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The High Entropy Variance of the Horvitz-Thompson Estimator 

K.R.W. Brewer and Martin E. Donadio 1 

Abstract 
Using both purely design-based and model-assisted arguments, it is shown that, under conditions of high entropy, the 
variance of the Horvitz-Thompson (HT) estimator depends almost entirely on first order inclusion probabilities. 
Approximate expressions and estimators are derived for this “high entropy” variance of the HT estimator. Monte Carlo 
simulation studies are conducted to examine the statistical properties of the proposed variance estimators. 
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1. Introduction  
Let U  denote a finite population of N  units labeled 

,...,,1 Ni =  and let iY  denote the value for the thi  unit of a 
certain characteristic .y  Consider the problem of estimating 
the population total .1∑ =• = N

i iYY  If a sample, ,s  of n  units 
is drawn without replacement from U  with first order 
inclusion probabilities ,, Uii ∈π  the Horvitz-Thompson 
(HT) (1952) estimator of the total is ∑ ∈

−
• π= si iiYY .ˆ 1
HT  In 

this paper, we confine consideration to fixed size sampling 
designs. For this important special case, Sen (1953) and 
Yates and Grundy (1953) showed independently that HT

ˆ
•Y  

has the variance 
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where ijπ  is the second order or joint inclusion probability 
of  the  thi  and thj  population unites together in the same 
sample. They therefore suggested the variance estimator 
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This is known to perform better than the variance estimator 
proposed by Horvitz and Thompson (1952) (the latter, 
however, usually being unbiased for random ),n  but the 
critical dependence of (2) on ijπ  has proved problematical 
(Brewer 1999). If one or more of the 2/)1( −NN  distinct 
values of ijπ  are zero, the estimator (2) is biased 
downwards. And if any of them should be very small 
compared with their corresponding values of ,ji ππ  (2) 
will be unstable (that is, it will itself be subject to high 
variance). In addition, the double sum feature of (2) is quite 
inconvenient, especially for large sample sizes. Not only are 
there many more ijπ ’s that there are iπ ’s; it is also 
frequently the case that the individual ijπ ’s are problematic 
to evaluate. In view of these difficulties, the aim of this 

paper is to provide alternative variance estimators, which do 
not depend on the ijπ ’s and are simple to compute. 

In the next section, a new expression for the design-
variance of the HT estimator is presented. This new 
expression leads, under high entropy conditions, to the 
derivation of an approximate formula for ),ˆV( HT•Y  which 
is ijπ – free. In section 3, we check the usefulness of our 
approximate formulae using a model assisted approach.  An 
estimator of our approximate variance is proposed in section 
4; this variance estimator is expected to perform well under 
conditions of high entropy (meaning the absence of any 
detectable pattern or ordering in the selected sample units). 
Most sample selection schemes though, result in the 
selection of high entropy samples. With the aim of testing 
the usefulness of the variance estimator presented in section 
4, some empirical studies were conducted. The main 
findings from these studies are reported in section 5. Some 
concluding remarks are provided in section 6. 

 
2. Some Approximate Formulae for the 
      Design-Variance of the HT Estimator  

We begin this section by presenting an alternative 
formulation for the variance of the HT estimator, valid only 
when the sampling design is of fixed size. Before 
proceeding, we state the following relations, which will be 
useful later: 
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The alternative formulation is obtained as follows. We 
start with a trivial modification of (1), 
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Using the relations (3) and (4), the above equation may be 
shown to be identical to 
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The first term in (7) is virtually the same as the variance of 
the corresponding Hansen-Hurwitz (1943) estimator of total 
for sampling at n  draws with replacement, the probability 
of selecting unit i  at each draw being .,/ Uinp ii ∈π=  
The second term can be viewed as a finite population 
correction. Consequently, these two terms together plausibly 
constitute a first approximation to the entire variance of the 
HT estimator and, importantly, neither of them depends on 
the ijπ ’s. 

The magnitude of the third term depends mostly on the 
sampling design ).(sp  Thus, if )(sp  is such that 

,jiij ππ≈π  for all ,Uji ∈≠  then we can expect a very 
small third term in (7) (compared with the other two). This 
condition seems to be satisfied by high entropy sampling 
designs. For example, in simple random sampling without 
replacement (srswor), which maximizes the entropy among 
all fixed sized designs (see Hájek 1981), the second order 
inclusion probabilities can be written as =π ij  

)}].1(/{)1([ −−ππ NnnNji  The factor /)1( −nN  
)}1({ −Nn  is less than 1, and tends to 1 for large 

population and sample sizes. For this design, the third term 
in (7) accounts for only N/1  of the entire variance of the 
HT estimator. Furthermore, for several probability 
proportional-to-size designs, such as rejective sampling 
(Hájek 1964) and randomized systematic psπ  sampling 
(Hartley and Rao 1962), the condition jiij ππ≈π  also 
holds, provided N  and n  are large enough. 

There are some exceptions, however, in which the third 
term in (7) can be important. The most important of these 

exceptions is systematic sampling from a population in 
which the units are arranged in a meaningful order prior to 
the selection. In such a case, a number of second order 
inclusion probabilities can even be equal to zero. This and 
other special cases need to be dealt with separately, and are 
not discussed further in this paper. 

The rest of this section is devoted to deriving an 
approximation to )ˆV( HT•Y  that uses first order inclusion 
probabilities only. We start by proposing a simple 
approximation to the ijπ  of the form 

.,2/)(~ Ujicc jijiijij ∈≠+ππ=π≅π  (8) 

Three possible choices for ,, Uici ∈  are then: 
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The first two choices of ic  are prompted by ratios of 
sums of ijπ  to the corresponding sums of .ji ππ  Thus, on 
the one hand, formula (9) is obtained by comparing (3) with 
(4). On the other hand, formula (10) is suggested by the 
comparison of (5) and (6). Finally, formula (11) is based on 
the asymptotic expressions for ijπ  obtained by Hartley and 
Rao (1962) and by Asok and Sukhatme (1976) for 
randomized systematic psπ  sampling and for Sampford’s 
(1967) procedure respectively. To order ),( 33 −NnO  both 
these asymptotic expressions simplify to 
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which in turn implies }/)1{( nnci −= −π+ −
in 121(  

).22 ∑ ∈
− πUk kn  Under srswor, however, this choice of ic  

does not yield the exact formula for the ijπ ’s. For this 
reason, the slightly different expression given by (11) is 
used here, )21( 221 ∑ ∈

−− π+π− Uk ki nn  being the first two 
terms in the Taylor expansion of the reciprocal of 

−π+ −
in 121(  )22 ∑ ∈

− πUk kn  and vice versa. 
The next step consists of replacing the ijπ ’s in the third 

term of (7) by the approximation (8). This replacement 
yields 
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and thus the variance of the HT estimator may be 
approximated by 
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This approximate variance has a very simple form. It is 
also without error under srswor for all the three choices of 

ic  presented above. 

 
3. A Model Assisted Check on the Usefulness of 

        the Approximate Variance Formulae  
Consider the following ratio model as a possible 

description of the population being sampled: 
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This is a shorthand model. It is intended to reflect the 
situation where the expected values of the iY  are 
intrinsically proportional to the values iX  of an auxiliary 
variable ,x  and the inclusion probabilities iπ  are chosen to 
be proportional to the .iX  It is of course impossible for the 

iY  to be directly dependent on the inclusion probabilities as 
such, since those probabilities may be set quite arbitrarily by 
the person designing the sample. 

The prediction or model expectation under ξ  of the 
approximate variance expression (12) is 
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where ∑ ∈• ε=ε Ui i .  Ideally, expression (14) should be 
equal  to  ),ˆ(VE HT•ξ Y   namely  ∑ ∈

− −πσUi ii )1( 12  
(Godambe 1955; Godambe and Joshi 1965). This condition 
leads to the implicit formula 
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which can be solved for ic  iteratively, starting with the trial 
value ./)1(]1[ nnci −=  To ),( 1−NO  this iterative solution 
is identical to (11). Alternatively, a closed expression can be 
derived by putting (14) equal to )1( 12 −πσ −

∈∑ iiUi  and 
then requiring that cci =  for all ,Ui ∈  in which case we 
obtain  
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Under srswor, (15) becomes )},1(/{)1( −−= NnnNc  
which yields the exact expression for ).ˆV( HT•Y  Even 
without srswor, replacing 2

iσ  by iπσ 2  in (15) returns (10) 
for .c  It is reassuring that the purely design-based analysis 
and the model-assisted one produce results in such close 
agreement. 

 
4. Estimating the Design-Variance  

        of the HT Estimator  
The aim of this section is to propose a plausible sample 

estimator for the approximate design-variance of the HT 
estimator given in (12). One such estimator is 

,)ˆ()()ˆ(V̂
~ 21
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HT
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∈
• −ππ−=∑ nYYcY iiii

si

 (16) 

which is arrived at by replacing each population sum in (12) 
by the corresponding HT estimator, and adjusting by the 
factor .1−

ic  This estimator has some attractive properties: (i) 
For all three choices of ,ic  it reduces to the standard 
variance estimator in the case of srswor; (ii) it is simple to 
compute, since no double sums are involved; and (iii) using 
Taylor linearization technique, it can be shown that (16) is 
approximately design-unbiased for (12). 

A further attractive property of the estimator (16) is the 
following. When ic  is specified by (9), we have 
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The factor )1( iπ−  is easily interpretable as a finite 
population correction, while the factor )1/( −nn  has an 
entirely different role, which can be explained as follows. It 
is easy to see that 1

HT
ˆˆ −
•=β nY  is a model unbiased 

estimator of β  in model (13). Let us write =σ 2ˆ i  
,)ˆ( 2

iiY πβ−  for all .i  Then =−π −
•

− 21
HT

1 )ˆ( nYY ii  
.,ˆ)ˆ( 2222 UiY iiiii ∈πσ=ππβ− −−  It is not difficult to 

show that the factor )1/( −nn  removes the (model) bias 
from ∑ ∑∈ ∈

−−
•

− πσ=−πsi si iiii nYY 2221
HT

1 ˆ)ˆ(  as an esti-
mator  of  .22∑ ∈

−πσsi ii  
The choice of (9) to specify the value of ic  also renders 

particularly simple the calculation both of the HT estimate 
itself and of its estimated variance; for substituting (17) into 
(16) and expanding that expression into individual terms we 
obtain: 
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This formula involves six expressions, namely ,ˆ, HT•Yn  
∑ ∑ ∑∈ ∈ ∈

−− ππsi si si iiiii YYY ,,, 1222  and ∑ ∈ πsi i ,  which 
are the sample sums of 1 (unity), ,,, 12221 −−− πππ iiiiii YYY  ,iY  
and iπ  respectively. If these individual terms are cumulated 
over every sample unit, then HT

ˆ
•Y  and )ˆ(V̂

~
HT•Y  can be eval-

uated together, using only a single pass of the sample data. 
Note that, if non-response is present, a first order 

correction for it may be obtained by conditioning the sample 
on the achieved sample size, which we may denote here by 

.n ′  That would involve replacing the original first order 
inclusion probabilities, ,iπ  by the “adjusted inclusion prob-
abilities”, ./ nnii

′π=π′  (This terminology has been taken 
from Furnival, Gregoire and Grosenbaugh (1987), where 
the same type of adjustment was used in a different context). 
The summations over the achieved sample ,s ′  would then 
be ∑ ∑′∈ ′∈

−− π′π′′
si si iiii YYn ,,, 221 ∑ ∑′∈ ′∈

−π′
si si iii YY ,,12  

and ∑ ′∈ π′
si i  respectively. 

Beyond the properties listed above, a further study of (16) 
is possible with the aid of the model ξ  of (13). The most 
desirable expression for the ξ – expectation of an estimator of 

)ˆV( HT•Y  is ),1( 112 −ππσ −−
∈∑ iiisi  because this in turn has 

design-expectation ∑ ∈
− −πσUi ii ),1( 12  which is the lower 

bound for the anticipated variance of any unbiased estimator 
(Godambe 1955; Godambe and Joshi 1965). For all the three 
definitions of ,ic  the −ξ expectation of (16) differs from 
∑ ∈

−− −ππσsi iii )1( 112  by terms of order ).( 1−nNO  
Although these “unwanted” terms have opposite signs and 
therefore tend to cancel, they are not entirely negligible, 
being only )( 1−NO  smaller than the variance itself. 

In view of this, a new version of ,ic  which retained the 
(design) properties (i) – (iii) for (16) and provided a closer 
expression to )1( 112 −ππσ −−

∈∑ iiisi  for the ξ – expectation 
of (16), was desirable. These requirements are satisfied by a 

ic  defined as follows: 

,
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for all .Ui ∈  With this definition of ,ic  the ξ – expectation 
of (16) still contains some “unwanted” terms, but they now 
consist only of a single term of order )( 2−nNO – which is 
therefore smaller than )ˆV( HT•Y  by a factor of order 

)( 11 −− nNO – and other terms of smaller magnitude still. 

 
5. Some Empirical Results  

With the aim of evaluating the performance of the 
variance estimator proposed in section 4, some empirical 
studies were conducted. Three other variance estimators 
were also included in these studies: (i) the SYG estimator, 
given in (2); (ii) the variance estimator suggested by Hájek 
(1964, page 1520), 
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where ;)1(/)1(,1∑ ∑∈ ∈
− π−π−=π= si sk kiiiiis aYaA  

and (iii) a slight modification of (19) proposed by Deville 
(1999), 
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It is worth mentioning that the estimator (19) was originally 
intended only for a particular high entropy design, namely 
rejective sampling, and not for all the high entropy ones. 
Later on, however, this estimator was proposed for its use 
with some other high entropy designs. For example, Rosén 
(1997) suggested the use of (19) in the context of Pareto 
sampling. 

The inclusion of the estimators (2), (19) and (20) in our 
impirical studies deserves a brief explanation. The SYG 
variance estimator would usually be the preferred choice if 
the ijπ  were known and were neither zero nor very small 
compared with the corresponding .ji ππ  Under these con-
ditions, it would then be natural to ask: Is there a significant 
difference, in terms of performance, between (2) and the 
simpler estimator (16)? On the other hand, a comparison 
with (19) and (20) is of interest because these two estimators 
share with (16) the simplicity and −π ij  free features. Thus, 
they are “competitors” in the same class. 

The performance of a variance estimator can be assessed 
in different ways; here we will focus on bias and stability. 
The main findings from our studies are reported in the 
remainder of this section. We will consider two cases 
separately, namely 2=n  and .2>n   
5.1 Case 2=n   

With the aim of testing the variance estimators under 
different situations, nine small populations were used in this 
study, most of which were also included in the stability 
studies carried out by Rao and Bayless (1969). Table 1 
summarizes the main features of each population, including 
the coefficients of variance (CV) of y  and ,x  and the 
correlation coefficient, ,ρ  between y and .x  Here, y  is the 
variable for which total estimates are sought, and x  is an 
auxiliary variable that may be used for sample selection. 
Note that N  varies from 10 to 20, )(CV x  from 0.14 to 
0.73, and ρ  from 0.19 to 0.94. This provides a good 
mixture of populations with different characteristics. 

The inclusion probabilities are chosen to proportional to 
,x  i.e., ,/2 •=π XX ii  for all .i  Two sampling designs are 

considered here, namely Brewer’s (1963) procedure 
(BREWER) and Tillé’s (1996) elimination procedure 
(TILLÉ). For both procedures, the ijπ  are simple to 
compute and, for these nine populations, they are strictly 
positive (this condition is not always satisfied by TILLÉ). 
Moreover, since ,2=n  for any sample },{ jis =  we have 

.)( ijsp π=  Hence we can obtain the exact statistical 
properties of any given variance estimator .V̂  

To this end, let S  denote the set of all possible samples 
of size 2=n  from a population .U  The expectation of V̂  
is then defined as  
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.)]V̂()(V̂[)()V̂(SE
2/1

2
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⎫

⎩
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⎧

−= ∑
∈
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For each of the two sampling designs mentioned above, 
Table 2 displays the relative bias /)V̂(E)V̂RB( =  

,1)Ŷ(V HT −•  expressed as a percentage, of the six 
−π ij free variance estimators. The first two of these 

estimators need no explanation; the other four correspond to 
(16) coupled with (9), (10), (11), and (18) respectively. 
Since for 2=n  (only), DEVV̂  and 9.16V̂  are identical, they 
both appear in the same row. In order to simplify the 
reading of the table, the smallest RB (in absolute terms) in 
each population and sampling design has been highlighted. 

The results in Table 2 prompt the following comments: 
(i) the performance of the ijπ – free variance estimators is 
reasonably good for all populations, with the possible 
exception of Population 4. An examination of the 
relationship between x  and y  for this population reveals 
the presence of some curvature, with larger cities growing at 
a higher rate. There is also an outlier – city 26 – for which the 
number of people almost tripled in the 10 – year period 

between 1920 and 1930. Another interesting case is given 
by Populations 5 and 6. These two populations have 
identical definitions, thus one would expect to obtain similar 
results for them. However, the RB figures for Population 5 
are considerably worse than those for Population 6, 
specially for BREWER. The only noticeable difference 
between these two populations is that Population 5 contains 
an outlier (Farm 14 in the reference provided). It would 
appear then that the presence of outliers may result in some 
additional bias in these variance estimators. (ii) The 
estimator 18.16V̂  seems to be the best of the class, 
performing remarkably well in all situations, and showing 
the smallest bias figures (in absolute values) in most cases; 
(iii) The estimator 10.16V̂  tends to exhibit the largest bias 
figures. 

Regarding stability, Table 3 reports the coefficient of 
variation ),V̂(E)/V̂(SE)V̂(CV =  expressed as a 
percentage, of all the seven variance estimators. It can be 
seen that the ijπ – free variance estimators tend to be more 
efficient (lower CVs) than ,V̂SYG  although the gains are 
small. Otherwise, there is little to choose from among these 
variance estimators, even though 10.16V̂  is the best 
performer in all but the last population. 
 

 
Table 1 

Description of the Nine Small Populations 
 

Pop. Source              y               x  N  )(CV y  )(CV x  ρ  

1 Cochran (1963, page 325) No. of persons per block No. of rooms per block 10 0.15 0.14 0.65 
2 Yates (1981, page 150) Kraals 26 – 38 No. of persons absent Total no. of persons 13 0.67 0.47 0.72 
3 Rao (1963, page 207) Corn acreage in 1960 Corn acreage in 1958 14 0.39 0.43 0.93 
4 Cochran (1963, page 156) Cities 19 – 33 No. of people in 1930 No. of people in 1920 15 0.67 0.69 0.94 
5 Sampford (1962, page 61) Even units Oat acreage in 1957 Total acreage in 1947 17 0.61 0.71 0.80 
6 Sampford (1962, page 61) Odd units Oat acreage in 1957 Total acreage in 1947 18 0.75 0.73 0.91 
7 Yates (1981, page 153) Vol. of timber Eye-estimated vol. of timber 20 0.51 0.48 0.49 
8 Sukhatme (1954, page 279) Circles 1 – 20 Wheat acreage No. of villages 20 0.63 0.50 0.59 
9 Horvitz and Thompson (1952, page 682) No. of households Eye-estimated no. of households 20 0.44 0.40 0.87 

 
 

Table 2 
RB (%) of Variance Estimators for 2=n  

 

  Pop1 Pop2 Pop3 Pop4 Pop5 Pop6 Pop7 Pop8 Pop9 
B HAJV̂  – 1.04 – 2.97 – 2.60 – 6.05 – 3.64 0.08 – 0.81 – 1.48 1.13 
R 9.16DEV V̂,V̂  – 0.98 – 2.52 – 2.29 – 5.21 – 3.00 0.54 – 0.63 – 1.33 1.24 
E 10.16V̂  – 1.37 – 3.55 – 3.21 – 7.16 – 4.31 0.82 – 0.94 – 1.89 1.80 
W 11.16V̂  – 0.59 – 1.49 – 1.37 – 3.26 – 1.69 0.26 – 0.31 – 0.76 0.68 
. 18.16V̂  – 0.20 – 0.46 – 0.46 – 1.31 – 0.38 – 0.01 0.00 – 0.19 0.13 
T HAJV̂  – 1.06 – 4.40 – 1.07 – 5.90 – 1.86 – 0.41 0.32 – 1.10 0.82 
I 9.16DEV V̂,V̂  – 1.00 – 3.94 – 0.75 – 5.03 – 1.19 0.07 0.51 – 0.95 0.93 
L 10.16V̂  – 1.39 – 4.91 – 1.68 – 6.91 – 2.47 0.33 0.19 – 1.50 1.48 
L 11.16V̂  – 0.62 – 2.98 0.17 – 3.14 0.09 – 0.20 0.83 – 0.39 0.38 
É 18.16V̂  – 0.23 – 2.02 1.10 – 1.25 1.37 – 0.46 1.15 0.17 – 0.17 
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Table 3 
CV (%) of Variance Estimators for 2=n  

 

  Pop1 Pop2 Pop3 Pop4 Pop5 Pop6 Pop7 Pop8 Pop9 

B SYGV̂  123 126 118 245 138 127 158 127 133 

R HAJV̂  121 119 115 238 131 125 155 124 134 

E 9.16DEV V̂,V̂  121 119 115 238 131 125 155 124 134 

W 10.16V̂  120 117 114 236 128 124 153 123 135 

E 11.16V̂  122 122 116 241 133 126 157 125 133 

R 18.16V̂  122 125 117 243 136 127 158 126 133 

T SYGV̂  123 143 118 248 147 131 164 131 134 

I HAJV̂  121 118 115 238 128 125 155 124 134 

L 9.16DEV V̂,V̂  121 118 115 238 128 125 155 124 134 

L 10.16V̂  121 116 114 235 125 124 154 123 135 

É 11.16V̂  122 121 115 240 130 125 157 125 133 

 18.16V̂  122 123 116 243 133 126 159 126 133 
 

 
5.2 Case 2>n   

In this section, we adopt a standard Monte Carlo 
simulation approach to examine the performance of the 
variance estimators. Two real populations are used in this 
study. The first one is a population of 220 blocks (BL220) 
taken from Appendix E in Kish (1965). The dataset contains 
two variables: =iY no. of dwellings occupied by renters in 
block ,i  and =iX  total no. of dwellings in block .i  Some 
features of this population are: ,05.1)(CV =y  

,85.0)(CV =x  and .97.0=ρ  
The second population comprises 281 municipalities 

(MU281), and is given in Särndal, Swensson, and Wretman 
(1992). The role of the study variable, ,y  is played by 
RMT85, revenues from the 1985 municipal taxation, while 
P75, the municipality population in 1975, is used as a 
measure of size. The main characteristics of this population 
are: ,06.1)(CV =y  ,96.0)(CV =x  and .99.0=ρ  

Samples of sizes ,10=n  20 and 40 with ,ii X∝π  
,Ui ∈  are drawn from BL220 and MU281 by means of 

randomized systematic psπ  sampling (RANSYS) and 
TILLÉ. For each sample, we compute a total estimate using 
the HT estimator, and variance estimates using the seven 
variance estimators mentioned in the previous section (for 
RANSYS, however, the Hartley and Rao (1962) 
approximation to the ,ijπ  is used in formula (2)). This 
sampling-estimation process is repeated 000,50=R  times. 

Table 4 shows the observed Monte Carlo relative biases 
of the variance estimators for RANSYS and TILLÉ. Note 
that, for TILLÉ, no values have been provided in the row 
corresponding to the SYG variance estimator. This is 
because, given the populations, measures of size, and 
sample sizes employed here, TILLÉ produces strictly 
positive ,ijπ  which means that the SYG variance estimator 
is design unbiased. All the figures in this table are 
reasonably small, which seems to support our belief that, 
under conditions of high entropy, the calculation of the ijπ  

is not essential for obtaining nearly unbiased variance 
estimates. Within the group of ijπ – free estimators, there are 
no noticeable differences among them so far as RANSYS is 
concerned, but HAJV̂  and its relative, ,V̂DEV  seem to 
perform somewhat better than the ∗.16V̂  family so far as 
TILLÉ is concerned, especially for .40=n  However, all the 
observed TILLÉ biases are positive and tend to increase as 
the sample size increases. This seems to indicate that TILLÉ 
is slightly lower in entropy than RANSYS, in which case 
the higher observed biases for the ∗.16V̂  family are reflecting 
the actual facts quite accurately.  

Table 4 
RB (%) of Variance Estimators for 2>n  

 

RANSYS TILLÉ Variance 
estimators 10=n  20=n  40=n  10=n  20=n  40=n  

 BL220 

SYGV̂  0.13 1.02  – 0.27 – – – 

HAJV̂   – 0.14 0.47  – 2.35 1.49 2.18 3.27 

DEVV̂   – 0.12 0.54  – 2.15 1.52 2.25 3.48 

9.16V̂   – 0.06 0.83  – 0.52 1.58 2.54 5.21 

10.16V̂   – 0.23 0.64  – 0.75 1.41 2.34 4.97 

11.16V̂  0.11 1.02  – 0.30 1.75 2.73 5.45 

18.16V̂  0.13 1.03  – 0.29 1.77 2.74 5.45 

 MU281 

SYGV̂   – 0.27 – 0.43 0.77 – – – 

HAJV̂   – 0.40 – 0.75  – 0.59 0.64 1.01 1.93 

DEVV̂   – 0.37 – 0.68  – 0.39 0.67 1.09 2.14 

9.16V̂   – 0.34 – 0.51 0.67 0.70 1.26 3.22 

10.16V̂   – 0.40 – 0.58 0.58 0.63 1.19 3.13 

11.16V̂   – 0.27 – 0.43 0.76 0.77 1.34 3.31 

18.16V̂   – 0.27 – 0.43 0.76 0.78 1.34 3.32 
 

In order to test whether TILLÉ is of slightly lower 
entropy than RANSYS or not, we compared their Monte 
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Carlo variances (MCV) with formula (12), the high entropy 
approximation to the HT variance. The most accurate 
version of ,ic  that is (18), was used to compute (12). The 
comparison is presented in Table 5. It is seen that the TILLÉ 
variances are somewhat smaller than the corresponding 
RANSYS variances. Moreover, the approximate variances 
provided by (12) are in closer agreement with the RANSYS 
variances. These findings support our previous conjecture 
that the entropy for TILLÉ is slightly lower than that for 
RANSYS, particularly when the finite population correction 
is appreciable. 
 

Table 5 
Comparison of Variances (all values in )10 4  

 

 BL220 MU281 
 10=n  20=n  40=n  10=n  20=n  40=n  
(12) + (18) 14.06 6.572 2.830 565.5 264.3 113.7 
MCV – RANSYS 14.07 6.520 2.841 566.2 265.3 112.8 
MCV – TILLÉ 13.87 6.404 2.691 560.0 257.6 108.9 

 
Next we focus on stability. Table 6 reports the observed 

Monte Carlo SE of the variance estimators. Clearly, there 
are no differences worth mentioning among the variance 
estimators. The same is true for a comparison of the two 
sampling procedures. It seems that stability does not 
constitute a relevant factor when choosing between these 
variance estimators. 
 
 

Table 6 
CV (%) of Variance Estimators for 2=n  

 

RANSYS TILLÉ Variance 
estimators 10=n  20=n  40=n  10=n  20=n  40=n  

 BL220 

SYGV̂  58.31 41.16 30.70 57.43 40.41 29.54 

HAJV̂  57.90 40.49 29.48 57.39 40.24 29.08 

DEVV̂  57.90 40.49 29.48 57.39 40.24 29.08 

9.16V̂  57.02 40.54 29.64 57.41 40.29 29.24 

10.16V̂  57.79 40.45 29.56 57.29 40.19 29.16 

11.16V̂  58.04 40.64 29.73 57.53 40.39 29.32 

18.16V̂  58.05 40.65 29.73 57.55 40.39 29.32 

 MU281 

SYGV̂  54.90 37.29 25.33 55.07 37.50 25.45 

HAJV̂  54.69 36.98 24.96 54.79 37.07 24.78 

DEVV̂  54.68 36.98 24.95 54.79 37.07 24.77 

9.16V̂  54.67 36.92 24.70 54.77 37.01 24.52 

10.16V̂  54.63 36.89 24.66 54.74 36.98 24.48 

11.16V̂  54.70 36.95 24.74 54.81 37.04 24.56 

18.16V̂  54.71 36.96 24.74 54.81 37.04 24.56 

 
 
 

6. Summary  
Estimators are derived for what, in the context of any 

high entropy selection procedure, is a close approximation 
to the design variance of the HT estimator of a total. 

These estimators resemble, but are not identical to other 
variance estimators suggested for certain particular high 
entropy selection procedures by Hájek (1964), Rosen 
(1997), and Deville (1999). All these estimators have the 
important advantage over the standard SYG variance 
estimator that their formulae do not involve the second order 
inclusion probabilities, .ijπ  

Empirical investigations indicate that these estimators all 
behave acceptably well, both for the important special case 

2=n  and when n  takes large values. The estimator given 
by (16) with ic  defined by (18), which has certain near-
optimal theoretical properties, appears to be noticeably less 
biased than the others for ,2=n  but not for larger values of 

.n  
For the case ,2>n  two high entropy procedures were 

used, namely systematic sampling from a randomly ordered 
population (RANSYS) and the procedure proposed by Tillé 
(1996) (TILLÉ). The biases in all the variance estimators 
TILLÉ than for RANSYS, and particularly so when n  took 
its largest value of 40. The differences between the TILLÉ 
biases and the RANSYS biases were also positive for all 
values of ,n  and again particularly so when .40=n  We 
conjecture that these differences may indicate that TILLÉ is 
a slightly lower entropy (and typically lower variance 
selection procedure than RANSYS).  
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