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Design Effects of Sampling Framesin Establishments Survey

MonroeG. Sirken?

Abstract

When stand-alone sampling frames that list al establishments and their measures of Size are available, establishment
surveys typically use the Hansen—Hurwitz (HH) pps estimator to estimate the volume of transactions that establishments
have with populations. This paper proposes the network sampling (NS) version of the HH estimator as a potentia
competitor of the HH estimator. The NS estimator depends on the population survey-generated establishment frame that
lists households and their selection probabilities in a population sample survey, and the number of transactions, if any, of
each household with each establishment. A statistical model is developed in this paper to compare the efficiencies of the HH
and NS estimators in single-stage and two-stage establishment sample surveys assuming the stand-alone sampling frame
and the population survey-generated frame are flawless in coverage and size measures.

Key Words: Stand-alone establishment frames; Population survey-generated establishment frames; Hansen-Hurwitz

estimator; Network sampling estimator.

1. Introduction

Listings of establishments that have transactions with
households in population sample surveys serve as
sampling frames of establishment surveys whenever the
transactions reported by households in the population
surveys are matched with the records of their esta
blishments. For example, the listings of establishments
that have transactions with households in the National
Medical Expenditure Panel Survey (MEPS), a nationa
population sample survey, serve as sampling frames for
medical provider surveys that supplement and verify the
medical expenditures of the transactions reported by
MEPS household respondents (Cohen 1998). However,
listings of establishments that have transactions with
households in population sample surveys rarely serve as
frames of establishment surveys that collect information
about the transactions that establishments have with all
households. The Current Price Index (CPI) produced by
the Bureau of Labor Statistics is a notable and rare
exception of a Federal establishment survey that depends
on a population survey-generated sampling frame. The
CPl Pricing Survey, a nationa retail establishment
survey, that collects prices for a basket of consumer
goods purchased by all customers, uses as its sampling
frame the listings of retail establishments that have
transactions with households in the CPI Continuing Point
of Purchase Survey. (Leaver and Valliant 1995).

After reviewing plans of the National Center for
Health Statistics (NCHS) to restructure its family of
independent national surveys of hedth providers
(hospitals, physicians, clinics, etc.), a Panel of the
Committee on National Statistics proposed (Wunderlich
1992) using listings of health care providers reported by
households in the National Hedth Interview Survey
(NHIS), an ongoing national household sample survey

(Massey, Moore, Parsons and Tadros 1991) as the
sampling frames for national surveys of health care
providers. The Committee thought that, especialy in the
current environment of rapid changesin listings of health
care providers due to rapid changes in the nation’s health
care ddivery system, the NHIS-generated health care
provider frames would be more accurate and easier and
less expensive to construct and maintain than the free-
standing health care provider frames currently in use.
Soon after the Panel report was issued, NCHS initiated a
research project on population survey-generated
sampling frames that is briefly summarized below.

Initially, the research focused amost exclusively on
the statistical properties of NHIS-generated frames of
health care providers. Judkins, Berk, Edwards, Mohr,
Stewart and Waksberg (1995) studied the quality of the
free-standing health provider frames currently in use or
of potential use, and discussed the kinds of medica
providers for which NHIS-generated frames would seem
to have the greatest potential. Subsequently, Judkins,
Marker, Waksberg, Botman and Massey (1999) made
rough comparisons of the efficiencies of dental surveys
using the NHIS-generated sampling frame and using the
free-standing frame, and concluded that NHIS-generated
health care provider frames deserve serious consideration
whenever reasonably complete free-standing health care
provider frames with reasonably good size measures are
unavailable.

In recent years, the research has focused on the statistica
properties of estimators that depend on population-generated
sampling frames and has become more theoretically focused
than formerly. The conceptud difficulties initidly
encountered in developing unbiased estimators for the
population survey-generated frame because the same
establishments have transactions with multiple households
were overcome by applying network sampling theory. (Sirken

1. Monroe G. Sirken, Senior Research Scientist, National Center for Health Statistics, U.S.A.
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1997; Thompson 1992). Sirken, Shimizu and Judkins (1995)
developed the network sampling version of the HH estimator,
referred to in this paper as the NS estimator, and Sirken and
Shimizu (1999) developed the network sampling version of
the Horwitz—Thompson (HT) estimator. This paper develops
addigtica error model that compares the efficiencies of the
NS edimator that depends on the population survey-
generated frame, and the HH estimator that depends on the
free-standing frame. The error modd assumes both frames
are flawless in establishment coverage and size measures and
have equivalent construction and maintenance costs. Though
the model assumes a srs design for the population survey that
generates population survey-generated sampling frame, the
model can be applied to other kinds of population survey
designsthat are not considered in this paper.

This paper is organized as follows. Notation follows in
section 2. Section 3.1 and section 3.2 respectively present
the pps salf-weighted HH estimator and variance of the two-
stage establishment sample survey that depends on the free-
standing sampling frame, and the NS estimator and variance
of a two-stage establishment survey that depends on the
population survey-generated frame. The error model is
developed in sections 4.1-4.4. The difference between two-
stage HH and NS variances of equivalent expected sample
Szes is developed in section 4.1. In section 4.2, the firgt
stage variance component of the two-stage NS estimator is
split into variance components representing effects of
households with and without transactions, and section 4.3
shows the design effects of the NS estimator in single stage
sampling. Second stage variance components of the NS and
HH edimators are compared in section 4.4. In the
concluding section 5, the error mode’s major findings
comparing efficiencies of HH and NS estimators in single-
stage and two-stage establishment surveys are briefly sum-
marized, and limitations of the modd are briefly discussed.
The appendix presents the proof of a datistical statement
appearing in section 4.2.

2. Notation

Let N, = the number of households having trans-
actions with establishment j(j=12,..,R),N,= the
number of households not having transactions with any
establishments, and N'= the number of distinct
households having transactions with R establishments.
Then, N=N"+ N, = the total number of households.

Let M, = the number of transactions of establishment
j(j=12,..,R) with household i(i=1,2,..., N), where
M, =0 When establishment j has transac'uons with house-
holdz and M, =0 when establishment ;j and household i
do not havetrm&actlons Then, M . ; ZAilM the number
of transactions of edtablishment ; with N households and
M = ZR_lM the number of transactions of M establish-
ments Wlth N households, and M =M /N the average
number of transactions per household.
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Let X, denote the value of the x-variate for transaction
k(k=1,. ,M ) of establishment j(j=12,...,R). Then,
X, =34 X, = the sum of the x-variate over the M,
transacnons of establishment j, and X = ZR 1 X ;= sum of
the x-variate over the M transactions of R establishments.
Let X =X,/ M, = theaverage value of the x-variate over
the M fransactions of establishment jyand X =X /M =
the average value of the x-variate over M transactions.

3. Edgimatorsand Variances
3.1 TheHH Estimator and Variance

Consider a two-stage self weighted establishment
sample survey using a free-standing establishment
sampling frame that lists all R establishments and their
measures of size, Mj(sz 2, ..., R) . Establishments are
the primary sampling units (psu’s), and transactions are
the secondary sampling units. A sample of » establish-
ments is selected with pps with replacement from the
freeestanding frame, and a sample of size
tun <min(M1,...,Mj,...,MR) transactions each, where
tyy 1S a positive integer, is independently selected by
simple random sampling without replacement for each
sample establishment j(j =12, ...,7).

The unbiased sdlf-weighted pps HH estimator of X'is

X Z_ZX )

=1

where X =ymX is the unbiased edtimate of
Xj =X, M. ;U= ., R). Because establishments are
selected With repl acement the HH egtimator counts X as
many times as establishment ; is selected in the sample.

The variance of the X7, is(Thompson 1992)

/tHH

;N M? M &
Var(XHH):_GaHl+_Z(Mj_tHH)Gi @

Tyn 2

where the first and second terms respectively on the right
sde of (2) are the first and second stege variance com-
ponents, and

2
O HH1

1& = 2
_HZMJ(X/'_X/M) ©)

j=1
is the between establishment population variance, and

, 1 ¢

o =7 Tagg Kx KM @

is the within establishment population variance of esta
blishment ;.

3.2 TheNSEstimator and Variance

Condder a two-stage establishment sample survey that
depends on a population survey-generated frame. The
frame lists » sample households H;(i =1, 2, ..., n) that were
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enumerated in a population sample survey. For each listed
household H;, the frame provides =,, its selection
probability in the household survey, and M ;, the number
of its transactions with each distinct establishment
J(j=12..,R) (the M,'s ae reported by household
respondents in the population sample survey).

Each of the n listed households in the population
survey-generated frame represents a cluster of establish-
ments ranging in size from 0 to R establishments with
whom the household has transactions. The » clusters of
establishments are the primary sampling units, and the
M (j=12,..r) transactions of the r sampled estar
blishments are secondary sampling units. The transaction
sample for establishment j(;j=1 2,...,R) is selected as
follows: a ss sample of sze M, <
Min(M,,M,, .., M,) transactions is independently
selected without replacement for each sample household
H/(i=12,..,n), where s is a positive integer. The
transaction sample size of establishment j(;=12,...,R)
is equal to 7>, M, and the total transaction sample
sizeisequa to tzyg, where t=3,3% ., M, = the sum
of the transactions over n sample households is a random
variable.

The NS estimator of X is

’ 2 l X [
Xns = Z_ZMUXI(Z)
i=1 'Y je4;
where 4; isthe cluster of distinct establishments that have
transactions with sample household H, , and

’NSM:]

X;(Z) = ZXjk /(tNSM;'/)

is an unbiased etimate X ; for a sample of 7, M, trans-
actions of establishment ;. Because households are selected
with replacement, the NS edtimator counts the quantity
Y eq M, X' (i) every time household H,(i=12,...,n) is
selected in the sample, and because the same establishment
has transactions with multiple households, the NS estimator
counts the quantity M ,.j)? ; (1) every time a sample house-
hold i(i =1, 2, ..., n) contains establishment ;.

Assuming a srs design in the population survey,
n;, =n/ N, and the network sampling estimator is

Xis=203 ¥ M, X0 ®

i=l jed;

The NS estimator is an unbiased estimator of X.

E(X;,S)=iE 2 M, X (i) :i 2 MX;

i=1 Jje4; i=l je 4

R . R
:ZMJXJ :ZX./' =X.
i=1 J=1

The NS estimator in (5) is self-weighted because we have
assumed that the n households are selected by grs. 1t would
be a salf-weighted estimator whenever the sample design of
the population sample survey that generates the esta-
blishment sampling frame is sdf-weighted. When
N=N" =M, implying that N° households each has a
sngle transaction, and N,=N-N" households are
without transactions, and when n=r and fys=1,,, the
HH and NS estimators are equivalent.

’ N i s N ul b4
X =—2, 2 M X;()=—2 > X;
N iz jey, N i jes,
ME -,
=23 X = X (6)
r j=1
The variance of the NS estimator (5), under srs
sampling with replacement of » households and
independent selections of 7 M, transaction by srs

without replacement for each establishment ; linked to
household H,, is(Sirken et al. 1995)

N N R
—— Onst +_ZZ

Rlns =1 j=1
M, —tysM, 52 @
ij J
M.

J

where the first and second terms respectively on the right
sde of (7) are the first and second sage variance
components, and

2
1 =
GﬁSl=FZ(ZMUXj—X/NJ ®

i=1\_je4

is the population variance between households, and of , the
population variance within establishment j as defined in (4).
An unbiased estimate of NS varianceis

Var(X.)= N—Zi{zMij)?; (i)- )?’} ©)

n(n _1) i=1| jed,

where X' = X’/N .

4. TheError Modd

4.1 HH and NS Variances of Equivalent Expected
Sample Size

Subtracting (2) from (7), the difference between the
variances of the HH and NS estimators of X'is

Statistics Canada, Catalogue No. 12-001
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) ) N2 M2
Var(XNS)_Var(XHH):|:762N51 p 6HH1:|

g M, —tysM;
L S,
M R
- Z(M/ — Iy )01 (10
Flyy =1

where the first and second set of bracketed terms respec-
tively on the right side of (10) represent the differences
between the primary and secondary variance components of
the HH and NS estimators of .X.

Let myg=1tys= the size of the transaction sample in
the establishment survey using the population survey-
generated frame, where ¢, apositive integer, isthe size
of the transaction sample selected per transaction of the
sample households, and t=%,>,, M, = sum of the
transactions of n sample households.

Clearly, t isarandom variable and its expected value
conditional over al samples of » households is
E(t|n)=nM where M =M/N = average household
transaction size. It follows that E(myg|n) =t E(t|n) =
n Mt, is the expected transaction sample size of the NS
estimator conditional over all samples of » households.

Let m,, =rt,, = the size of the transaction sample in
the establishment survey using the stand-alone frame,
where » = the establishment sample size, and 7, = the
transaction sample size per selected establishment. Let
r=E(tln)=nM andlet t,,, =t\s=¢, and it follows the
expected transaction sample sizes of the NS and HH
estimators conditional over all samples of » households
are equivaent, namely, E(m,|n)=tE(t|n)=ntM =
E(myg|n).

Calibrating the establishment and transaction sample
sizes in this manner assures that HH and the NS
establishment surveys are conducted under roughly the
same fiscal constraints if per establishment and per
transaction field costs are about the same in both surveys.
It is noteworthy, however, that this cost equation does not
take into account the differences in costs between
constructing and maintaining stand-alone establishment
frames and population survey-generated establishment
frames.

Substituting »=nM , t,, =tys=t, and M=NM in
formula (9), the difference between the NS and HH
variances of equivalent expected establishment and trans-
action sample size conditional over al samples of n
householdsis

Statistics Canada, Catalogue No. 12-001
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’ , NZ[ 2 _ §re2 ]
Var(Xys) - Var(Xyy) = " Onst — MGy,
N& NOM (M, —M,)
N6l (M. -1t - _yrJ v 11
w20 M, =0 - 2= (1)

The first term and second terms respectively on the
right side of (11) represent the difference between the
first stage and second stage variance components of the
NS and HH estimators of equivalent expected sample
sizes conditional over all samples of » households.

4.2 Decomposition of the Single Stage NS Population
Variance

Typicaly, some households do not have transactions
with any establishments, and the percentage varies by
type of establishment. For example, medical care
utilization by families in the United States varies greatly
by type of health care provider (Dicker and Sunshine
1987). During a 12 month period, 70 percent of families
were not admitted to hospitals, 7 percent did not have
ambulatory physician visits, and 28 percent did not have
dental visits.

Let

*

P= NV = fraction of N householdswith one

or more transactions, and

N : ,
P, :1—P7O =fraction of N households without

any transactions.

We demonstrate in the Appendix that the single stage
population variance of the NS estimator of X, when
expressed as afunction of P, decomposes into 2 parts

012\181(})) :%2[2 M[j )?j _%J

i=1\ jeA

=Po’y +0°(P)EL, 0<P<1 (12)

NSI'

where

GNSl__Z[ ;[(j (13

i=1\ je4,

is the single stage population variance of the x-variate over
the truncated population of N* households with one or
more transactions,
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2 . 2
: (XY _ 193 ¥ 2
Exer _[T N ZMU X —Oyr (4

i=1\_je4

is the expected vaue squared of the x-variate over the
truncated population of N households and

c6%(P)=P(1-P) (15)

is the variance of the binomia variable P. For fixed M, the
function 62, (P|M) ismaximum when

pe 1[( B )+)<1,
If Olg 2ELg  Pr =1 and if ojg <EZ . 1/2<
P <l

"When P=1, o’(P=1)=0 and therefore o}gy
(P=1)= . If P=M=(MI/N)=1, implying that
each of N households has a single transaction,

Crns(P=M =1)=0% . (N" =M) =0y, (16)

NS

because

=1\ je4;

) . 1 ¥ _ xY
Osr (N :M)ZVZ ZMin.f_N*

1& (- xY
ZMZMJ(X/'_HJ =G, 17

J=1

and, 6’(P=1)=0. In other words when P=M =1,
implying each of the N households has a single transaction,
the variance of the NS1 estimator which would then depend
on ags of transactions with replacement is equivaent to the
variance of the HH1 estimator that depends on a pps cluster
sample of equivalent sample size selected with replacement.

4.3 Design Effectsin Single Stage Sampling
Let
N & -
X =—2, > M, X, = theunbiased NS estimator of X
nixjes
in single stage sampling, and
, M THH
Xy =——2X

HH Jj=1

= the unbiased HH estimator of X'in
single stage sampling.

Define the single stage sampling total design effect of the
NS1 estimator as the ratio of the variances of the NS1 and
HH1 estimators of equivalent sample size conditiona over
al samples of » households.

Var(X(q)

Var(Xiy,)

T2
Moy,

AMP) =

where A(P) <1 indicates that the NS1 estimator is more
efficient than the HH1 estimator, and A(P)>1 indicates
that the HH1 estimator is more efficient than the NS1
estimator.
We noted in (12) and (15) that oNSl(P) Pc

P(l- P)(X/N")?, andin (16) that 6}, =07 (N M)
Making these substitutions in (18), the total deﬂgn effect
becomes

MP) = deftig, + (1- P) Zyg, 0<P<1 (19
where

P(XIN")?
Mol (N =M)

Zys = (20

isthe effect dueto the N, households without transactions,
and

Poyns

2
deft?g, = PO || _ 2
Mopy | | Moiy

. :MJ (21)

is effect due to the N* households with transactions. In
other words, deftis, is the design effect of network
sampling a population of N* household clusters containing
one or more transactions, with equa probability and
replacement, compared to network sampling a population of
M transactions, of equivalent expected sample size, by ss
and replacement. [The reeder is referred to Kish (1982) for
the definition of deft?].

The total design effect in (19) depends on deft¢ and
Z,s and, P, and the values of these parameters, as well
as relationships between them, are likely to vary
considerably between surveys, and between variables and
population domains in the same surveys. Though, in
theory, the NS1 estimator could be more efficient than
HH1 estimator, in reality that outcome seems highly
unlikely because cluster sampling is typicaly less
efficient than srs. A necessary condition for the NS1
estimator to be as efficient or more efficient than the
HH1 estimator is that deftiy, <1-(1-P)Z,g, and this
condition is unlikely to be met particularly if P is small,
and if the within household transaction clustering is
mostly due to households having multiple transactions
with the same establishments rather than households
having transactions with multiple establishments.

4.4 Comparing Efficienciesin Two-stage Sampling

In two stage sampling, the difference between the HH and
NS second stage variance components for equivalent
expected sample size of ntM  transactions conditional over

Statistics Canada, Catalogue No. 12-001
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al samples of » households, the second term on the right sde
of equation (11), reducesto

N< o2 M, (M, —tM)
ol 000

J=1 J
N&p,
= — —0"
POy (22)

where p /M, =UM , ¥, M (M, 1) is the difference
between the HH and NS second stage finite population
corrections for establishment . If none of the N households
have multiple transactions with establishment ;, the HH and
NS second stage variances of establishment j are equivalent
and p;, =0. Otherwise, p; >0 and second stage variance
for establishment ; is larger for the HH than the NS
estimator. Thevalue of p ; is maximum when establishment
Jjhas M ; transactions with asingle household.

The second stage variance components of the HH and
NS estimators are equivalent Zj-‘:lpj =0, when, that is,
none of the H households have multiple transactions with
any of the R establishments. Of course, second stage
variances are equivalent if transactions are selected with
replacement or the within establishment variances,
cf =0(j=12,...,R). Except for these contingencies,
however, the second stage variance is always larger for
the HH estimator than for the NS estimator, and the
magnitude of the difference depends on the extent of
within household clustering of transactions with the same
establishments, and the magnitudes of the within
establishment variances.

If none of the N households have multiple trans-
actions with the same establishments, the difference
between the variances of the HH and NS estimators are
equivalent in single stage and two stage establishment
sample surveys. Otherwise, the difference between HH
and NS variances is less in two stage than in single stage
establishment sample surveys because whenever house-
holds have multiple transactions with the same establish-
ments the second stage variance is greater for the HH
estimator than for the NS estimator.

5. Summary and Concluding Remarks

The error model presented in this paper compares
efficiencies of two estimators of the volume of trans-
actions between establishments and populations in
single-stage and two-stage establishment sample surveys.
The Hansen-Hurwitz (HH) estimator depends on a stand-
alone sampling frame that lists every establishment and
the volume of its transactions with all households during
a specified calendar period. The network sampling (NS)
estimator depends on a population survey-generated
frame that lists the households and their selection proba-
bilities in a population sample survey, and for each
household, lists the number of its transactions with each

Statistics Canada, Catalogue No. 12-001
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distinct establishment during the specified calendar
period.

Also, the NS and HH estimators depend on different
establishment survey sample designs. In single-stage
sampling, the HH estimator depends on a design in which
establishments are the selection units and they are
selected with pps with replacement, and the NS estimator
depends on a design in which households are the
selection units and they are selected with their selection
probabilities in the population survey, which the error
model assumes is srs with replacement. In two-stage
sampling, transactions are the second stage sampling
units of the HH and NS estimators. The HH estimator
depends on fixed-size transaction samples that are
selected by srs independently without replacement. The
NS estimator depends on transaction sample sizes that
are proportional to the number of transactions of each
household with each establishment, and are selected
independently by srs without replacement.

The NS and HH estimators are equally efficient, if and
only if, every household in the entire population has one
and only one transaction. Otherwise, neither the NS or
the HH estimator is necessarily more efficient than the
other. Nevertheless, it seems likely that the HH estimator
will be more efficient than the NS estimator in single-
stage establishment survey sampling, and perhaps sub-
stantially more efficient especially when large fractions
of households do not have any transactions, and/or when
the within household clustering of transactions among
households with transactions is principally due to house-
holds having multiple transactions with the same esta-
blishments rather than households having transactions
with multiple establishments. In two-stage sampling, the
outcome is not as transparent as in single stage sampling
because the second stage variance component is larger
for the HH estimator than the NS estimator by an amount
that depends on the extensiveness of within household
clustering of transactions with the same establishments.

Arguably the foremost limitation of the error model
presented in this paper is the presumption that the stand-
alone and population survey-generated sampling frames
are flawless in coverage and size measures. However,
comparative costs of constructing and maintaining good
quality stand-alone and population-generated establish-
ment sampling frames are likely to vary greatly from
survey to survey. Though the model seek to equalize the
establishment survey costs based on each kind of
sampling frames it ignores the differential costs of
constructing and maintaining each kinds of frame.

Even in the adbsence of empirical data about the com-
parative costs of constructing and maintaining the frames, itis
fair to say that the population survey-generated frame should
be serioudy considered as a potential design dternative
whenever condructing and maintaining good quaity stand-
done frames would be infeasible or exorbitantly expensive
or time oonsuming, and/or when condructing and
maintaining good qudity population survey-generated
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edtablishment sampling frames would be reatively
inexpensive. For example, the population survey-generated
frame would be a particularly attractive as a potential design
dternative to the stand-alone frame when the stand-alone
frame would be difficult to construct and maintain because it
was undergoing rapid changing due to births, deeths, and
establishment mergers, and the population survey-generated
frame costs would be relatively small either because it could
be congtructed and maintained as a by-product of an ongoing
population sample survey (Wunderlich 1992) and/ or asa by-
product of an ongoing program of meatching transactions of
households enumerated in a population survey with their
establishment records (Cohen 1998).

Another limitation of the mode is the unrealistic
assumption that the population survey that generates the
establishment sampling frame is based on a single stage
sample design in which households are selected with
equal probabilities and with replacement. In fact, popu-
lation surveys are virtually aways based on multistage
sample designs in which households are selected without
replacement in the final sampling stage. Typicaly, the srs
assumption tends to significantly understate the variance
of the NS estimator, and therefore would have the effect
of exaggerating the relative efficiency of the NS esti-
mator compared to the HH estimator. On the other hand,
the household sampling with replacement assumption
would have the opposite effects, but would be modest
(Sirken 2001) compared to the srs assumtion. The error
model can be applied, however, to the other population
survey sample designs that are not considered in this
paper.

The error model presented in this paper identifies the
critical parameters that determine the relative efficiency
of establishment survey estimators depending on stand-
alone and population survey-generated sampling frames.
Vaues of these parameters will vary greatly between
surveys and between variables and population domainsin
the same surveys. Unfortunately, empirical data are
currently unavailable, and they are sorely needed to
estimate the model’ s parameters under a broad range of
survey conditions. Hopefully, this paper will stimulate
interest in conducting establishment surveys that depend
on population survey-generated establishment sampling
frames, and will lead to improvements in designing
establishment surveys that estimate the volume of trans-
actions between establishments and populations.
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Appendix

When expressed as a function of P, the fraction of
households with one or more transactions, the single
stage population variance of the network sampling (NS)
estimator of X

2
1Y = X
2
Onsy =— M. X ——
decomposesinto 2 parts

o’y (P)=Poi +0*(P)E;,. 0<P<1

NS1

where
p N
N
1 X x )
, _
O o =% Ml--X-——*
NSLON ZL‘(,Z/; v Nj

is the truncated single stage population variance of the NS
esimator exclusve of the N,=N-N" households
without transactions with establishments,

c?(P)=P(1-P)
isthe variance of the binomial variable P, and
Eil =(XIN)?

is the expected value squared of the x-variate distributed
over N households.

Pr oof
1 x)
, _
) [ZMX 7}
18 (& —  x )Y N(x)
S DN g +—°[—). (A1)
R N NN

Add and subtract X/N" to thefirst term on the right side of
(A.2).

(A2)
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Substitute (A.2) for thefirst term on the right side of ( A.1).

2 2

X X X

da(P)=Pc’  +P|—-=| +(1-P)| =
Ons(P) = POy N N ( )N

(P)+06°(P)E?

NSI'

_ p2
= Po NST' (A 3)

where

2oy o . (XY
62(P)=P(l- P),and E (N)

NSL
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