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Variance Estimation for the Current Employment Survey

Jun Shao and Shail Butani !

Abstract

Like most other surveys, nonresponse often occurs in the Current Employment Survey conducted monthly by the U.S.
Bureau of Labor Statistics (BLS). In given month, imputation using reported data from previous months generally provides
more efficient survey estimators than ignoring nonrespondents and adjusting survey weights. However, imputation also has
an effect on variance estimation: treating imputed values as reported data and applying a standard variance estimation
method leads to negatively biased variance estimators. In this article we propose some variance estimators using the grouped
balanced half sample method and re-imputation to take imputation into account. Some simulation results for the finite
sample performance of the imputed survey estimators and their variance estimators are presented.

Key Words: Balanced half samples; Non-negligible sampling fractions; Ratio imputation; Stratified sampling.

1. Introduction

The Current Employment Survey (CES), commonly
known as the payroll survey, is conducted monthly by the
U.S. Bureau of Labor Statistics (BLS). The data are
obtained from establishments on a monthly basis by various
automated methods including computer assisted telephone
interviews, touchtone data entry, FAX, electronic data
interchange, mail, efc. The main variables are the employ-
ment, production or non-supervisory workers and their
working hours and earnings on nonagricultural establish-
ment payrolls. Population employment counts are obtained
once a year from Unemployment Insurance administrative
records.

Nonresponse often occurs in the CES. In any particular
month, imputation using reported data from previous
months generally provides more efficient survey estimators
than using reported data in the current month only and
adjusting survey weights. This is particularly true in the
CES because the nonresponse rate is about 60-80% and
about 60% of the nonrespondents in a given month may
become available one or several months later so that these
data can be used as “reported data from previous months”
(historical data) in a future month.

However, it is well known that treating imputed values as
reported data and applying a standard variance estimation
method leads to biased (often negatively biased) variance
estimators. Valid variance estimators can be derived under
some assumptions on sampling designs, imputation
methods, and response mechanisms (and, sometimes,
models that generate data).

The purpose of this article is to study variance estimation
for the CES. After describing the sampling design and the
imputation procedure currently used for the CES in section
2, we derive valid (asymptotically unbiased and consistent)
variance estimators for imputed survey estimators in section
3. To simplify the computation of variation estimators, we

propose some approximations in section 4 and study their
properties by simulation in section 5. Some conclusions are
made in section 6. Although our study is motivated by the
CES, we believe that our results are general and applicable
to any survey that adopts a similar sampling design and a
similar imputation method.

2. Sampling Design and Imputation

The CES adopts the following stratified probability
sampling design. Let P be a finite population containing a
set of establishments {1, ..., N}, which is stratified by the
type of industry and by the size of the establishment. Within
the A" stratum, a sample of size n, >2 is taken without
replacement from N, population units, using probability
sampling independently across strata. The sampling
fractions n, /N, are not necessarily negligible; for some
strata with large establishment sizes, n, =N,. Let S
denote the sample. For ieS, at month #=0,1, ...,T,
values on the number of employees ( yf,. ), the number of
non-supervisory workers ( yZV,. ), the number of hours
worked ( yf,. ), and the weekly pay ( yf ;) are observed (if
there is no nonresponse). Let y,, denote any of y,,
yZV,., yfl., or yf ;. In CES, the main parameters of interest
are population totals Y, =%,,v,;,t=1,..T. Since
population totals can be obtained once a year from
administrative records, we assume without loss of generality
that ¥, is known. If there is no nonresponse, Y, is estimated
by a ratio estimator

YA; :Yoz Wiyt,i/z WiYo,i» t=1 .. T, (D

ieS ieS

h

where w; is the survey weight for the i" unit in the sample

and the A" stratum.

1. Jun Shao, Department of Statistics, University of Wisconsin, Madison, WI 53706; Shail Butani, Statistical Methods Division, The Bureau of Labor

Statistics, Washington, D.C. 20212.
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In our research, starting from month 1, nonrespondents
are imputed using the imputation method proposed in
Butani, Harter and Wolter (1997), as described below.
Imputation is carried out within an imputation cell, which is
the same as stratum or a union of strata. Imputed values in
months 1, ..., t—1 are carried over to impute non-
respondents in month ¢, unless nonrespondents in months
1, ..., t —1 become respondents prior to month ¢.

1.  The number of employees. If yf,. is a nonrespondent,
it is imputed by

~E
yt! ytll’

where 7, =/, (reported value) if y/ i is
available at month ¢ and otherwise 7 Li 1s an
imputed value,

> ijfj

d _ _JER

B > w; ytE—l,/‘ ’

JER,

and R, is the set of all reporting units for months ¢
and 7 1.

2. The number of non-supervisory workers. If y:V,. is a
nonrespondent, it is imputed by

5}[! ytllytl/ytll’
where j', , is defined similarly to J/, ..

3. The number of hours worked. If yf,. is a non-
respondent, it is imputed by

~H A~ ~H ~W  ~W
Vioi=Ye Vi, i Vi /yt—l,i’
where 7", , is defined similarly to j,°, ; and

zWyt//szszj

Ao JER, JER,
W .
Z w; ! 1J Z Wi Vi,

JER, JER,

4. The weekly pay. If yf . 1s a nonrespondent, it is

imputed by
5}:31': Bt.j;tlilzytz/yt 1,i°

where 7 . 1s defined similarly to pE .; and

> w, yf,/Z w, vt

n . JER JER,

Bt H
2 wiyiy [ 2wk
JER, JER,

Once nonrespondents are imputed, estimated monthly
totals are calculated according to (1) by treating imputed
values as reported data.
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Assume that the population P is divided into K disjoint
imputation cells B, ..., P, and for each ,

ﬂyt 1,i tl’

Em (et,i) = 0’

Vei=0 Vit

Em(yt,i):“'t,k’ iEB{,t:L 2, ceey

Vm(yt,i)zvt,k’ Vm(et,i)zclzc’ (2)

where y,; denotes any of yf,., yZV,., yf,., or yf L E, and V,
are the model (marginal) expectation and variance,
respectively, o, , and o} are unknown parameters, e, ;’s
are iid and the two processes {y,;} and {e ,} are
independent. Within each F,, it is assumed that the
response indicator a, ; (=1 if y,, is a respondent and = 0
otherwise) and y,, are independent, given y,_ ,,
a,,;» s=1,2,..,t Under this response mechanism, which
is called unconfounded response mechanism (Lee, Rancourt
and Sérndal 1994), a,, and y,, are dependent, but through
Vigi» @gi»s=1,2,..,¢t. It is more general than the
assumption that (y, ;,...y,;) and (a ,,...q, ;) are
independent. Finally, response indicators from different
units are assumed to be independent. Under these
assumptions, the estimators Y, based on imputed data as
described in the previous section are asymptotically
unbiased with respect to the joint expectation under model
(2) and sampling from the finite population.

In the CES, the imputation cells are unions of strata so
that

> w=M,, k=1 ..,K,

ieSNF,

where M, is the number of population units in the k™

imputation cell B,. Consequently, the Y, are conditionally

unbiased with respect to the model expectation (given S),
ie.,

Em(}:; _Y;) = 0

3. Variance Estimation

Let E, and V, be the sampling expectat10n and
variance, respectlvely, and 7 be the overall variance. Then

V({Y,-Y)=E[V,,-Y)]+VI[E,(¥, -Y)]
=E,[V, (¥, -Y)], 3)

since E, (Y, —Y,)=0. Furthermore, it is shown in the
Appendix that

V,4,-Y) =V,J)-V,). (4)
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Note that (4) is obvious in the case of no nonresponse.

Because of (3) the estimation of ¥(¥,—Y,) is the same
as the estimation of ¥, (¥, —Y,). Also, because of (4), we
can first derive estimators v, and v,, of ¥ (Y) and
V. (Y,), respectively, and then take the difference v, —v,,
as our variance estimator for Y. Since ¥, (Y,) is a
conditional variance, given S, we do not need to consider
the sampling fractions 7, / N, in the estimation of ¥, (¥,).

We first consider the estimation of ¥, (¥). If an
approximate formula of ¥, (¥,) can be derived, then we can
directly estimate ¥, (Y,) by substitution. The explicit form
of };t, however, is very complex when ¢ is not small so that
the derivation of ¥, (Y,) is very difficult. Thus, in the CES
we adopt a grouped half sample method that incorporates
Rao and Shao’s (1992) adjustment (or re-imputation) to take
imputation into account. Specifically, sampled units in each
stratum are randomly grouped into two groups. R half
samples are created using a Hadamard matrix, where
H+1<R<H+4 and H is the number of strata. For the
" half sample and the i sampled unit, define

(1+0.5)w, if the unitis in the »"
" _ half sample
" |(1-0.5)w, if the unitisnot in the "

half sample,

where w, is the original survey weight. Let 7" be the
same as Y, except that the weights w, are replaced by the
w!”, including the weights used in imputation
(i.e., é,,9,, and B, are re-computed for every r, which is
equivalent to Rao and Shao’s adjustment). A grouped half

sample variance estimator of ¥, (¥)) is

:_z ( yo _ i }?;(V)j . (5)

Note that the use of 0.5, instead of 1, in the construction
of w" is based on Fay’s method (Dippo, Fay and
Morganstein 1984; Judkins 1990; Rao and Shao 1999).
Asymptotically, v, is unbiased and consistent for ¥, ()
(Shao, Chen and Chen 1998; Rao and Shao 1999; Shao and
Chen 1999).

We now consider the estimation of ¥, (¥;). Under model

2),
V., = z My,
k

which is of the order O(N), where N is the size of the
population P. Usually V_ (Y ) is of the order O(N? /n),

where n=Y, n, is the sample size. Hence V (Y))/V, (Y)
is of the order O(n/ N) and the estimation of ¥, V., (Y,) is not
necessary if n/ N is negligible (although some sampling
fractions n, / N, are not negligible).

89

In the CES, however, n/N is around 15% and is not
negligible. Hence, the estimation of ¥, (Y,) is necessary. An
asymptotically unbiased and consistent estimator of V, (¥,)
is

Vo= M st (6)
k

where sk, is the usual sample variance based on the
respondents y, ; in the k™ imputation cell.

4. Approximate Variance Estimators

From section 3, a correct variance estimator for Y, is
v, —V,,, where v, and v, are given by (5) and (6),
respectively. Although v, can be easily extended to the
case where Y, is replaced by some nonlinear estimator such
as Y'/Y" (the ratio of weekly pay over hour), the
extension of v, involves the derivation of Taylor
expansion for each separate nonlinear estimator. Thus, for
the CES, it is desired to derive an approximate variance
estimator that is not exactly correct but does not require the
computation of v,,.

Note that if n/N is negligible, then we can simply use
v, as an estimator of ¥(¥,—Y,). In the CES, however,
using v, leads to overestimation, since n/N is not
negligible (see also the simulation results in section 5).
Since this overestimation is caused by the sampling fraction,
a possible way to fix the problem is to incorporate sampling
fractions in the half sample method. When there is no
nonresponse, sampling fractions can be incorporated into
the half sample method by using formula (2) with w'”

replaced by

1+0.5y1=n,/N,)w,

if the unitisin the
™ half sample
W = 7

1-0.5\1-n,/N,)w,

if theunitisnotin the

™ half sample,

when i is in the stratum / .

Let ¥, be the variance estimator obtained using (5) but
with w{” replaced by w". If we use ¥, as an estimator of
V(Y; Y), however, it has a negative bias, although it is
better than the naive estimator that treats imputed values as
observed data (see the simulation results in section 5).

While v, overestimates and ¥, underestimates the true
variance V(¥ —Y), a compromise is to replace the
sampling fraction n, /N, in (7) by the “estimated sampling
fraction” 7, , /N, where %, . 18 the number of respondents
in stratum / at month ¢ Let v, be the variance estimator
obtained using (5) and (7) but with »n, /N, in (7) replaced
by 7, ,/N,. Then

Vg SV SV,

Statistics Canada, Catalogue No. 12-001-XIE
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All three variance estimators are asymptotically unbiased
and are approximately equal when n/N is negligible.
When n/N is not negligible, however, they are
asymptotically biased.

To see the magnitude of the biases v,,v,, and v,;, we
consider the simplest case of no strata and r=1. Let

Yi= yfi’xi = ytj)g,i and
Y :zaiyi +Z(1_ai)léxia

where @, =1 if y, is a respondent and a,=0 otherwise,
R= 2a,y;/¥ a;x, and all summations are over ieS.
Let U= Xx;/n)/(Xax,/r), where r is the number of
y —respondents. Then the correct variance estimator for ¥
is v, —v, with

N?U’s? .\ 2N’URs, + N?R’s?

r n

Vlz

and
=NUs: +2NURs, + NR*s?,

= (-1

is the sample variance based on

where s, = (r—1)" Za (y, - Rx)
Za,'x,'(y[ in)’ and Sx
x;’s. Also,

- (4 N?U’s 2N2(71§sdx + N’R*s?
v =|1-—
! N r n

NUZ 2 A .
= v -2 _oNURs, + NRS
r
and
. N?U’s? 21\72(71§dev + N?R’s?
N r n
- NUZS(? B 2rNURs,, +rNR’s’ '
n
Since v, —v, is asymptotically unbiased, the bias of v, =v,

is of the same order as v, and is always non-negative; the
bias of #,, =7, is of the same order as

. nU | _ 2z:(l a,)x,
NUs; {1—Tj— NUs za
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and is always non-positive; and the bias of V,, =V is of the
same order as

NUQ-U)s2 + (1 - ij (NURs, + NR*s?). (8)
n

The bias in (8) is non-negative if s, >0 and U ~1 (which
is true if ¢, is independent of x,).

5. Some Simulation Results

To further study the biases of the variance estimators
v,,V, and ¥,, we conducted a simulation study using a
CES dataset (from 1980’s) of 149,044 units as the
population P. Each unit ie P has a vector y, =
(yfi,yz,yfi,yfi, t=0,1,..,7) and a vector r, consisting
of response indicators of the components of y,, although all
values of y, are available (from administrative records).
The sample S in the simulation was obtained by generating
a stratified simple random sample {y,} of size 23,092 from
P according to the sample allocations listed in Table 1. The
response indicators of {y,} in the simulation were
generated by drawing another (independent) stratified
simple random sample {r,} from P . Thus, nonresponsents
in the simulation were random and distributed according to
the values of the r,’s in the dataset P, but independent of
the y,’s

After the sample data and nonrespondents were
generated, nonrespondents were imputed as described in
section 2. Estimated monthly totals ?; and monthly changes
? ? were calculated based on imputed data and their
variance estlmators V15V, V,, and v, —v,, were computed
as described in sections 3 and 4. For comparison, the naive
variance estimator v,,, computed by treating imputed
values as observed data, was also computed.

Based on 1,000 simulations, the relative biases (RB) and
variances (Var) of the estimated totals ?; and changes
Y = }i_l, the RB and coefficient of variations (CV) of the
variance estimators for ¥, and ¥,-Y_, the coverage
probability (CP) of the approximate 95% confidence
intervals of the form

the estimate +1.96 \/ the estimated variance,

and the width (MW) of the confidence interval are given in
Tables 2 through 5 respectively for 4 different variables.
Estimated simulation standard errors are 2% for RB, CV,
and MW, and 0.5% for CP.
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Table 1
Sample Size by Stratum
Stratum Sample Sampling Stratum Sample Sampling
SIC SIZE Size Size Fraction SIC SIZE Size Size Fraction
10, 12-14 1 567 14 0.02439 50-51 1 3,631 66 0.01812
2 433 303 0.70000 2 3,678 183 0.04987
3 526 526 1.00000 3 4,300 403 0.09375
4 210 210 1.00000 4 1,831 289 0.15789
5 165 165 1.00000 5 833 320 0.38461
15-17 1 5,055 129 0.02549 52-59 1 7,084 149 0.02103
2 4,476 570 0.12731 2 5,701 440 0.07724
3 5,281 1,154 0.21854 3 8,363 1,037 0.12403
4 2,111 836 0.39583 4 4,511 763 0.16915
5 1,005 1,005 1.00000 5 4,087 1,002 0.24528
24-25,32-29 1 3,103 73 0.02349 60-62, 67 1 1,384 17 0.01230
2 3,905 331 0.08475 2 971 38 0.03906
3 6,381 891 0.13966 3 1,529 115 0.07500
4 4,273 1,036 0.24242 4 981 67 0.06818
5 4,143 2,127 0.51351 5 728 73 0.10000
20-23,26-31 1 1,754 40 0.02276 63-64 1 1,364 15 0.01119
2 1,953 128 0.06564 2 652 20 0.03125
3 3,591 524 0.14599 3 754 87 0.11538
4 3,108 596 0.19167 4 435 48 0.11110
5 3,448 1,041 0.30189 5 344 57 0.16667
40-49 1 1,648 31 0.01902 7,70-99 1 9,641 230 0.02385
2 1,463 101 0.06918 2 6,701 643 0.09602
3 1,988 221 0.11111 3 7,833 1,275 0.16275
4 1,171 211 0.18033 4 4,839 1,317 0.27215
5 759 108 0.14286 5 4,352 2,067 0.47500
Table 2
Simulation Results for Employment
Estimation Variance estimation for estimated total
of total Yto Vi1 Vi Vil Vit V2
Month Total* RB Var* RB CV CP MW RB CV CP MW RB CV CP MW RB CV CP MW RB CV CP MW
1 6.7E6 0.0 55E7 -37.0 476 853 7.7 —41 675 923 92 49 698 931 96 195 76.1 951 103 74 674 928 9.7
2 6.8E6 0.0 88E7 —343 288 869 9.6 —73 404 926 114 09 429 936 124 153 476 947 127 44 491 923 121
3 6.9E6 0.0 1.4E8 —26.1 304 882 129 —41 423 918 147 14 442 929 151 188 499 948 163 3.6 505 90.8 152
4 6.9E6 0.0 2.1E8 —225 329 893 16.1 —-24 440 921 181 38 463 927 187 223 531 947 203 27 513 914 186
5 6.9E6 0.0 2.7E8 —-219 350 883 184 —7.7 452 909 200 —1.1 479 920 20.7 162 556 944 224 —47 542 909 203
6 6.9E6 00 2.0E8 —-88 405 91.7 171 —-52 417 919 174 0.0 43.6 931 179 197 518 955 19.6 —3.1 525 905 17.6
7 6.9E6 00 1.5E8 —124 348 918 145 —-86 36.1 925 148 —2.0 383 936 153 168 450 962 167 —6.6 424 927 150
Estimation Variance estimation for estimated change
of change Yo Vi1 Vi Vil Vit = Ve2
Month Change* RB* Var RB CV CP MW RB CV CP MW RB CV CP MW RB CV CP MW RB CV CP MW
2 8.0E4 —0.1 6.1E7 —43.0 254 849 75 —113 414 923 93 —45 439 937 97 94 487 956 103 86 51.7 935 103
3 9.7E4 —18 74E7 —350 31.7 850 87 -85 46.0 905 104 —-32 47.7 910 107 11.7 531 934 115 -3.1 488 909 10.7
4 1.8E4 29 1.1E8 —31.8 423 874 110 —09 606 93.1 132 49 632 93.6 13.6 250 735 959 148 —-25 477 899 13.1
5 44E4 34 1.1E8 —419 345 83.1 10.1 —10.8 573 914 125 —49 604 923 129 132 694 946 141 0.8 941 93.1 133
6 —1.1E4 93 1.1E8 —41.0 299 84.1 102 —12.6 420 91.1 124 —64 442 930 128 94 502 946 139 —4.1 539 930 13.0
7 1.6E3 32 12E8 —438 384 829 104 —159 575 896 127-113 60.1 905 13.1 56 699 926 142 —02 755 90.0 138

Total: population total.

Change: population difference between the current month and the previous month.
Var: variance of the estimated total or change.

RB: relative bias = 100(bias/true value)%.

CV: coefficient of variation = 100 (standard error/true value)%o.

CP: coverage probability of asymptotic confidence interval using estimated variance (in %).

MW: (mean width of asymptotic confidence interval)/10.
*: Scientific notation (for example, 6,700,000 is 6.7E6).

Statistics Canada, Catalogue No. 12-001-XIE
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Table 3
Simulation Results for Non-supervisory Workers
Estimation Variance estimation
of Total Vo Vi Vil Vil Vel ~Vi2
Month  Total* RB Var* RB CV CP MW RB CV CP MW RB CV CP MW RB CV CP MW RB CV CP MW
1 5.4E6 —0.1 46E7 —333 49.7 809 70 —-44 66.1 881 84 46 686 899 88 198 755 923 94 34 653 899 87
2 5.5E6 —-0.1 7.6E7 —30.6 314 840 92 -74 411 894 106 09 437 910 11.1 158 487 938 119 42 508 883 113
3 5.6E6 —0.1 12E8 —23.6 312 856 121 —48 410 895 135 0.7 429 900 139 184 487 93.1 151 39 509 908 14.1
4  5.6E6 —0.1 19E8 —19.0 345 884 157 —-24 438 91.7 172 38 463 919 178 225 532 941 193 18 71.7 905 176
5 5.7E6 —0.1 24E8 —189 36.8 878 176 —7.1 453 89.7 189 —04 482 90.7 196 172 560 930 212 —41 547 904 192
6  5.7E6 00 18E8 —7.6 41.7 918 163 —47 428 924 166 06 448 927 170 206 53.1 954 186 —33 53.1 905 16.7
7  5.7E6 00 14E8 —109 36.1 919 141 -7.7 372 922 144 10 394 936 150 183 463 959 163 —85 425 926 143
Estimation Variance estimation
of Change Vo Vi Vil Vil Vel ~Vi2
Month Change* RB  Var* RB CV CP MW RB €CV CP MW RB CV CP MW RB CV CP MW RB CV CP MW
2 7.7E4 —0.8 5.1E7 —40.8 270 845 70 —129 412 915 84 —60 437 924 88 82 488 944 94 99 548 930 95
3 9.1E4 —-14 62E7 —-312 321 864 83 —8.7 428 912 95 —-32 445 917 98 123 499 941 106 —3.1 477 913 98
4 1.6E4 19.6 9.1E7 —272 440 87.1 103 —1.1 594 928 120 47 62.1 941 123 249 730 958 135 —-53 918 914 117
5 44E4 —-04 95E7 —-375 384 834 9.7 —100 586 90.8 11.7 =39 618 913 121 145 714 934 132 -21 794 923 122
6 —10E4 —193 9.0E7 —37.0 324 834 95 —11.1 431 89.6 113 —47 455 904 11.7 11.7 51.8 924 127 -33 547 909 118
7 79E2 487 1.0E8 —393 426 837 99 —145 59.7 8.2 11.7 =98 624 902 120 76 726 926 131 —13 768 906 126
Total: population total.
Change: population difference between the current month and the previous month.
Var: variance of the estimated total or change.
RB: relative bias = 100(bias/true value)%.
CV: coefficient of variation = 100 (standard error/true value)%o.
CP: coverage probability of asymptotic confidence interval using estimated variance (in %).
MW: (mean width of asymptotic confidence interval) / 107,
*: Scientific notation (for example, 6,700,000 is 6.7E6).
Table 4
Simulation Results for Hours
Estimation Variance estimation
of Total Vo Vi Vi Vil Vel —Vi2
Month Total* RB Var¥* RB CV CP MW RB CV CP MW RB CV CP MW RB CV CP MW RB CV CP MW
1 19E8 —0.1 58E10 —31.5 28.0 790 80 23 444 883 9.7 123 465 905 102 334 534 936 11.1 80 487 909 10.0
2 2.0E8 —0.1 1.2E11 —-30.2 328 84.7 11.6 —7.7 404 906 133 0.1 428 91.7 139 197 494 943 152 38 49.1 90.1 14.1
3 2.0E8 —0.1 1.8E11 —233 300 863 149 —63 36.7 903 164 —1.0 381 912 169 196 438 946 186 14 452 90.7 17.1
4 2.0E8 0.0 32Ell —202 356 902 202 —-05 471 934 226 56 49.7 933 233 279 598 953 256 —04 79.7 912 226
5 2.1E8 0.0 44E11 —212 405 889 236 —79 523 90.7 255 —1.6 551 920 263 180 644 942 288 —5.1 642 909 258
6 2.1E8 0.0 34El1l —104 463 92.1 221 —-59 489 922 226 —1.0 50.7 930 232 208 599 947 256 —33 657 903 229
7 2.1E8 0.0 23El1l —-7.0 408 930 185 —22 428 932 190 42 447 941 196 272 532 958 216 —7.7 490 909 184
Estimation Variance estimation
of change Vo Vi Vil Vil Vi —Vi2
Month Change* RB Var* RB CV CP MW RB CV CP MW RB CV CP MW RB CV CP MW RB CV CP MW
2 5.0E6 0.1 88E10 —38.8 259 8.0 93 -97 351 924 113 -22 372 937 11.7 163 430 96.1 128 6.7 438 93.6 123
38E6 —1.0 I.1E1l —36.5 252 884 10.6 —12.6 345 919 124 —-6.7 360 924 128 104 412 939 139 04 413 932 133
4 1.0E6 11.0 2.1E11 —312 456 873 152 -50 593 909 179 06 624 916 184 21.6 752 939 202 —34 988 915 180
5 2.1E6 —0.5 22E1l1 —41.6 399 856 143 —143 639 91.1 174 -84 66.6 90.1 18.0 105 760 949 197 15 951 932 189
6 —77E5 —78 19EIl —40.1 351 825 135 —12.7 475 895 163 —65 503 90.7 169 127 60.1 941 185 —95 551 91.1 16.6
7 2.5E5 —72 21E11 -390 484 829 143 —15.1 603 895 169 —10.6 624 903 173 80 723 940 190 -39 820 918 18.0

Total: population total.

Change: population difference between the current month and the previous month.

Var: variance of the estimated total or change.

RB: relative bias = 100(bias/true value)%.

CV: coefficient of variation = 100 (standard error/true value)%o.

CP: coverage probability of asymptotic confidence interval using estimated variance (in %).
MW: (mean width of asymptotic confidence interval ) /10",

*: Scientific notation (for example, 6,700,000 is 6.7E6).
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Table 5
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Simulation Results for Weekly Pay

Estimation Variance estimation
of Total Vo Vi Vil Vil Vel ~Vi2
Month  Total* RB Vaa* RB CV CP MW RB CV CP MW RB CV CP MW RB CV CP MW RB CV CP MW
1 2.0E9 —0.1 9.5E12-30.7 304 81.8 103 1.7 41.0 90.0 124 172 443 924 133 398 544 944 146 43 489 91.0 126
2 2.1E9 —0.1 1.7E13-272 278 843 141 —34 387 892 162 79 412 912 17.1 31.1 481 935 189 33 515 916 16.8
3 2.1E9 —0.1 22E13—-143 347 856 174 1.1 422 88.1 189 80 439 895 195 349 514 935 218 26 504 914 19.0
4 22E9 —0.1 3.7E13—123 403 90.1 22.8 64 506 92.8 251 13.8 53.0 941 260 412 630 96.1 289 —09 845 928 242
5 22E9 —0.1 5.0E13—-160 416 89.0 259 —15 518 914 281 59 548 920 29.1 293 646 943 322 —54 560 924 275
6 22E9 —0.1 45E13 —94 441 920 255 —3.8 469 92,6 263 1.8 487 928 27.1 278 578 950 303 —04 54.1 942 2638
7 22E9 —0.1 3.5E13 —73 43.1 92.1 228 —0.7 483 92.8 236 6.8 500 939 245 319 570 964 272 —0.0 543 953 23.7
Estimation Variance estimation
of Change Vo Vi Vil Vil Vel ~Vi2
Month Change* RB Var* RB CV CP MW RB CV CP MW RB CV CP MW RB CV CP MW RB CV CP MW
2 64E7 —0.1 1.5E13-37.6 257 854 122 —82 384 930 148 02 404 941 155 21.6 477 958 17.1 55 492 926 159
3 35E7 —1.6 13E13-31.7 279 87.7 119 —52 423 922 140 22 438 928 14.6 223 489 943 159 3.5 432 935 147
4 2.1E7 6.6 24E13-295 47.1 86.7 165 04 632 919 196 6.7 662 926 202 30.7 787 952 224 —43 969 90.6 19.2
5 2.1E7 —04 24E13-405 34.1 83.5 15.1 —92 557 90.5 187 —24 589 920 194 199 692 949 215 3.6 900 925 199
6 14E7 2.0 23E13—-408 31.1 844 148-13.5 460 914 17.8 —6.7 489 92.1 185 168 60.1 945 20.7 —44 530 915 188
7 1.1IE7 —0.1 2.7E13-405 420 83.1 16.0—139 565 892 193 —87 587 90.6 199 130 688 928 22.1 —3.7 69.5 90.8 204

Total: population total.
Change: population difference between the current month and the previous month.
Var: variance of the estimated total or change.

RB

: relative bias = 100(bias/true value)%.

CV: coefficient of variation = 100 (standard error/true value)%o.
CP: coverage probability of asymptotic confidence interval using estimated variance (in %).
MW: (mean width of asymptotic confidence interval ) /10"
*: Scientific notation (for example, 6,700,000 is 6.7E6).

of

From Tables 2 through 5, the relative biases of estimators
monthly totals and changes are negligible for all

variables. The following is a summary for the simulation
results of variance estimators in terms of RB and CV.

. As expected, the naive variance estimator v,, has a large

negative relative bias.

. The asymptotically unbiased variance estimator v, —v,,

performs well in general. Its relative bias is always under
10% in absolute value and is frequently under 5%.

. The variance estimator v,, has a large positive relative

bias in all cases. This indicates that the v, term is not
negligible in the CES in which the overall sampling
fraction, n/N, is about 15%.

. The variance estimator ¥,,, which is the same as v, but

with sampling fractions n, /N, incorporated (section 4),
has a negative relative bias in general. Its negative bias
may be large, especially in the estimation of the variance
for monthly changes.

. The variance estimator v,;, which is the same as 7, but

with sampling fractions », /N, replaced by 7, ,/N,,
performs well in a simulation study, although it is not
asymptotically unbiased (section 4). Its relative bias is
large in a few cases, e.g., in variance estimation for total
for weekly pay at months 1 and 4, in variance estimation

for total of hours at month 1, and in variance estimation
for change of employment at month 7. In many cases,
however, the performance of ¥, is even better than the
asymptotically unbiased estimator v,; —v,,.

The following is a summary for the simulation results of

confidence intervals in terms of CP and MW.

1. The CP of the confidence interval based on the naive

variance estimator v,, is substantially lower than the
nominal level 95% in most cases.

. The CP of the confidence interval based on the

asymptotically valid variance estimator, v, —v,, is
between 90% and 93% in most cases. This is often the
case for an asymptotically valid variance estimator, i.e.,
its relative bias is small but the CP of the related
confidence interval is lower than the nominal level. One
possible reason is that the convergence in distribution
(asymptotic normality, which is the key for asymptotic
confidence intervals) requires a larger sample size than
the convergence of the second moment (in variance
estimation).

. In terms of CP, the confidence interval based on v, is

the best. This might be because the overestimation in
variance offsets the undercoverage in interval estima-
tion. The mean width of the interval based on v, may

Statistics Canada, Catalogue No. 12-001-XIE



94 Shao and Butani: Variance Estimation for the Current Employment Survey

be substantially larger than those of other intervals,
especially for weekly pay.

4. The CP of the confidence interval based on V,;, which is
not asymptotically valid, is similar to that of the

confidence interval based on v,; —v,,.

6. Conclusion and Discussion

For the survey estimators in the Current Employment
Survey (CES) with imputed data, we propose an asympto-
tically unbiased and consistent estimator v,, —v,, (section
3). Although v, can be easily computed using the grouped
balanced half sample method, the computation of v,
involves separate derivations for nonlinear estimators.
Thus, several approximations, v,;,¥,, and v, (section 4)
are considered and compared with v, —v,, in a simulation
study in which a CES dataset is used as population. Our
result shows that v,; and 7, have large relative biases, due
to the fact that the overall sampling fraction, 15%, is not
negligible; the estimator v,, which is the same as v,; but
incorporates an estimated sampling fraction (using the rate
of response) in the balanced half sample method, performs
fairly well. Thus, ¥,; is recommended to replace v,, —v,, if
the computation of v,, is too complicated. Since the use of
the “observed sampling fraction” 7, , /N, does not reflect
the fact that information is available about the non-
respondents from previous months, v, may be improved
using a more accurate estimated sampling fraction, for
example, Rubin’s (1987) “fraction of missing information”.

Although our study is based on the CES, our results are
applicable to any survey that adopts a similar sampling
design and a similar imputation method. Furthermore, an
extension to the case where model (2) involves
ViisVicti» = Yiog; Wwith an integer s>2 is straight-
forward, although the derivation of v,, (for an asymptoti-
cally valid variance estimator) is more complicated.
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Appendix: Proof of (4)
It suffices to show that
Cov,,(7,.Y,) =V, (%)). ©)

We show the case of a single imputation cell and y, ; =y,
(employment). The general case can be treated similarly.

Statistics Canada, Catalogue No. 12-001-XIE

We use mathematical induction. When ¢ =1,
Y =47,
By assumption (2),
Cov, (¥, %,) = a; ¥, (¥,) + 0", (¥;)
= N(at} vy +071,)

=V,().

Suppose now that (9) is true at time 7—1. Let E,, V, and

t
Cov, be the expectation, variance and covariance condi-

tionalon y,, ;, R;, j=1, ..., t. Then
E()=a,¥,
and
Cov,(¥,,Y)=Cov,(&,Y_,Y)

= }:;—1 Cov, (dt p Y;)

where the last equality follows from assumption (2). By the
induction assumption,

COVm (Y\;’ Y;—l) = I/m (Y;—l) :
Then

Cov,,(%,.Y,) = Cov, [E,(Y,), E,(¥)]+ E, [Cov,(¥,.Y,)]
= (xtzcovm (Y\;—l > Y;—l) + GzEm (};t—l)
= Gtz I/m (Y;—l) + GzEm (Yt—l)

=V, @)
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