5+ Persons 1,249 − 100.40 5.92 

     

Rented Unit 2,559 − 104.57 2.62 

Owned Unit 5,475 − 100.47 1.50 

     

Total 8,034 − 101.78 1.22 

     

Person characteristics     

Age 0−4 years 2,493 103.17 102.81 1.00 

Age 5−17 years 6,339 103.09 103.08 0.96 

Age 18−44 years 12,711 101.67 101.67 0.63 

Age 45−64 years 3,028 100.26 100.33 0.59 

Age 65+years 574 99.48 98.95 0.70 

     

Males 12,473 102.18 102.01 0.68 

Females 12,672 101.74 101.82 0.62 

     

Hispanic 2,385 104.95 104.91 1.09 

Not Hispanic 22,760 101.64 101.60 0.60 

     

Black 1,285 104.59 104.82 1.01 

White 22,372 101.69 101.69 0.61 

Asian 257 100.00 101.95 1.95 

Remainder 1,231 104.47 102.92 1.14 

     

In Rented Unit 7,978 104.25 104.21 0.89 

In Owned Unit 17,167 100.89 100.84 0.68 

     

Total 25,145 101.96 101.91 0.57 
 
 

5. Conclusions  
The QP method is shown to work well on actual USCB 

long form data. The QP single household weight method 
possesses several advantages over the USCB separate 
weights method. With one set of weights, there will be no 
confusion as to which weights to use for estimating a given 
characteristic. Also, estimates of relationships such as ratios 
of person characteristics to household characteristics are 

expected to be less variable when a single set of weights is 
used for both characteristics. 

 

Given that a single set of weights is easier to compute 
and easier for analysts to use, one would only construct two 
sets of weights if the weights designed for one type of 
characteristic give estimates with smaller variance for that 
type of characteristic. This did not seem to be the case in our 
example. The single set of QP weights gave favorable 
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results for both household and person characteristics when 
compared with the USCB weights for the specific category. 

The QP estimation module is computationally feasible 
and can replace the raking estimation module in the USCB 
operational setting. The QP method can produce long form 
sample weights for households in an adjustment situation in 
which only person controls are available. 
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Appendix 

 
Procedure used to define cells and initial  

weights )(
iW 2   

We used the USCB’s procedure to determine the order in 
which cells are combined (collapsed). The cell collapsing 
rules specify that each cell contain at least 5 sample 
households. The procedure below is our extension of the 
USCB rules for defining )2(

iW .  
Let two cells under consideration be identified as Cell 1 

and Cell 2. 
i) Cell 1 is not to be collapsed and ,1

1
1 BNn ≤−  where N1 

is the Census count of households in Cell 1 and n1 is 
the long form sample count in Cell 1. The constant B 
is provided by the sponsor and in our work, 27 is 
used. For household i in Cell 1, let 

},,2.1{max)2(
ii WW =  (A.1) 

 where },{min )1(
1 BWQW ii = , 

1

1

)1(
1

1

NWQ i
Ai

−

∈ ⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
= ∑ , 

 

 and A1 is the set of indices in Cell 1. The number 1.2 
is an arbitrary lower bound chosen greater than one 
and less than the minimum of )1(

iW  which is two. 
Note that the )2(

iW  provides reasonable estimated 
totals for Cell 1. If BNn >−

1
1

1 , collapse cell 1 with 
cell 2 as in ii) below. 

 

ii) Cells 1 and 2 are designated for collapse, (n1 + n2)
−1

 

(N1 + N2) ≤ B, n1 + n2 ≥ 5, and 2
1

21
1

1 NnNn −− > .  
Then for i  in Cell 1, )2(

iW  is defined by (A.1). For i in 
Cell 2, 

)2(
iW  = max{1.2, iW }, 

 where 

},{min )1(
2 BWQW ii = , 

)ˆ( 121

1

)1(
2

2

NNNWQ i
Ai

−+
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=

−

∈
∑ , 

 and 

.ˆ )2(
1

1

i
Ai

WN ∑
∈

=  

 The )2(
iW  in 21 AA ∪ , the union of cells 1 and 2, 

maintains the total households in 21 AA ∪  and also 
provide an estimated total for Cell 1 that is reasonably 
close to the true total. 

 

iii) Cells 1 and 2 are designated for collapse, n1 + n2 ≥ 5, 
and (n1 + n2)

−1 (N1 + N2) > B. Then it is necessary to 
initiate further collapsing. The combined cell becomes 
the Cell 1 of case (ii). Continue cell collapsing until 
(n1 + n2  +..)−1

 (N1 + N2  + ..) ≤ B. Case (iii) was not 
observed in the study data set.  
One could repeat the weight construction procedure in an 

iterative manner by using the )2(
iW  as )1(

iW  in a second 
cycle. We tried a second cycle on the data described in the 
text. There was no discernable improvement in the estimates 
from using a second cycle. 
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