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On the Use of Generalized Inverse Matricesin Sampling Theory

Robbert H. Renssen and Gerard H. Martinus?

Abstract

In theory, it is customary to define genera regression estimators in terms of full-rank weighting models, i.e., the design
matrix that corresponds to the weighting mode is of full rank. For such weighting models, it is well known that the general
regression weights reproduce the (known) population totas of the auxiliary variables involved. In practice, however, the
weighting model often is not of full rank, especially when the weighting model is for incomplete post-stretification. By
means of the theory of generaized inverse matrices, it is shown under which circumstances this consistency property
remains valid. As anon-trivial example we discuss the consi stent weighting between persons and househol ds as proposed by
Lemaitre and Dufour (1987). We then show how the theory isimplemented in Bascula.
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1. Introduction

Weighting methods that are based on the generd
regression estimator are commonly used in sample surveysto
adjust for both sampling error and non-sampling error, see
eg., Bethlehem and Kdler (1987) and Sérndd, Swensson,
and Wretman (1992). One complication in the use of generd
regresson estimators, however, is that many weighting
models are based on incomplete post-stratification, resulting
in design matrices that are not of full rank. Usudly, this
problem is solved by using a reduced design matrix. Such a
reduced design mairix can be congructed by deleting
redundant columns and properly adjusting the population
totals. Often, the redundancy can be recognized rather easily
beforehand by the specification of the weighting modd.
However, for some weighting models such a redundancy
check may beimpractical.

For example, suppose that we have a post-dratification
based on the complete crosing between two categorical
variables A and B, with known counts for the population of
eech cell. We may abtain small sample counts or no sample
in some cells. Then we may derive new classfications,
A'fromAand B’ from B, by merging categories, and define
the following more parsimonious scheme A+ B+ A'x B’
According to this incomplete podt-dratification we smul-
taneoudy cdibrate on three sats of counts, namely the mar-
gina counts of A, the margind counts of B, and the cdll
counts of A’xB’. Since A and A" (and dso B and B’)
gppear in different weighting terms, it is difficult to recognize
redundancy by the specification of the weighting model. This
paper gives the theoretical background, which is based on
generdized inverse matrices, of reducing such a design
matrix.

In section 2 we briefly describe some properties of
generdized inverse matrices. In section 3 we define the
genera regresson estimator for weighting models that need
not be of full rank. Given a regularity condition that can be

nicely interpreted in a calibration estimation context (see
Deville and S&rnda 1992) it is shown that this estimator is
invariant with respect to the choice of the generdized inverse.
At the end of section 3 the fulfillment of this regularity
condition is discussed for some well-known weighting
models, such as incomplete pogt-drdtification and consistent
weighting between persons and households. In section 4 we
describe the agorithm, which isimplemented in Bascula (see
Nieuwenbroek 1997; Renssen, Nieuwenbroek and Slootbeek
1997) for calculating the regresson weights. Findly, in
section 5 we briefly discuss the weighting model of the Dutch
Labour Force Survey.

2. Generalized Inverse Matrices

We are mainly interested in the use of generdized inverses
within the framework of the generd regression estimator.
Hence, we only give some properties of a generdized inverse
of theform X'A X , where A is adiagonal matrix of order
nxn with gtrictly postive diagona entries and X a design
matrix of order nx p that results from the weighting modd!.
For a more extensve discussion on generdized inverse
matrices we refer to Searle (1971) and Rao (1973).

Before giving these properties, we briefly review the
definition of a generaized inverse. Consder a pxq matrix
A of any rank and let Ax =y be a system of consigtent
equations, i.e, any linear relationship exising among the
rows of A also exists among the corresponding eements of y.
A generdlized inverse of Alisa gx p marix A~ such that
x=A"y isasolution of this system of equations. It is easy
to verify that the exigence of A~ implies AATA=A
(choose y as the i™ column of A). Conversdy, if A~
stisfies AAA=A and Ax=y is consgent, then
AAY)=A(A"AX) =Ax=y and hence A"y is a
solution. Thus, as an dterndtive definition, a generdized
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inverse matrix of A is any matrix A~ such that
AATA=A.

Now, if G denotes ageneraiized inverseof X'A X, then
the following properties of G are proven in Searle (1971)
for A=1I,:

(P1) G'isalsoageneraizedinverseof X'AX,

(P2) XGX'AX=X ie, GX'A is a generalized
inverse of X,

(P3)  XGX'isinvariant to the choice of G,

(P4)  XGX'=XG'X"'whether G is symmetric or not.

The proofs of (P1) to (P4) for diagond are amost identica
to those of Searle (1971, chapter 1.5, theorem 7) and there-
fore not repeated here.

3. TheGeneral Regresson Estimator

Congder a finite population U of N units from which a
sample S of n units is drawn without replacement. Let wt,
denote the first order inclusion probability of the k™ unit,
k=1, ..., N.We asociate with each unit a vector of study
variables y, . Then, the data matrix for the sampled unitsis
givenby Y =(y;, ..., ¥,)". Wedistinguish between study
variables with known population totals (auxiliary variables)
and study variables with unknown population totals. The
dart in the definition of a general regression estimator
(Sarndal et al. 1992) is the specification of the weighting
mode!, i.e., the choice of the set of auxiliary variables to be
used in the edtimation. Denoting this specific set of p
variables by x, we cal the nxp marix Xg=
(Xq, - X,,)" the design matrix, which is, by definition, a
column subset of Y. The vector of known population
totals of x is denoted by t,. Let X,;; = YyesT X, denote
the Horvitz- Thompson estimator for t,, then, given x, the
general regression estimator of the vector of population
totalsof the i ™ study variable y! is defined as

féjir)eg:yg?r"_ét(tx_xHT) (1)

with
B=G XA YY),
In terms of regresson weights, this generd regression
estimator can aso bewritten as

o = 2 Wy @

keS
with
W =1+ X Gs (b, —Xypr ).

Here, G denotes a generdized inverse of X A X and
Ag=diag(r,, ..., A,) is some diagona matrix with
grictly positive entries.

Like the weighting mode!, the diagonal matrix A g hasto
be specified by the user. Often, one takes Ag =TTg' Y5,
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where Iy = diag(m,, ..., ®,) and s =
diag(c?, ..., 62) with of interpreted as the variance of
independent random variables of which some of the study
variables are supposed to be the outcome according to some
super-population model, see Sarndd etal. (1992). It is
required that al o7 be known up to acommon scale factor.
An important special caseis 67 =c?, i.e, al the modeled
variances are the same. This results in the regresson
estimator proposed by Bethlehem and Keller (1987). If the
population units represent households (of sze m, ) and if
wetake 6 =m,c® we arrive at the estimator proposed by
Lemaitre and Dufour (1987) to obtain consistent weights
between person and households. From a different point of
view, Alexander (1987) derived the GLS-P estimate, which
results in essentiadly the same estimator.

Below we show that the regression weights are invariant
to the choice of Gg. To tha purpose we make the fol-
lowing assumption:

(A1)

Clearly, this assumption states that X sw =t is a system of
consigent equations. It isinteresting to note that this system
precisely corresponds to the set of cdibrations equations
when considering the general regression estimator as a
special case of the calibration estimator (see e.g. Deville and
Sandal 1992). If Xiw=t is a system of consstent
equations, then sois Xv = (t, — X,;). Thisis easily seen
by teking v=w-dg with dg=(n", .., w,")". The
invariance of the regression weights to the choice of G,
and hence the invariance of the general regression estimator
can be shown asfollows. Let Fg be some other generalized
inverseof X A X, different from G . Then, we have

there exists an-vector w such that Xiw =t .

XsGs(ty =Xpur)=XsGsXsv by (A1)
=X gFsXsV by (P3)
= XsFs(ty =Xyr) by (A1).

So, it holdsthat x, G ¢(t, — X,7) isinvariantto G for all
ke S, implying that the regression weights are invariant to
the choice Gy .

The fact that these weights reproduce the population
totals of the auxiliary variables follows from the following
series of equations:

D WXy =Xpr + 2 X MX G sty = Xyr)
keS keS

=Xpr +(xtsAsXs) Gs(ty —Xpr)
=Xyt +(XtSASXS) GXsv by (A1)
=Xy + X5V

by (P2) and (P4)

=Xyr +(ty —Xpr) =t by (Al).
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We close this section by having a closer look at the stated
assumption for some well-known weighting models. In case
of post-gratification in which the weighting modd is
described by a complete crossing of categorical variables,
(A1) has asimple interpretation. Namely (A1) is satisfied if
and only if empty post-strata in the sample correspond to
empty post-strata in the population. Next, we consider
incomplete post-stratification in which the weighting model
consigs of severa terms, each term describing a complete
crossng of categorical variables and so each term corre-
sponding to a post-siratification. Then, anecessary condition
for (Al) to be satisfied is that empty post-strata in the
sample correspond to empty podt-strata in the population for
each of these terms. Unfortunately, this condition is not
aufficient. For example, inconsstencies may <till occur
when we attempt to cdibrate on a number of complete
crossings larger than the sample size.

The assumption is less sraightforward in case of
consigtent weighting between persons and households (see
eg., Lemaitre and Dufour 1987). This is due to the redef-
inition of the auxiliary variable. For example, if x, is a
variable defined at the person level, and from this variable a
new variable is defined on the household level, say z, , then
(A1) should be defined in terms of Z¢=(z,, ..., Z,,)"
instead of Xg, i.e, (Al) is satisfied if there exists an
n-vector w such that Ziw =t . In many (regular) situa-
tions, the linear manifold spanned by Z 4 will coincide with
the linear manifold spanned by Xg. In such stuations the
method of Lemaitre and Dufour does not affect the validity
of (Al). However, in specific cases this may not be true.
The following simplified exampleillustrates this.

Let x, denote sex of the k™ person, say x, = (0, )" if
the k™ person isafemdeand x, = (1, 0)" if the k™ isa
male. According to the method of Lemaitre and Dufour
(1987), let z, denote the j™ houschold mean for x,
whenever k belongs to the j™ household. Furthermore, let
the population consists of N, malesand N, females, from
which a sample of 10 households is drawn. Suppose that
each sampled household consists of two persons, namely
one male and one female. This gives z, = (1/2,1/2)" for
dl ke S. For this example the linear manifold spanned by
Z isalinear subspace of the linear manifold spanned by
Xs. If N;=N, then (Al) is satisfied. Otherwise, if
N; # N, then (A1) is not satisfied. Especially, when the
method of Lemaditre and Dufour is gpplied on a relatively
large weighting model, the linear manifold spanned by Z
may be aproper subspace of the linear manifold spanned by
Xs. Then, (A1) only is satisfied if t, accidentally belongs
to this subspace.

4. Calculating the Regresson Weightsin Bascula

In the previous section we have shown that the generd
regresson weights w, =n," + A, X Gs(t, —X,;) ae
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invariant to the choice of G4 . In this section we show how
to compute these weights. To do so, we start with the
Cholesky decomposition of the postive (semi) definite
matrix X5A¢X g, See Seber (1977, page 322). If X isof
full rank, then XA X is positive definite and it can be
expressed uniquely in the form XA (X s =U'U, where U
is an upper triangular matrix with positive diagona
elements. Let a; denotethe ij ™ element of X AsX g, then
U can be computed, row by row, according to

Zu

k=1

fori=1..,p

and €©)

ZUNUN

for j=i+1, ..

If Xg hasrank r <p, then an application of (3) will giver
non-zero and p—r zero diagond elements of U. If wefind
a zero diagonal element then we put its corresponding row
and column elements at zero. Subsequently, by dementary
row and column interchanges, we obtain the following
upper triangular matrix:

U_U10
“lo of

Accordingly to the eementary row and column interchanges
we dso interchange the eements of X and
(ty —Xur) 1 XsE' = (X sX5) and

wton={ )

where, by construction, X,qis of full rank and E is a
non-singular matrix of order px p. But, since

G'S:[(Xis/\sxls)l OJZ[Ugl(u‘l)l 0]

0 0 0 0

is a generdized inverse of (X,sX,5)" Ag(XsX,s), We

have that Gg=E'GLE is a generalized inverse of
XsAXs. Insating this generdlized inverse into
W, = T+ A X Gty — Xy ) gives
, ’ (tlx_leT)j
w, =1t + A (XX )G
k k k( 1k Zk) S((tzx _XZHT)
1 T
=1 + A Xy Uy (Ul) (tax = Xanr ),

which is computed asfollows. First z = (U}) ™ (t,, — Xyir)
is computed by solving the lower triangular system
Uiz =(t,, — Xyr) . Thereafter u=U;"z is computed by
solving the upper triangular sysem U,u=z. Once
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u=U;"(U)) ™ (ty, —Xypr) IS computed it is a simple
métter to compute W, .

5. TheDutch Labour Force Survey

To illustrate some of the issues stated in this paper, we
briefly discuss the weighting modd of the Dutch Labour
Force Survey (LFS) of 1987 up to 2000. The target popu-
lation of this survey consisted of the non-institutiona popu-
lation residing in the Netherlands and its sampling design
was based on a dratified three-stage sampling with
households as ultimate sampling units. For details we refer
to Nieuwenbroek and Van der Valk (1996). Five categorica
variables were involved into the weighting model, namely
Sex (2 categories), Age (12 categories), Maritd Status (2
categories), Region (15 categories), and Nationdity (2
categories). Mainly based on consigtency requirements, the
desired weighting model was

Sex x Agex Marital Statusx Regionx Nationality.

However, this weighting model resulted in too many
smal cell counts, which gave unstable estimators.
Therefore, the reduced model

(Sexx Agex Marital Statusx Region)
+ ( Sexx Age’ x Regionx Nationality)

was used instead, where Age” (2 categories) was obtained
by grouping the categories in Age. This reduced
weighting model resulted in a design matrix not of full
rank for two reasons, namely 1) some columns of the
design matrix completely consisted of zeros due to
impossible combinations of the categorical variables and
2) there were linear combinations between the columns
of the design matrix.

Now, the first kind of redundancy can be easily traced.
If such columns are found, then their corresponding
population totals should be zero. Bascula carries out a
check on this condition. The second kind of redundancy
is more difficult to trace. Linear combinations between
columns may arise because one variable is incorporated
into severa weighting terms. For example, sex and
region appear in both weighting terms of the LFS
weighting model. The resulting linear combinations can
be recognized beforehand by the name of the variable.
For the agevariable, which also appears in both
weighting terms, such a redundancy check beforehand is
less obvious. These latter kinds of redundancy are traced
by means of the Cholesky decomposition. Naturaly, if
any linear combinations are found, either by name
beforehand or by the Cholesky decomposition, then the
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same linear combinations should also exists between the
vector of population totals. Bascula also checks this
condition.
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