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Robust calibration estimators 
Pierre Duchesne 1 

Abstract 
We consider the use of calibration estimators when outliers occur. An extension is obtained for the class of Deville and 
Särndal (1992) calibration estimators based on Wright (1983) QR estimators. It is also obtained by minimizing a general 
metric subject to constraints on the calibration variables and weights. As an application, this class of estimators helps us 
consider robust calibration estimators by choosing parameters carefully. This makes it possible, e.g., for cosmetic reasons, to 
limit robust weights to a predetermined interval. The use of robust estimators with a high breakdown point is also 
considered. In the specific case of the mean square metric, the estimator proposed by the author is a generalization of a Lee 
(1991) proposition. The new methodology is illustrated by means of a short simulation study. 
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1. Introduction  
The problem of outliers is an important one in all 

branches of statistics. In sampling theory, the background is 
different from that of parametric statistics since the 
objective is often to estimate the total of a variable of 
interest .y  An outlier may have its full weight within the 
population total. Moreover, methodologists may assume, at 
the estimation stage, that the values of units are recorded 
without error, since the gathered units are often processed 
within an editing system (Särndal, Swensson and Wretman 
1992, section 1.7). This step is part of the sampling proce-
dure in large statistical agencies such as Statistics Canada. 
Lee (1995) has provided an overview of robustness 
developments within sampling theory. 

Nevertheless, since populations for economic surveys are 
often asymmetric, some units might be extreme as com-
pared to others, as was discussed by Kish (1965). The 
complete elimination of such units would lead to biased 
estimates, while maintaining them with their full weight 
might make an estimator such as the generalized regression 
(GREG) estimator highly variable. This would suggest a 
compromise between bias and variance. When outliers 
occur, the challenge is to propose robust estimators of the 
total that are little affected by certain units that deviate 
sharply from others. Such estimators should have little bias 
and a small mean square error. Traditionally, sampling 
theory has been deeply involved in the development of 
unbiased or asymptotically design unbiased (ADU) esti-
mators. See for example Särndal et al., (1992, Section 7.12). 
However, this ADU property is perhaps undesirable within 
the context of outliers. This was discussed by Chambers and 
Kokic (1993), who showed the conflict between the ADU 
property and the robustness of an estimator. 

We consider the Horvitz-Thompson (HT) estimator 
defined by HT

ˆ ,sy k kT d y∑=  where 1,k k kd −= π π  being the 
inclusion probability (If A  is a set of units, ,A U⊆  then 

A∑  is a notation signifying ).k A∈∑  Let us assume a 
positive variable of interest y  and an asymmetric 
population. As the HT estimator is a mean weighted by the 

,kd  it is vulnerable to large values of .y  A unit with a high 
weight kd  may also have a considerable impact on the 
estimation step by including variable estimates. Lee (1995) 
defined these units as influential. An extreme unit is not 
necessarily influential if its weight kd  is sufficiently small. 
Traditionally, methodologists have sought to limit the 
impact of influential units when they are known prior to 
sampling, by assigning for example sampling weights close 
to 1 to extreme units. Gambino (1987) and Lee (1995) have 
nevertheless discussed situations in which this cannot be 
done. In a major article, Hidiroglou and Srinath (1981) 
considered changing the sampling weights when outliers 
occur. Their approach gave much legitimacy to weight 
modification within sampling procedures. 

Many of the first robust alternatives to the total were 
based on M estimators and GM-estimators. Nevertheless, 
much interest has been shown recently for estimators that 
also provide good overall robustness, as measured by the 
breakdown point of an estimator. These concepts are 
discussed for example in Donoho and Huber (1983), 
Hampel, Ronchetti, Rousseeuw and Stahel (1986) and 
Rousseeuw and Leroy (1987). The breakdown point mea-
sures the percentage of outliers within the sample that the 
estimator can tolerate while providing nonetheless a good 
estimate of a given characteristic of the population. Lee, 
Ghangurde, Mach and Yung (1992) required estimators of 
the total that were based on robust estimators with a high 
breakdown point. 

We will be considering calibration estimators of the total 
yT  written as .s k kw y∑  These estimators were developed 

for example in Deville and Särndal (1992). We are looking 
for weights kw  that are as close as possible to sampling 
weights 1,k kd −= π  while meeting benchmark constraints, 
denoted CE (also known as calibration constraints), 
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,k k xs w x T=∑  (1.1) 

where kx  is a vector of dimension m  that corresponds to 
the available auxiliary information of known total 

.Ux kT x∑=  These estimators are popular as they are easily 
interpreted, since methodologists are used to assigning 
weights kw  to units .ky  Several metrics are studied to 
measure the proximity between kd  and .kw  The GREG 
estimator is an important example with (1k kw d= +  

1
HT

ˆ( ) / ),x x s k kT T M x c−′−  where / .ss k k k kM d x x c∑ ′=  It    
is obtained by minimizing the mean square metric 

2( ) / .s k k k kc w d d∑ −  Constants kc  are weighting factors 
which can take into account problems of heteroscedasticity 
(for example). Särndal (1996) discussed the selection of 
these constants. However, since the g-weights /k k kg w d=  
of the GREG estimator are not generally restricted, other 
metrics are proposed as a means of limiting them so that 
they might meet certain constraints applicable to the range 
of values (CARV). Specifically, this makes it possible to 
avoid undesirable negative weights .kw  See Deville and 
Särndal (1992), Singh and Mohl (1996) and Stukel, 
Hidiroglou and Särndal (1996). 

As was noted by Fuller, Loughin and Baker (1994, page 
81), there is a link between calibration estimators and robust 
methods. However, it is wrong to assume that calibration 
estimators necessarily have good properties of robustness, 
given that all the calibration estimators considered by 
Deville and Särndal (1992) were asymptotically equivalent 
to the GREG estimator, which, being ADU, is not robust. 
Moreover, a traditional calibration estimator is not robust as 
it depends linearly on ,kw  and kw  and does not take into 
account .ky  

The purpose of this paper is to build estimators in the 
form of s k kw y∑  where the weights kw  provide robustness 
while meeting constraints on the calibration variables and 
the weights .kw  The starting point of our approach is the 
class of Wright (1983) estimators QR. Let us assume we 
have available constants {( , ), 0, 0,k k k kq r q r k> ≥ ∀ ∈  

},U  such that 0U k k k kq x x∑ ′π >  and 0, .s k k kq x x s∑ ′ > ∀  
(If A  is a symmetric matrix, 0A>  means that A  is definite 
as positive.) The QR estimators are defined on the basis of 

kq  and kr  by the relation 

QR
ˆ ˆ ,y x q k ksT T B r e′= + ∑  (1.2) 

where ˆ
qB  assumes a form weighted by the kq  

( ) 1ˆ ,q k k k k k ks sB q x x q x y
−

′= ∑ ∑  (1.3) 

and 
ˆ .k k k qe y x B′= −  (1.4) 

It will be shown in section 2 that the QR estimators are 
calibration estimators, and a new class of estimators, 
denoted RQR, will be introduced, also based on the choice 
of constants kq  and .kr  It generalizes to a certain extent the 
QR estimators as well as the class of Deville and Särndal 

(1992) estimators. The RQR class is interesting in that it 
makes it possible to obtain weights kw  that are limited to a 
given interval, say [ , ].L U  Some of the properties of 
classes QR and RQR are provided in section 2. 

Section 3 describes applications of the RQR class in the 
building of robust calibration estimators. The main goal is to 
modify robust default weights so that they meet calibration 
constraints. Section 3.1 discusses the choice of constants kq  
and kr  using arguments suited to calibration estimators. 
This is a new and unifying approach, and in section 3.2 it 
guides our choice of kq  and kr  when there is auxiliary 
information. One important element is the use of a robust 
estimator allowing for the weighted form (1.3), providing 
the .kq  Note that this is the case for GM-estimators. 
Usually, estimators with a high breakdown point do not 
have a weighted form. Consideration is given to reweighting 
these estimators, allowing the breakdown point to be kept 
under control and making it possible to have estimators 
written in the form (1.3). See Rousseeuw and Leroy (1987) 
and Simpson and Chang (1997). We then discuss the choice 
of kq  and ,kr  so as to calculate an RQR estimator and 
obtain a robust calibration estimator with restricted weights. 
Various robust estimators, including the Lee (1991) 
estimator and the Chambers (1986) estimator, are compared 
in section 4 with RQR estimators as well as with the GREG 
estimator and one calibration estimator considered in 
Deville and Särndal (1992) whose weights are limited. The 
Lee (1991) estimator can be considered a specific case of 
our approach. It allows us to also consider a new estimator 
with restricted weights. Four populations that have already 
been studied in the literature are considered. It will be noted 
that estimators free of weight constraints are subject to 
negative weighting problems. With the RQR class of 
estimators, robust estimators having positive weights can be 
obtained, and they compare well with estimators free of 
weight constraints. Finally, conclusions are drawn in 
section  5. Appendix B contains a list of abbreviations, and 
Appendix C contains a list of the various constants found in 
this paper, with definitions.  

2. RQR class estimators  
Consider a finite population {1, 2, ..., }U N=  of size 

N  whose total Uy kT y∑=  we wish to estimate for a 
variable of interest y  that is positive. A sample s  of size 

sn  is drawn following a sampling design ( ).p s  The 
inclusion probability of a unit k  is denoted ,kπ  and the 
second-order inclusion probabilities are denoted .klπ  We 
assume that the auxiliary information kx  is of unit value, 
i.e., kx  is known from a reliable source .k U∀ ∈  

Wright (1983) introduced a class of QR estimators 
written in the form (1.2) with the primary objective of 
unifying a large number of common estimators. We find 
the best linear unbiased prediction (BLUP) estimator of 
Royall (1970) derived from the model-based theory, 
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obtained by assuming ( , ) (1/ , 1),k k kq r c=  and the GREG 
estimator of Cassel, Särndal and Wretman (1976) by 
considering the choice ( , ) ( / , ).k k k k kq r d c d=  Alternately, 
(1.2) can be written as 

QR
ˆ ,y k k ksT d g y= ∑  

where k kd g  satisfies 

( ) 1ˆ( ) ,k k k x xr k k k k ksd g r T T q x x q x
−

′ ′= + − ∑  (2.1) 

with ˆ .sxr k kT r x∑=  Assuming ,k k kr d g=  corresponds to 
the g-weight of the GREG estimator. 

The QR estimators are calibration estimators, obtained 
by minimizing the mean square metric subject to the CEs 

min 21 ( ) / ,
2 k k ks w r q−∑  as of .k k xs w x T=∑  (2.2) 

The weights kw  are chosen as close as possible to the kr  
and the kq  are weighting factors. In other words, the 
starting weights kr  are transformed into calibration weights 

.kw  The solution to problem (2.2) is ,k k kw d g=  where 
k kd g  is given by the formula (2.1). 
Nothing, however, guarantees that the weights kw  of the 

QR estimator are positive, which might be undesirable in 
practice. See Brewer (1994), who formalized the interpre-
tation of weights. To limit the weights kw  in [ , ],L U  we 
wish to resolve 

min ( ; , ),k k ks G w q r∑  

as of k k xs w x T=∑  and [ , ].kw L U∈  (2.3) 

The calibration estimator of the total is 

RQR
ˆ ,y k ksT w y= ∑  (2.4) 

where the kw  are obtained by resolving problem (2.3). It is 
assumed that function ( ; , )G w q r  is strictly convex and 
can be derived in w  for fixed r  and .q  We denote 

( ; , ) ( ; , )g u q r G u q r′=  and 1( ; , ) ( ; , ).h u q r g u q r−=  
Moreover, it is assumed that (0; , )h q r r=  and (0;h′  

, ) .q r q=  The resulting estimators are called QR (RQR) 
restricted calibration estimators. 

Fuller et al., (1994) favoured regression estimators 
having reasonable invariance properties. It can be shown 
that RQR estimators are regression equivariant and to scale 
when constants kq  and kr  are transformation invariant. 
Useful definitions may be found in Bolfarine and Zacks 
(1992). 

There is no guarantee that there is a solution to problem 
(2.3). We refer to the simulation study in Stukel et al., 
(1996). There may, for example, be realizations of the 
sample for which even the CEs cannot be satisfied (1.1). 
Thus, the sample is so imbalanced that it is impossible for 
the weighted sum of the components for each dimension to 
provide the corresponding population total. The only 
recourse for the practitioner, then, is to relax the constraints 

by reducing the dimension of the number of auxiliary 
variables. See also the discussion in Fuller et al., (1994). As 
for the calibration estimators considered in Deville and 
Särndal (1992), it was shown, in result 1, that there is a 
solution with a probability approaching one. Under certain 
conditions, this result can be adapted to class RQR 
estimators. 

The metric on which we will focus our attention so that 
the weights may satisfy the CARVs is a slight modification 
of case No. 7 in Deville and Särndal (1992). We call it the 
restricted mean square metric. The G-function that corres-
ponds to the choice of this metric is 

21 ( ) / if [ , ],
2

( ; , )

otherwise,

k k k k

k k k

w r q w L U
G w q r

⎧ − ∈⎪
⎪= ⎨
⎪
∞⎪⎩

 

whereas the h-function is 

,

( ; , ) [ , ],

.

k k k

k k k k k k k k k

k k k

L r q x L

h x q r r q x r q x L U

U r q x U

′+ λ <⎧
⎪⎪′ ′ ′λ = + λ + λ ∈⎨
⎪
⎪ ′+ λ >⎩

 

Given this modification, it is the weight kw  that is con-
strained and not only /k kw d  as for case No. 7 in Deville 
and Särndal (1992). In our situation, kw  can “correct” an 
initial weight that is an outlier. It will be noted that, as it is 
formulated, the Deville and Särndal metric (1992) subtly 
inserts the constraints on the kw  in the G-function. In order 
to calculate the estimator (2.4) according to this metric, it is 
sufficient to follow the same approach as Deville and 
Särndal (1992), which leads us to a solution, using 
Newton’s method, for the following equation in λ  

( ; , ) .k k k k xs h x q r x T′ λ =∑  (2.5) 

The final estimator is RQR
ˆ ( ; , ) ,sy k k k kT h x q r y∞∑ ′= λ  where 

∞λ  is the solution to equation (2.5). 
It is interesting to know whether the weight constraint 

changes the properties of the estimator as compared to a QR 
estimator that is free of weight constraints. The following 
result (as proven in the Appendix) shows that, under certain 
conditions, the two estimators are asymptotically equivalent. 
In practice, using the restricted mean square metric, we have 
not observed any significant deviations.  
Proposition 1. According to hypotheses 1C  and 2C  given 
in the Appendix, 

1 1/ 2
QR RQR

ˆ ˆ ( ).y y pN T T o n− −| − | =  (2.6) 

This result can possibly be obtained using the approach 
leading to result No. 5 in Deville and Särndal (1992) dealing 
with the asymptotic equivalence between the GREG        
and calibration estimators considered by the authors. 
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However, proposition 1 is of some use to understand the 
type of conditions needed to reach the result described in 
our situation. 

Since (1.2) shows the same asymptotic behaviour as 
quantity ,sx q k kT B w E∑′ +  where k k k qE y x B′= −  and 

1( ) ,U Uq k k k k k k k kB q x x q x y−∑ ∑′= π π  this would suggest 
as variance estimator 

( ) ( ),L kl k k l lsv w e w e= Δ∑∑  (2.7) 

where , /kl kl k l kl kl klΔ = π − π π Δ = Δ π  and ke  are given by 
(1.4). See Särndal et al., (1989) and Särndal et al., (1992, 
page 234). It can be shown that the asymptotic bias of a QR 
estimator is given under general conditions by 

QR
ˆ( ) ( 1) .p y y k k kUE T T r E− = π −∑  

Then, a possible bias estimator is ( 1) ,s k k k kb d r e∑= π −  
which can be used in conjunction with formula (2.7) to 
build an estimator of the mean square error for a QR and 
RQR estimator, using proposition 1. 

RQR estimators make it possible to obtain calibration 
estimators with constrained weights. Given set kq  and ,kr  it 
is sufficient to resolve problem (2.3). In the sections which 
follow, the RQR class is applied within a context of 
robustness. We will show how to direct the selection of 
constants kq  and ,kr  chosen in practice using sample .s  

 
3. Building robust and calibrated estimators  

3.1 Methods based on weight reduction and value 
modification  

Lee (1995) discussed various propositions based on the 
weight reduction method for simple random sampling. Once 
outlier observations have been detected, these methods 
consist in reducing the weight of extreme observations. 
These methods are to be preferred to those which eliminate 
doubtful observations entirely, since all the observations in 
the sample are legitimate, as was discussed by Lee et al., 
(1992). 

With respect to calibration estimators, we begin by 
considering the situation in which there is no auxiliary infor-
mation available and the only constraint is .s kw N∑ =  This 
case will guide our path. Consider the QR estimator with 

.k kq r=  For the sake of our discussion, we consider 
constants ,kr  known and fixed. The weights minimizing 
(2.2) subject to s kw N∑ =  are ( ) ,k s kw C r r=  where 

( ) / ,ss kC r N r∑=  so that QRŷT  becomes 

QR
ˆ ( ) .y s k ksT C r r y= ∑  (3.1) 

Whenever an observation is extreme, it might represent few 
units like itself within the population, and its weight should 

perhaps be reduced. In order to satisfy the CEs, this means 
finding weights kw  that come closest to the sampling 
weights kd  for units which are not outliers but come as 
close as possible to a reduction factor r  for outlier units, 
where r  is chosen by the statistician. Specifically, we 
denote 1 2,s s s= ∪  where 1s  of cardinality 1n  represents 
those units that are not reported as outliers, whereas 

2 1s s s= −  of cardinality 2 1n n n= −  represents the outlier 
units of .s  The reduction factor r  will typically satisfy 

2, .kr d k s≤ ∀ ∈  For example, consider the estimator (3.1) 
with 1 1(1 ),k k k k k kq r B d I r I= = = + −  where 1kI  is the 
variable indicating affiliation to 1.s  In this way, constants 

kq  and kr  are reduced for units of 2s  so as to reflect the 
fact that units of 2s  are extreme. The estimator (3.1) 
becomes 

( )QR 1 2
ˆ ( ) .y s k k ks sT C B d y r y= +∑ ∑  

In the case of simple random sampling, nNd k /=  and we 
obtain 

QR
ˆ ˆ( ) ,y s yBT C B T=  

where 1 2
ˆ / s syB k kT N n y r y∑ ∑= +  is the Bershad (1960) 

estimator discussed in Lee (1995). Other methods based on 
weight reduction have been discussed in Lee (1995), who 
also discussed the choice of .r  

One disadvantage of methods based on weight reduction 
is that the analyst must identify the outlier units. Methods 
based on value modification avoid this difficulty by 
providing gradual weight reduction for units that are more 
extreme. We consider a case of simple random sampling. 
We assume 

( ; , , ) ( )min(1, / ).k km y t a b b a b t y= + −  (3.2) 

Thus, this function assigns a starting weight of value a  for 
the ,ky t<  and gradually reduces this to a final weight ,b  
as ky  becomes extreme. Value t  is called the threshold. 
The constants ,a b  and t  are chosen by the statistician. 
Several values for a  and b  have been considered in the 
literature. Thus, instead of assigning a fixed reduction factor 
to the units of 2,s  we select ( ; , / ,k k k kq r W m y t N n= = =  

/ ),f N n  where f  is a constant between 0 and 1. The 
estimator (3.1) becomes 

QR
ˆ ( )

ˆ( ) .
y s k kS

s yW

T C W W y

C W T

=

=

∑
 

The estimator ŷWT  has been discussed in Gross, Taylor 
and Lloyd-Smith (1986) as well as in Chambers and 
Kokic (1993), who called it the winsorized estimator. 
This is a special case of the approach used by Chambers 
(1982, 1986). When 0,f =  the estimator (3.1) becomes 

QRŷT = 1
ˆ( )s I yWC W T  with ( ; , / , 0),k k Ik kq r W m y t N n= = =  
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where 11 2
ˆ / ( ),syW kT N n y n t∑= +  denoting the part of s  

containing units that satisfy .ky t<  The estimator 1ŷWT  has 
been discussed in Lee (1995), as well as in Gross et al., 
(1986), who called it the type I winsorized estimator. 
When / ,f n N=  Gross et al., (1986) called it the type II 
winsorized estimator. It has also been discussed in Bruce 
(1991). 

In a design ps,π  Dalén (1987) inserted the design by 
assuming ( ; , , 1).k k k kD m y t d= π  Thus, if k  and l  are two 
extreme observations such that ,k ly y=  then the 
observation whose sampling weight is largest will have a 
higher weight .kD  Selecting k k kr q D= =  makes it 
possible to obtain essentially the Dalén estimator, QRŷT =  

( ) .ss k kC D D y∑  The estimator ˆ
syD k kT D y∑=  has been 

studied for example in Tambay (1988).  
Table 3.1 

Estimator (3.1) based on weight reduction and value modification  
Estimator Value of k kq r=  
Bershad 1 1(1 )k k k kB d I r I= + −  
Winsorised ( ; , / , / )k kW m y t N n f N n=  
Winsorised, type I ( ; , / , 0)Ik kW m y t N n=  
Winsorised, type II ( ; , / , 1)IIk kW m y t N n=  
Dalén ( ; , , 1)k k k kD m y t d= π  

 
Note: ( ; , , ) ( )min(1, / ).k km y t a b b a b t y= + −   

The approach used in this section suggests that we may 
occasionally seek estimators whose weights are close to kr  
rather than the sampling weights .kd  The constants kr  will 
themselves be chosen close to kd  for the proper units, but 
will be reduced once a unit is declared extreme. The QR 
estimators allow the weight reduction and value modifi-
cation methods to be unified. Methods based on value 
modification help us choose weights that are adapted to the 
specific sample s  chosen. As was noted in Chambers and 
Kokic (1993), this is not surprising since the problem of 
outliers occurs after the selection of sample .s  We must use 
the sample at our disposal to overcome the problem. These 
methods are generalized in the following section using 
auxiliary information.  
3.2 Estimators of the total based on robust statistics  

One of the first attempts to obtain robust alternatives to 
population totals using auxiliary information can be found 
in Chambers (1982, 1986), who proposed a robust ratio 
estimator based on BLUP estimator decomposition. One 
recent extension of the work carried out by Chambers can 
be found in Welsh and Ronchetti (1998). Gwet and Rivest 
(1992) also proposed a robust version of the ratio estimator 
using an approach based on the design in simple random 
sampling. Rivest and Rouillard (1991) carried out a compa-
rative study of several robust estimators, and examined 
several estimators of the mean square error. For designs 

with unequal probabilities, Hulliger (1995) considered 
robustifying the HT estimator when inclusion probabilities 
are obtained using auxiliary information. Gwet and Rivest 
(1992) and Hulliger (1995) considered a version of the 
influence function for finite populations, emphasizing the 
need for procedures having good properties of local robust-
ness and the use of estimators having limited influence 
functions. Influence functions were discussed generally in 
Hampel et al., (1986). 

The following sections will deal with building robust 
estimators having constrained weights. The building of such 
estimators is based on the following steps:  

− Identifying the constants kq  and ;kr  this provides a 
QR estimator.  

− Resolving the problem (2.3) so as to provide an 
RQR estimator.  

In terms of robustness, the coefficients kq  are selected such 
that ˆ

qB  is a robust estimator. Thus, the first part of the QR 
estimator, ˆ ,x qT B′  provides a good predicted value for the 
entire population. The second part of the QR estimator, 

,s k kr e∑  corrects the first part for the ky  observed in the 
sample. The constants kr  ensure that with this correction, 
the outliers in the sample will not return with full weight.  
3.2.1 Choice of kq  based on a GM-estimator  

Consider the estimator (1.2) in which qB̂  is replaced by 
a robust estimator of a regression coefficient. Such esti-
mators have been discussed for example in Huber (1981) 
and Hampel et al., (1986). We thus obtain 

ˆ ˆ ˆ( ).g x g k k k gsT T B r y x B′ ′= + −∑  (3.3) 

The estimator (3.3) does not have the form of QR estimators 
unless ˆ

gB  assumes a weighted form. This is the case if ˆ
gB  

is a GM-estimator defined by the equation 

(( ) /( )) 0,k k k k k k k ks d h x y x B h c cα′ψ − σ =∑  (3.4) 

since the solution to (3.4) can be expressed as 

( ) 11 1ˆ / / ,g k k k k k k k k k k k ks sB d h u x x c d h u x y c
−−α −α′= ∑ ∑  

where 

ˆ(( ) /( ))
.ˆ( ) /( )

k k g k k
k

k k g k k

y x B h c
u

y x B h c

α

α

′ψ − σ
=

′− σ
 

The properties of GM-estimators have been discussed in 
Simpson and Chang (1997). To simplify our discussion, σ  
is assumed to be known, and the role of kc  is the same as in 
the case of the GREG estimator. The function ψ  is 
determined by the analyst. A current example would be the 
Huber function 
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if ,

( ; ) if | | ,

if .
H ub

c x c

x c x x c

c x c

>⎧
⎪⎪ψ = ≤⎨
⎪
− < −⎪⎩

 (3.5) 

A value of c  around 2 is often used in calculating GM-
estimators. See for example Hampel et al., (1986), Gwet 
and Rivest (1992) and Hulliger (1995). 

The choice of kh  makes it possible to limit the influence 
of auxiliary information that is too extreme. The constant 

0α =  leads to the choice of Mallows whereas 1α =  makes 
it possible to obtain the Schweppe version. The Schweppe 
version is sometimes preferred. See Coakley and 
Hettmansperger (1993) and Hampel et al., (1986, page 322). 
When there is minimal auxiliary information, i.e., when we 
only have available a real variable , ,kx k U∀ ∈  a possible 
choice for function kh  is 

min 1, .
/med( )k

k k

th
x x

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
 (3.6) 

For a design ps,π  a modification of  kh  following Dalén 
(1987) so as to take various sampling weights into 
consideration would perhaps be desirable. The constant t  
must be specified by the statistician. A value of t  around 
1.5 is found in the applications. See for example Rivest and 
Rouillard (1991), who also provide other choices for 
functions .kh  

Writing ˆ
gB  as a weighted estimator makes it possible to 

write estimator (3.3) as a QR estimator with 
1( , ) ( / , ).k k k k k k kq r d h u c r−α=  

The choice of constants kr  is discussed in section 3.2.3.  
3.2.2 Choice of kq  based on a high-breaking-point 

estimator  
The choice of a GM-estimator is only a first step towards 

obtaining a very robust estimator of the total. In fact, 
although the influence function of GM-estimators is 
restricted, the fact remains that such estimators do not have 
a high breakdown point, which usually diminishes 
according to the dimension of the auxiliary information 
(Rousseeuw and Leroy 1987, page 13). This section will 
explain how to build robust calibration estimators based on 
high breakdown point estimators. As such estimators do not 
usually assume a weighted form, we will consider 
reweighting them. This will allow us to obtain, as in the 
previous section, the constants kq  needed to compute the 
RQR estimator metric. Specifically, the following weights 
ˆku  are considered: 

0

0

ˆ(( ) /( ))
,ˆ ˆ( ) /( )

k k k k
k

k k k k

y x B h c
u

y x B h c

α

α

′ψ − σ
=

′− σ
 (3.7) 

where 0B̂  is an equivariant estimator with a high break-
down point meeting certain regularity conditions. The 
reweighted estimator is 

( ) 11

1

ˆ /ˆ

/ .ˆ

r k k k k k ks

k k k k k ks

B d h u x x c

d h u x y c

−−α

−α

′=

×

∑
∑

 
(3.8)

 

The asymptotic properties of this type of estimator have 
been studied in Simpson and Chang (1997). 

The estimator 0B̂  that is considered is the one-step GM- 
estimator of Coakley and Hettmansperger (1993). This 
estimator has a high breakdown point. It is obtained as the 
first iteration of the Newton formula in equation (3.4), 
where the Schweppe version is used, assuming 1.α =  Other 
robust estimators could have been chosen. However, the 
efficiency and robust properties of the Coakley and 
Hettmansperger (1993) estimator make it a good choice. 
Thus, the proposed constant kq  is 

1 / ,ˆk k k k kq d h u c−α=  

with 0 CH CH
ˆ ˆ ˆ,B B B=  denoting the Coakley and 

Hettmansperger (1993) estimator.  
3.2.3 Choice of kr   

Once the constants ,kq  have been determined, the 
constants kr  must be selected. If k kd r=  then under general 
conditions, the QR estimator is an ADU estimator. How-
ever, such a choice of kr  yields an estimator that is sensitive 
to outliers. Alternately, choosing 0kr =  provides a robust 
estimator that might be very biased as was emphasized in 
Gwet and Rivest (1992, page 1180). Lee (1991) suggested 
choosing ,k kr d= θ  where [0, 1].θ∈  The asymptotic bias 
becomes under general conditions ( 1) ,U kE∑θ −  where kE  
represents the residuals obtained by adjusting a robust 
estimator for the entire population. Choosing θ  makes it 
possible to control estimator bias. The discussion in 
section 3 leads us to suggest constants kr  that are close to 
the kd  for good units, and reduced gradually for doubtful 
observations. We suggest choosing 

,k k kr d u∗=  (3.9) 

where 

ˆ(( ) /( ))
.ˆ( ) / ( )

k k r k k
k

k k r k k

y x B h c
u

y x B h c

∗ α
∗

α

′ψ − σ
=

′− σ
 

The function ∗ψ  which we will be considering is a 
modification of the Huber function 

if | | ,

( ) sign ( ) if | | and | | / ,

if | | / .

x x a

x a x x a x a b

bx x a b

∗

≤⎧
⎪⎪ψ = > <⎨
⎪

>⎪⎩

 (3.10) 
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We choose 9, 1/4.a b= =  The reason for this modification 
is that we do not want the outliers comprising large 
residuals or extreme auxiliary information to have weights 
that are too reduced. In this way, the sampling weight is 
fully maintained when the argument for ku∗  is between 9−  
and 9, and reduced gradually to one quarter. If the weight of 
large residuals is reduced too much, then the bias becomes 
too great, leading to the choice of .∗ψ  The choice of 
constants kr  has been done empirically, and seems to work 
well in practice. 

Thus, we will consider the choice of constants kq  and kr  
following 

1( , ) ( / , ).ˆk k k k k k k kq r d h u c d u−α ∗=  (3.11) 

We suggest a generalization of the Lee proposition (1991), 
since instead of considering k kr d= θ  where θ  is fixed, 

k k kr d u∗=  will adapt automatically (or adaptively) to the 
sample. Having this choice of constants kq  and kr  at our 
disposal, and with the usual mean square metric, we obtain a 
QR estimator, but it is subject to negative weighting 
problems. However, with the constants (3.11), we can 
consider the restricted mean square metric, solve the 
problem (2.3) and obtain a robust estimator meeting the CEs 
and the CARVs. 

There are in proposition 1 possible solutions for the 
asymptotic behaviour of the resulting RQR estimator as 
compared to the QR estimator free of weight constraints. 
However, since the constants (3.11) depend on s  in a 
complex way, there can be no automatic conclusion about 
asymptotic equivalence. Nevertheless, the simulation study 
in section 4 seems to suggest a very comparable behaviour 
for the estimator with and without constraint on the weights, 
with respect to the Monte Carlo mean square error. Thus, 
empirical evidence shows that if the kq  and kr  are chosen 
in such a way that the estimator without constraint on the 
weights is robust, then the version with constraints on the 
weights will also be robust. 

Finally, the following is a summary of the steps in the 
proposed method used to obtain a robust RQR estimator.  

1. Choice of constants kq  and .kr  We suggest the 
constants found in equation (3.11). For this step, it is 
necessary to compute CH

ˆ .B   
2. Choice of metric. If need be, choice of constants L  

and .U  These constants are chosen such that 
, .kL r U k s≤ ≤ ∀ ∈   

3. Solution using Newton’s method for equation (2.5).  
4. Assume ( ; , )k k k kw h x q r∞′= λ  for ∞λ  solution to 

step 3.  
5. Assume ˆ ,syr k kT w y∑=  which is the proposed RQR 

estimator.   
The procedure requires a certain number of constants. 

The constants , tα  and c  are found in the calculation of 
kq  and .kr  The choice of these values is nevertheless 

justified using robustness theory, which helps guide the 

practitioner. Thus, the value for c  in the Huber function can 
be obtained by taking into account efficiency concerns 
under normal errors. See Hampel et al., (1986, page 333) 
and Gwet and Rivest (1992). Constants a  and b  are also 
found; they are more directly linked to the proposed 
estimators. Constant b  represents the maximum weight 
reduction that can be allowed when specifying the default 
weights ,kr  and for this reason there is a link with the 
suggestion made by Lee (1991). The constant which it is 
most important to specify is possibly the value of .a  We 
suggest here 9.a =  However, in our simulations, a value of 
a  between 6 and 12 yielded relatively comparable results. 
The choice of limits L  and U  rests on cosmetic 
considerations, so that the weights may be limited to one 
interval. This last consideration is perhaps secondary for the 
practitioner. As a result, it would seem that the most 
important aspect is to choose a value of kr  that is close to 

kd  for the proper values, then reduced as an observation is 
deemed extreme, and that is the goal which has guided our 
choice of kr  in this section. Nevertheless, it would be useful 
to make a choice of kr  that satisfies a certain optimality 
criterion.  
3.3 Chambers model-assisted estimator  

Another approach is based on a decomposition proposed 
by Chambers (1982, 1986) which we now apply to QR 
estimators. Note that a QR estimator can always be written 
in the form 

QR
ˆ ˆ( ) ( ),y k k x xr k k k ks sT r y T T B z q y x B′ ′= + − + −∑ ∑  

where 1ˆ ˆ( ) ( ) ,s sk x xr k k k k k xr k kz T T q x x x q T r x−∑ ∑′ ′= − =  and 
B  are arbitrary. Chambers (1986) had considered the 
specific case 2( , ) (1/ , 1)k k kq r = σ  for the ratio estimator. In 
order to limit the influence of outlier units, Chambers 
proposed 

CHAM
ˆ ˆ( )

( ( )).
y k k x xrs

k p k k ks

T r x T T B

z q y x B

′= + −

′+ ψ −

∑
∑  (3.12)

 

The function pψ  helps limit the influence of large residuals. 
The choice for B  is a robust estimator, e.g., ˆ .gB  One 
function pψ  considered in Chambers (1986) was 

2( ) exp( 0.25(| | 6) ).p t t tψ = − −  (3.13) 

It is interesting to note that (3.12) can be written as 

CHAM
ˆ ( ( ) ) ( ),y x k k k k k ksT T B r d g r e B′= + + − λ∑  

where ( ) ,k k k ke B y x B g′= −  is defined in formula (2.1) 
calculated using kq  and ,kr  and 

( ( ))
.

( )
p k k k

k
k k k

q y x B
q y x B

′ψ −
λ =

′−
 (3.14) 
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Thus, the residuals ( )ke B  are weighted using a relation 
referring to formula (3.2). If 1,kλ ≡  then k kd g  is applied to 
residuals ( )ke B  and it is easy to verify that we have the esti-
mator QR

ˆ .yT  Alternately, if 0,kλ ≡  we obtain (3.3) if we 
assume ˆ .gB B=  If in (3.12) we assume ( , ) (1/ , 1)k k kq r c=  
and ˆ ,gB B=  then the Chambers estimator represents a 
compromise between the BLUP and a robust estimator 
based on a GM-estimator. Note that formally (3.12) is a QR 
estimator with 

1( , ) ( / , ( ) ).k k k k k k k k k k kq r d h u c r d g r∗ ∗ −α= + − λ  

However, since ∗
kr  is not necessarily positive, it is not 

always possible to undertake a change of metric in this case.  
4. Empirical study  

To study the performance of robust calibration esti-
mators, we carried out a Monte Carlo simulation study. We 
considered four populations comprising data from readily 
available works on sampling theory. For each population, 
K = 2,000 samples were drawn using simple random 
sampling for various sample sizes. Our main objective was 

to determine whether it is possible to obtain estimators 
having good empirical properties (bias, mean square error) 
while satisfying the CEs and the CARVs. Note that all the 
programs were written in S-PLUS (Statistical Sciences 
1991) and are available from the author.  
4.1 Populations under study  

The population graphs can be found in Figure (4.1). The 
first population, comprising 51 units, can be found in 
Mosteller and Tukey (1977, page 560). It consists of the 
U.S. population in 1960 and in 1970 for each of the 50 
states and the federal district of Columbia. It is called 
POPUSA. Looking at the scattergram of the 1970 popu-
lation in terms of the 1960 population, we notice that all 
units seem to be on the same straight line, with some good 
leverage points. An example of a good leverage point is the 
point surrounded in this population. The second population, 
with 34 units, can be found in Singh and Chaudhary (1986, 
page 177). It deals with the area of fields sown in 1971 and 
in 1974. This population is called AREA. There is a bad 
leverage point (see the surrounded point) in this population 
since  the  point  (4,170.99)  does not respect the linear trend 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4.1 The four populations under study 
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of the majority of units. Samples of size 10 and 15 are 
drawn from POPUSA and AREA. The third population, i.e. 
the MU284 in Särndal et al., (1992), comprises the 284 
municipalities of Sweden. We considered variables x =S82 
concerning the total number of seats in the municipal 
council, and 85y P=  representing the population of 
Sweden in 1985. There are vertical outliers (e.g., the 
surrounded point) and one bad leverage point. Finally, we 
considered population made up of MU281 made up of 
MU284 from which the three largest municipalities were 
excluded. The variables considered were x =REV84 
representing the values of landed property based on the 
1984 assessment, and y =RMT85 representing municipal 
tax revenues in 1985. The unit of measurement was one 
million kronor for both variables. It seems this population 
has several bad leverage points. Samples of size n = 30 and 
n = 60 were drawn from MU284 and MU281. Table (4.1) 
contains totals for various populations.  

Table 4.1 
Totals for various populations and totals known from  

auxiliary information  
Population                     Tx                      Ty                        N
POPUSA 179,972 203,923 51
AREA 29,118 6,781 34
MU284 13,500 8,339 284
MU281 757,246 53,124 281 
4.2 Description of the estimators  

The two basic estimators were the GREG estimator 
and the estimator obtained by considering case No. 7 in 
Deville and Särndal (1992), i.e., a GREG estimator with 
restricted weights. These estimators were denoted GREG/U 

and GREG/R respectively. We selected 1kc ≡  for 
populations POPUSA and AREA, and chose k kc x=  for 
populations MU284 and MU281. Our choice for the kc  
was motivated by the relationship between these con-
stants and the heteroscedasticity of the superpopulation 
model. Of the robust estimators, we studied the Chambers 
(1986) estimator by considering 

CH
ˆ ˆ( , ) ( ( ) / , 1 ( 1) ( )),ˆk k k k k k k k rq r d u B c d g B∗ ∗ = + − λ  

where in the formula (2.1) ( , ) (1 / , 1),k k kq r c=  denoted 
CHAM, based on ˆ .rB  The constants  CH

ˆ( )ˆku B  were ob-
tained from formula (3.7). Selection 1α =  was used 
throughout the simulation. Huber’s function ψ  was used 
with the constant c = 1.345 for ˆ .rB  The functions kh  are 
those given by formula (3.6), where we selected t = 1.46. 
The function kλ  is defined by equation (3.14). The function 

pψ  considered was that given by equation (3.13). The scale 
was estimated as in Coakley and Hettmansperger (1993). 
We also considered the model-assisted BLUP estimator in 
which the generalized least squares estimator was replaced 
by estimator ˆ ,rB  which we called MODEL. Moreover, we 
considered the Lee (1991) estimator on the basis of ˆ

rB  
where 0,25 ,k kr d=  using the mean square metric. We also 
studied an extension of the Lee (1991) estimator by consi-
dering the limited mean square metric. These estimators 
were denoted by LEE25/U and LEE25/R respectively. 
Finally, we considered the new method in section 3.2.3, 
selecting ( , )k kq r  as given by equation (3.11) in accordance 
with the mean square metric and the limited mean square 
metric. They were denoted by QRROB/U and QRROB/R 
respectively. The choice of function ∗ψ  was given by 
formula (3.10). 

 
Table 4.2 

Monte Carlo results for sampling from the POPUSA population  
Estimators VAR M MSE M CV M BR M MIN MAX CARV 1 CONV 
n = 10         

GREG/U 34.90 34.92 2.90 -0.07 -6.24 26.75 86.7  
GREG/R 35.29 35.30 2.91 -0.04 0.20 32.00 100.0 98.4 

CHAM 32.43 33.75 2.85 -0.56 -19.61 40.96 84.0  
MODEL 27.66 30.69 2.72 -0.85 -19.71 40.86 82.8  

LEE25/U 27.48 30.07 2.69 -0.79 -19.38 39.64 83.2  
LEE25/R 28.67 30.90 2.73 -0.73 0.20 32.00 100.0 98.4 

QRROB/U 27.40 28.40 2.61 -0.49 -15.68 40.10 83.2  
QRROB/R 28.33 29.18 2.65 -0.45 0.20 32.00 100.0 98.4 

n = 15         
GREG/U 21.90 21.95 2.30 -0.10 -3.13 15.32 94.7  
GREG/R 22.12 22.15 2.31 -0.09 0.20 16.00 100.0 99.5 

CHAM 18.11 20.14 2.20 -0.70 -5.79 16.44 92.4  
MODEL 15.43 19.03 2.14 -0.93 -6.09 16.92 91.0  

LEE25/U 15.44 19.54 2.17 -0.99 -6.19 17.06 90.8  
LEE25/R 15.72 19.68 2.18 -0.98 0.20 16.00 100.0 99.5 

QRROB/U 14.68 16.44 1.99 -0.65 -4.48 16.41 90.9  
QRROB/R 14.85 16.56 2.00 -0.64 0.20 16.00 100.0 99.5  

1 The limits for the CARVs are [0.20, 32] for n = 10 and [0.20, 16] for n = 15. 
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4.3 Frequency measurements  
The eight estimators in Section (4.2) were calculated for 

each sample. The results can be found in Tables 4.2, 4.3, 4.4 
and 4.5. Since one asset of the new methods is the CARVs, 
statistics were calculated on these weights. Columns MIN 
and MAX in the tables of results contain the minimum and 
maximum values of weights calculated during the 
simulation for each estimator. Also shown is the percentage 
of samples for which the weights are within the CARVs in 
the CARV column in the tables of results. We also 
considered the percentage of samples for which there were 
convergent limited estimators in the CONV column. The 
intervals used [ , ]L U  for the limited intervals are 
specified in the different tables. In all cases, the various 
statistics were calculated using samples for which all 
estimators were convergent. 

Another significant feature is related to the bias and 
efficiency of the proposed methods. Let T̂  denote an 
estimator of the total .yT  Assume îT  is the estimator of the 
total calculated using sample , 1, ..., .i i K=  The relative 
Monte Carlo bias BR ,M  the mean value ME  and the 
variance MV  are given by the usual formulas, i.e., 

   ˆBR ( ( ) ) / 100,M M y yE T T T= − ×  

ˆ( )ME T = ∑ =

K
i iT

K 1

1 ˆ  and 
2

1

1 ˆ ˆ( ( )) .K
M i MiV T E T

K =
= −∑  

Our main criterion for efficiency will be the Monte Carlo 
mean square error defined by MSE 1/M K= 2

1
ˆ( ) .K

i i yT T=∑ −  
The coefficients of variation CVM  are calculated in 
accordance with MMSE / .yT  The variance and mean 
square error are expressed in millions. The coefficient of 
variation, the relative bias, the CARVs and the convergence 
of limited versions are expressed as percentages.  
4.4 Discussion  

The POPUSA population had no outliers that did not 
satisfy the linear model. During sampling, the coefficients 
of variation of the estimators were small, which could be 
expected given the trend of the population. Columns MSE 
and VAR are very similar, indicating that bias is not a 
problem for this population. All relative bias was less than 
1%. The QRROB/U estimator provided a reduction in 
variance as compared to GREG/U that exceeded 21% for 
n = 10 and 30% for n = 15. 

The size of the AREA population was small. This 
population had a bad leverage point leading to very high 
empirical relative bias for all the estimators. The GREG/U 
estimator had a relative bias of more than 7% in spite of a 
44% sampling for this population. The robust estimators had 
the most significant bias, though it was relatively 
comparable to the bias of the GREG/U estimator. The most 

significant reduction in variance was achieved for the 
QRROB/U estimator, but at the cost of a relative bias of 
about 10%. 

Population MU284 had a vertical outlier and bad 
leverage points. Robust estimators reduced the variance 
radically, since they were not affected by the three extreme 
units in y  which were clearly moving away from the linear 
trend. The CHAM, QRROB/R and QRROB/U estimators 
were more than four times less variable than the GREG/U 
estimator. However, this led to a much higher negative bias. 
All the robust estimators were severely biased. The 
MODEL estimator showed a negative bias of more than 
13%, whereas QRROB/U had a negative bias of the order of 
11%. As for QRROB, a better choice of constants in 
function *ψ  might help reduce a larger part of the bias at 
the cost of a lower variance reduction. Increasing the sample 
size to n =60 made it possible to reduce the bias below the 
10% of the CHAM and QRROB estimators, but the other 
robust estimators remained more biased. 

Population MU281 contained a fairly large number of 
bad leverage points. The variance dominated the MSE share 
of this population. The LEE25 estimator was the least 
variable, with a reduction of more than 35% as compared to 
GREG/U. However, although θ = 0.25 functions well for 
this population, our study shows that it is not always the best 
choice. 

Note that all the robust estimators were more efficient 
than the GREG or its limited version. As was confirmed by 
the results of Deville and Särndal (1992), the limited version 
of the GREG estimator showed essentially the same 
behaviour as the GREG in terms of both bias and Monte 
Carlo variance for each population. Of all the estimators that 
were considered, GREG/U and GREG/R were the least 
biased. The robust versions all exhibited greater bias. 
However, this is more than offset by the reduction in 
variance so that the efficiency of robust estimators is always 
greater than that of GREG/U or of GREG/R estimators. 

Concerning the constraints on the weights, it will be 
noted that the GREG/U, CHAM, MODEL, LEE25 and 
QRROB/U estimators are all subject to problems of 
negative weighting, as can be seen in column MIN. This 
problem is avoided with limited estimators. The CARV 
column shows that the constraints were not met relatively 
frequently, depending on population and sample size, 
varying between 5% and 60%. The general behaviour of the 
two limited robust estimators was comparable to that of 
their non-limited versions. Moreover, QRROB/R, in 
addition to meeting the CARVs, provided interesting 
properties of efficiency, as compared to other robust 
estimators. Limited versions were not as prone to 
convergence problems when sample sizes were greater. 
Note that we had to use wider bands in the case of POPUSA 
in order to obtain satisfactory convergence rates. 
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Table 4.3 
Monte Carlo results for sampling from the area population  

Estimators VAR M MSE M CV M BR M MIN MAX CARV 1 CONV 
n = 10         

GREG/U 1.334 1.700 19.23 8.92 -3.35 14.94 86.6  
GREG/R 1.295 1.629 18.82 8.53 0.20 14.00 100.0 99.0 

CHAM 1.187 1.541 18.30 8.77 -4.09 14.90 87.2  
MODEL 1.291 1.580 18.54 7.93 -5.23 16.75 86.8  

LEE25/U 1.279 1.593 18.61 8.26 -5.28 16.89 86.6  
LEE25/R 1.284 1.596 18.63 8.24 0.20 14.00 100.0 99.0 

QRROB/U 1.026 1.440 17.70 9.50 -4.74 15.38 87.6  
QRROB/R 1.028 1.437 17.68 9.43 0.20 14.00 100.0 99.0 

n = 15         
GREG/U 0.940 1.178 16.00 7.18 -1.40 7.03 93.0  
GREG/R 0.928 1.154 15.85 7.01 0.20 6.00 100.0 99.8 

CHAM 0.708 0.989 14.67 7.82 -1.52 7.92 93.7  
MODEL 0.757 0.997 14.73 7.22 -1.66 8.39 93.1  

LEE25/U 0.672 1.059 15.18 9.18 -1.68 9.40 92.0  
LEE25/R 0.671 1.056 15.15 9.15 0.20 6.00 100.0 99.8 

QRROB/U 0.485 0.990 14.68 10.48 -1.59 8.90 93.9  
QRROB/R 0.485 0.986 14.64 10.44 0.20 6.00 100.0 99.8 

 
1 The limits for the CARVs are [0.20, 14] for n = 10 and [0.20, 6] for n = 15. 

 

 

 
Table 4.4 

Monte Carlo results for sampling from the MU284 population  
Estimators VAR M MSE M CV M BR M MIN MAX CARV 1 CONV 
n = 30         

GREG/U 2.833 2.925 20.51 -3.64 -6.83 23.90 89.8  
GREG/R 2.813 2.910 20.46 -3.73 0.20 16.00 100.0 99.2 

CHAM 0.645 1.639 15.35 -11.95 -11.80 31.26 77.0  
MODEL 0.709 2.037 17.11 -13.82 -12.06 31.91 68.40  

LEE25/U 0.887 1.877 16.43 -11.93 -11.06 30.93 73.5  
LEE25/R 0.871 1.847 16.30 -11.85 0.20 26.00 100.0 99.2 

QRROB/U 0.719 1.532 14.84 -10.81 -9.46 25.84 86.5  
QRROB/R 0.720 1.525 14.81 -10.76 0.20 16.00 100.0 99.2 

n = 60         
GREG/U 1.473 1.489 14.63 -1.49 -1.19 10.03 90.1  
GREG/R 1.467 1.484 14.61 -1.57 0.20 7.00 100.0 99.7 

CHAM 0.357 0.990 11.93 -9.54 -2.53 15.59 69.8  
MODEL 0.380 1.255 13.43 -11.22 -4.93 14.52 58.1  

LEE25/U 0.403 1.201 13.14 -10.72 -4.80 14.20 60.3  
LEE25/R 0.396 1.203 13.16 -10.78 0.20 7.00 100.0 99.7 

QRROB/U 0.308 0.976 11.85 -9.80 -2.36 10.99 86.1  
QRROB/R 0.308 0.979 11.87 -9.82 0.20 7.00 100.0 99.7  

1 The limits for the CARVs are [0.20, 16] for n = 30 and [0.20, 7] for n = 60. 
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Table 4.5 
Monte Carlo results for sampling from the MU281 population  

Estimators VAR M MSE M CV M BR M MIN MAX CARV 1 CONV 
n = 30         

GREG/U 17.33 17.35 7.84 -0.26 -38.97 34.56 86.0  
GREG/R 17.40 17.41 7.86 -0.24 0.20 25.00 100.0 99.8 

CHAM 13.23 13.26 6.86 -0.33 -47.09 39.08 56.9  
MODEL 11.30 11.91 6.50 1.47 -66.22 41.43 47.9  

LEE25/U 11.21 11.60 6.41 1.17 -59.75 37.03 53.3  
LEE25/R 11.26 11.73 6.45 1.29 0.20 25.00 100.0 99.8 

QRROB/U 12.92 13.29 6.86 1.15 -54.14 39.73 70.8  
QRROB/R 12.94 13.34 6.88 1.20 0.20 25.00 100.0 99.8 

n = 60         
GREG/U 7.57 7.57 5.18 -0.10 -12.77 15.34 86.4  
GREG/R 7.58 7.58 5.18 -0.09 0.20 9.00 100.0 99.9 

CHAM 5.85 5.90 4.57 -0.43 -22.97 11.49 51.4  
MODEL 4.53 5.23 4.30 1.57 -24.02 14.58 38.7  

LEE25/U 4.55 5.18 4.28 1.49 -23.74 14.41 41.2  
LEE25/R 4.50 5.21 4.30 1.58 0.20 9.00 100.0 99.9 

QRROB/U 5.40 6.16 4.67 1.64 -21.08 21.07 68.6  
QRROB/R 5.39 6.17 4.67 1.66 0.20 9.00 100.0 99.9  

1 The limits for the CARVs are [0.20, 25] for n = 30 and [0.20, 9] for n = 60. 

 
5. Conclusion  

The goal of this paper has been to introduce calibration 
estimators having good properties of robustness. Traditional 
calibration estimators are easy to use, since it is sufficient to 
have a set of starting weights, usually the sampling weights 

,kd  which are transformed into calibrated weights. The 
steps used in this paper have been the same, i.e., the robust 
default weights kr  have been transformed into calibrated 
weights, and the constants kq  have been chosen such that 
ˆ

qB  is a robust estimator. The proposed choice of kr  is 
given by the formula (3.9), with 9,a = 1/ 4.b =  There 
remains to develop a theory for the optimal choice of .kr  
The suggestion is made for applications to vary constant ,a  
between say 6 and 12, in order to determine the influence of 
the constant on the estimation. The limits L  and U  can be 
used to limit the weights, e.g., to make them all positive. We 
suggest the general use of 0.2,L = / ,U kN n=  where k  is 
about 3. 

Note that robust calibration estimators are not meant to 
replace the GREG estimator, but to be used in conjunction 
with it. Thus, if the robust estimator and the GREG esti-
mator are very different, a more in-depth analysis might 
help determine the reason. The proposed estimators could 
be useful as diagnostic tools. 

It would be interesting to pursue the empirical studies of 
section 4, by examining for example the effect of sampling 
design on the proposed procedures. Another important area 

of development is the estimation of variance. Multipurpose 
surveys are yet another area of interest. In fact, for appli-
cations, there is rarely a single variable of interest, and 
methodologists would like to use a single set of weights for 
all the variables of interest. In terms of robustness, a 
solution has been proposed in the conclusion of a paper by 
Gwet and Rivest (1992), where robust weights were 
calculated for each variable of interest ( ), 1, ..., .iy i I=  For 
one unit, the final weight corresponds to the minimum 
weight among the weights obtained. Alternately, to obtain 
robust and calibrated estimators, we could calculate robust 
default weights for each variable of interest, providing a set 
of ( )( ),i

kr y  and assume ( )min ( ),i
k kr r y=  where the 

minimum is on 1, ..., .i I=  These weights could then be 
transformed into calibrated weights. This procedure should 
be assessed in greater detail.  
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Appendix A   
Proof of proposition 1  

Let ( ; , ) ( ; , )h u q r r qu h u q rΔ = + −  and kz  be a 
variable of interest. We assume the following conditions 

1
1. (1).k k psC N q z O− =∑  

1 1/ 2
2. ( ; , ) ( ),h k k k k psC N x q r z o n− −

∞′Δ λ =∑  

where ∞λ  is a solution to equation (2.5). 
Note that 1( ) ,s k k k k xr q x x T∑ ′+ λ =  where 1λ =  

1 ˆ( ) ( ),s k k k xr xq x x T T−∑ ′− −  and also that ( ;s kh x ∞∑ ′λ ,kq  
) .k k xr x T=  Thus, in using 2,C  we find that 

1 1/ 2
1( ) ( ),k k k psN q x x o n− −

∞′ λ = λ =∑  

1/ 2
1 ( ),po n−

∞λ − λ =  and therefore using 1,C  with kz =  
.k kx x′  It is also easily shown that 

1
QR RQR

1 1
1

1 1
1

1/ 2

ˆ ˆ( )

( ) ( ; , )

( ) ( ; , )

( ).

k k k k k k k ks s

k k k h k k k ks s

p

N T T

N r q x y N h x q r y

N q x y N x q r y

o n

−

− −
∞

− −
∞ ∞

−

−

′ ′= + λ − λ

′ ′= λ − λ + Δ λ

=

∑ ∑
∑ ∑

 

Appendix B  
List of abbreviations  

ADU: Asymptotically Design Unbiased.  
BLUP: Best Linear Unbiased Predictor (Royall 1970).  
CARV: Constraints applicable to the range of values for the 

weights ,kw  by requiring for example that all the 
[ , ].kw L U∈   

CE: Calibration constraints, ,s k k xw x T∑ =  where xT =  
.U kx∑   

CH: Robust estimator proposed by Coakley and 
Hettmansperger (1993), a single-step GM-
estimator that is robust and efficient.  

CHAM: Robust Chambers (1982, 1986) estimator.  
GM: Generalized M  estimators, derived from robustness 

theory (see for example Hampel et al., 1986).  
GREG: Generalized regression estimator proposed by 

Cassel et al., (1976).  
HT: Horvitz-Thompson estimator ,s k kd y∑  where 

1.k kd −= π   
QR: Wright (1983) estimators, in the form ˆ

x qT B′ +  
.s k kr e∑   

RQR: Generalization of the Wright (1983) estimators, 
obtained using a general metric as well as 
constraints on the weights. 

 

Appendix C   
List of the principal constants  

:kc  Factor capable of accounting for heteroscedasticity 
problems.  

:kd  Sampling weights.  
:kg  g-weight defined by / .k kw d   
:kh  Quantity used to reduce the influence of outlier 

auxiliary information in ˆ .qB   
, :k klπ π  Inclusion probabilities of first and second order, 

respectively.  
, :k kq r  Quantities defining an estimator QR. The kq  are 

used to build the regression coefficients involved in 
the first part, ˆ

x qT B′  the kr  are used for the second 
part, .s k kr e∑   

, :ˆk ku u  Weights used to build ˆ
qB  in a robust way.  

:ku∗  Weights used to consider a robust correction factor 
.s k kr e∑   

:kw  Calibrated weight attributed to ky  to form .s k kw y∑   
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