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Estimation of Total for Two Characters in
Multiple Frame Surveys
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ABSTRACT

In this paper estimation of multiple characters in multiple frame surveys has been investigated. The
gain due to two character study in a common survey, over separate surveys for individual characters,
has been obtained. Cost comparison is also made between two character multi frame survey and two
character single frame survey.
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1. INTRODUCTION

The technique of multiple frame surveys was suggested by Hartley (1962) and subsequently
discussed by Lund (1968), Hartley (1974), Vogel (1975), Armstrong (1979), etc. Lund sug-
gested an alternate to Hartley’s estimator utilizing the actual division in the sample among
various domains. Hartley (1974) further considered the problem with more general approach
applicable to various sampling designs. He observed that most potential multiple frame situa-
tions employed different types of units in their respective frames. Bosecker and Ford (1976)
extended Hartley’s estimator to take advantage of stratification within the overlap domain.
Serrurier and Phillips (1976) and Armstrong (1978) tested multiple frame techniques in
agricultural surveys. The utility of multiple frame survey has been demonstrated in a wide
variety of situations. In sample surveys, sometimes interest lies not only in the estimation
of single character but several characters are required to be studied simultaneously. For a
proper utilization of resources this is often achieved through integrated surveys. For instance,
for estimating the production of vegetable crops, a single survey is planned to estimate the
production of several vegetable crops. Also, besides the frame of all vegetable growers, another
incomplete but relatively easily accessible frame of important vegetable growers may be utiliz-
ed. In this paper, the estimation of total for two characters in multiple frame surveys has
been considered. The advantage of studing more than one character in a single survey over
the situation when independent surveys are planned for individual characters in a multiple
frame situation, is also investigated.

2. ESTIMATOR

Let there be two overlapping frames A and B of sizes N, and Njp respectively. In multi-
ple frame surveys two samples of sizes n, and n; are selected independently by simple ran-
dom sampling from frames 4 and B respectively. The overlapping frames generate domains
a, b and ab defined as follows:

a: Consisting of units belonging to frame A only,
b: Consisting of units belonging to frame B only,
ab: Units belonging to both A and B frames.
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The sample sizes n, and ny are split into sizes n,, n,, and n,, n,, such that n, and n,, are
the number of units out of », units belonging to domains a and ab respectively. Similarly
n, and n,, are the split of n units belonging to domains b and ab respectively. In the multi-
character study, there will be further split of these domains generating sub-domains as follows:

Let there be two characters y;, and y, under study. Then each of the usual domains a,
ab and b are further subdivided as a(1), a(12), a(2), ab(1), ab(12), ab(2) and b(1), b(12),
b(2) respectively. Here, a(1), a(12) and a(2) are the sub-domains consisting of units having
character y,, both y, and y,;, and y;, only respectively in domain a. Similar explanation
holds for other sub-domains ab(1), ab(12) etc. Thus the sample split in two character study
will be as follows:

ny =na+ Ny

where
R, = Mgy + Rugy + Raapy and By = Rggy + Rgpy + gy
and
nB = nb + nba
where

Ny = Nyay + Npoy + Npayy ANA My, = Rppqy + Apgey + Mpgqiry -

Here n,), ., etc. are the split of n, units belonging to sub-domains a(1), a(2), etc. If
we confine to one character then define

Ny = Naqy T Pouzy + Nopy T Rapaz)s
Rguy = Mpay + Rpazy + Apgay + Npapzy-

Similarly, for the second character, 71, and ng, are defined. The estimate of the total
for the first character is given by

Yo = ay T Y(al()lz) + Pi¥Yuny + @Y t pZY(all)7(12) +

+ Q2Y(b14)z(12) + Yy + Y4y ¢y

where Y,,,, Y, etc . are the estimated totals for character y, of the respective sub-
domains. In the subsequent discussion, for the domains in which both the characters are
available, the super script corresponds to the character under consideration. For the domains
having only one character the super script is not used since the domain evidently corresponds
to the character.

Also, p, + q, = 1 and p, + g, = 1. Define y,), V., €tc. as the sample means for
respective sub-domains for character y, and y,, respectively.
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Thus,

YO = aVay T Na(12))7(a1()12) + Ny 01Iwy + @ Fsaqy)
+ Nab(lZ)(p2y(all)7(12) + qu(l:z)z(IZ))
+ NoanJohay + NowyTsy- 2
Similarly for the second character, we have
¥ = N,oFuy + Na(lZ)y(az()IZ) + NaoyOsTwe + GTsa)
+ Nab(lz)(PJ(:g(lz) + %.7‘133:(12)) + Nb(12)}7(§()12)

+ N, 17(2).}7 b(2) (3)

where
ps + g =landp, + g, = 1.

2.1 Variance of the Estimator

The conditional variance of the post-stratified estimates Y, Y® for given sub-domain
sample sizes ignoring the finite population correction may be written as

2

V(PO = N2 (72(1) N2 0(212)
( |”a(1),”a(1z), etc.) = Ny t Ny ——
Ry PGP

2 Y abl 20 ab
2 g 1 1
‘1ab(l) ‘lba(l)

2 2‘7(13;2(12) ‘7(1};2(12) 2 0%;(1)
ai ai
+ Nab(lZ)(pZn + qgn ) + Ny m
ab(12) ba(12) B(1)

2 O (%2)
+ Ny 4
The unconditional variance of Y is approximately given by

5 N 2
ny _ V4 2 1 2 2
(yw) = n—{Nau)Ua(l) + Na(lZ)J(azu) + PNy Tanq)
A

+

2 12 Np 2 1)2
pZNab(IZ)O-(a;)(IZ)} + n—{Nbu)Ub(l) + Nb(lZ)o(b()IZ) &)
B

2 2 12
+ Q%Nab(l)aabu) + quab(IZ)a(a;z(IZ)}

which is equal to the variance for stratified sampling with proportional allocation.
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Similarly,

s N 2
»y _ Va4 2 2 2
y®) = T{(Na(Z)aa(Z) + Na(lz)U(azlz) + DiNpo 0
A

2)% Ny 2 22
+ PiNab(lz)U(ab(lz)} + R {Nb(Z)ab(Z) + Nb(lZ)U(b)(IZ)
B

2 2 2)2
+ quab(Z)a e T i Nopazyo (a}J(IZ) } ©)

where 02, 0%, etc. are the variances for the two characters in the respective sub-domains.
For optimization of p;’s (i = 1, 2, 3, 4) for a common survey a combination of in-
dividual variances needs to be minimized subjet to the fixed total cost for the combined survey.
Consider the simplest linear combination
F = V(YY) + N(Y9).

For the common survey, a suitable cost function may be considered as follows:

C' = Ci(nyy + Ny + Gy + Napazy) + Ci(nyg + Nay)

+ Cy(pgy + Mpay) + Cs(Myazy + Ppaany) + Collne + Npa) M
where C, is the cost per unit in sub-domain a(1), ab(1); C; in a(12), ab(12); C, in a(2), ab(2)

of frame A. Similarly C,, C; and C; are the cost per unit from frame B. In the above cost
function random sample sizes are involved. Consider the expected cost

C = E(C') = nyC,®, + P, + C;®;) + ny(Cy®, + Cs®; + Codg) ®3)

where
_ Ny + Ny &, = Ny + Naazy
1 NA ’ 2 NA ’
&, = Ny + Ny & = Nyty + Noaq
3 NA ’ 4 NB E]
& = Nyazy + Npaqry & = Ny + Nipagy
5 NB ’ 6 NB .
Or
C = n,C, + nzCyg ©)]
where

C,=Cd + Cd, + C& and Cy = C,®, + Cs®; + Co®s.
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In order to get the optimum p,’s as also n, and ng, the function F is to be minimised
subject to the expected cost function as given in (9). The weight variables p,’s and sample
sizes are obtained as follow using Lagrange multiplier:

P, P, P, P, N;n,

- = = = = = _ (Say), (10)
q, q qs 44 ng Ny q
and
n K+ Kipt + Kyp) + Kypi + Kpi
N, C, ’
ny K+ Kiqt + K,q5 + K;q3 + K,q; (11
N, ! Cs ’

with y determined to meet the expected cost and
K, = Nab(l)oﬁb(l)’ K, = Nab(lZ)U(all)szZ)a
K; = Nab(Z)Uib(z)’ K, = Nab(lZ)a(ngIZ)v
K5 = Nyyouy + Nugoley + Na(lZ)(a(al()IZZ) + 0(‘12()122)),
K¢ = Nyyoiy + Nogose + Nb(ll)(a(bl()IZZ) + 0(13()122))- (12)

From (10) and (11), we get

q* N3 Cy Ko+ (K, + K, + Ky + K)q 13)
P’N,Cy K + (K, + K, + K5 + K)p?

This is a bi-quadratic in p and can be solved for p. The optimum sampling fractions can
be obtained from (11). A practical case commonly met in multiple frame situations is when
one of the frames has got 100% coverage. Consider 100% coverage by the frame 4 then
Nb(l) = Nb(2) = Nb(lZ) = 0.

In this case (13) reduces to
o K,

2 = 14
P = ek +K+K +K, (14)

where
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Assume that
2 R 2 @R 2 () 2 @2
Oaty = 0412y Oa@) = Oa(12)> Taby = 0(411)7(12)’ Oab) = a(al)z(IZ)' 15)

These assumptions appear plausible since the variability of one character is not likely to
be affected by the presence or absence of the other character. Then p? reduces to

2 2
p? = o 0oy Nay + Nuz)) + 020y (Nogy + Noy)

- 2 2
0 — a| 0anWeay + Nuay) + 0oy Nae + Nagz)

or
P = (1 - )P, | P55 + &)+ - &)
(e — o) | P +E)+ M- &) (16)
where
, 0121(1) , 0121(2) , ‘72(1) ) Uzb(l)
b= B = &= S, R
O a1 ab(2) Oa2) O ab(2)
and
N, N, N, N,
& = _(l)a Ez = (12)’ & = —b(l), £ = bm)-
Na Na Nab Nab

Using that N, = N, N,y + Nz = N, — Nyqy and Ny + Nopazy = Nap = Ny it
may be seen that the above expression of p* reduces to the usual form in uni-character case
since £ = & = 1 and & = & = 0. It may be remarked that the domain variances are
generally not known as such these values are based either on prior knowledge or some guess-
ed values. The optimality of p? is effected to that extent.

3. COMPARISON OF MULTI-CHARACTER SURVEY WITH
INDEPENDENT UNI-CHARACTER SURVEYS IN
MULTIPLE FRAME SITUATIONS

Multi-character surveys are planned with a view to economise the available resources and
it is expected that a common survey is likely to score over independent uni-character surveys
taking into account the cost and efficiency. In this situation the extent of gain due to a com-
mon multiple frame survey is investigated.

In a single character study for character y, (say), consider simple random samples of
sizes n, and n, from the frames A and B respectively. Here we assume that the only frames
used before are available, not the reduced frame for each character. Define N, N, 1y,
and nj, as the population sizes and sample sizes respectively with character y,. Here,
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n} and n} are the random sample sizes with E(n}) = n,N, /N, and E(n}) = ngNg /N5.
In this case, the estimator Y and its variance are as follows:

sy )
YO = (Nagy + Naan)) P ey, aazy
+ NVavy + Navan) P Piavqry, a2y + ' Fipaqry, vaizn)
+ Noy + Noaz)) Vo, sa2y

where p’, q' are weight variables such that p’ + g’ = 1 and V), au2)sF @), apazy» €€ are
sample means for the sample from combined respective domains, e.g. ¥y, sz is the mean
of sample units coming from domain (1) and a(12).

2 12
Na(l) Oany + Na(lZ) a(a()IZ)

ey N
o) = S

N N,

24 2" 'B 2 12

+ (' o +q' —nB)(Nab(l)Uab(l) + Nab(]Z)a(ag(IZ))
A

NB 2
+ n_B(Nb(l)ai(l) + Nb(lZ)o'(bl()IZ))' (17)

In this case, the cost function is of the form
C=Cnh + Gnj

and expected cost is given by C* as

cv = AN, + CTEN, = Cin, + Cin (18)
INA Al 4NB Bl ATtA B'*B

where C; = C,N,,/N, and C} = C,Ng,/ Ny.

For simplicity, we assume 100% coverage by frame A4, equality of variances as in (15),
and C,/C, = C;/C, = C;/C; = K. Based on these assumptions, the cost C* with n, and
ny which minimize the variance (17) is given by (see Appendix for derivation).

e - Gt BUGA + )@ + atp} + afCia™) )

1 [(@ + atp?) N aatq®

1 -« ny ng
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where
* o Ea + &
af = —— .
l-—af +§
Similarly, for the separate survey for the 2n¢ character, the cost is obtained as
(1_ Cl+ *q>l *1121/2 *C//21/22
C** = 51)[{ 5( af)(®; + ofp )} + a¥(Csq") ] (19)
1 [(®; + ofp?) N aolq
1l -« ny ng
where
v K®, . a 1 -4&
prt=——— 5= —— .
1 + a1 - K) l1—-al-§

For the combined character study, the total cost C for 100% coverage by the frame A4
is given by (8).
Thus
Ny
= F[Cl(Na(l) + Naw) + C:Woany + Naan) + C:WNay + Nang))]
A

ng
+ JV[CAtNab(l) + CsNapay + CGNab(Z)] .
B

Using assumptions in costs (i.e. C,/C, = Cs/C, = Ci/C; = K) we get

C=Gnf - et + b+ ol - & - &)} +

afab+E+el-&-B)+a{ab+h+ol-6-8)] @0

where r = n,/ng, @, = C,/C; and g3 = C;/C,.
But in combined character study (n,/n;) Opt. = p/aq where p is given by (16). Thus

the gain may be obtained from the ratio.

C* + C*

C
¢+ &aTs N (1 - &)esT5
(& + ofp) (®; + a3p) @)
ra + K
- a)}

leti+ &+ -b -8+ {ak+&+al-&- so}{r
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where
T, = {(&] + atp'H(U + ¥} % + atg' VK
T, = {(®; + ap"™( + e} + afg" VK.
K can be determined as follows: Using the definitions of C,, Cy, ®;’s (/ = 1, ..., 6) and

equation (A.1), we obtain

C, 1 o®; + &, + 035

E;_—IZqu"t"“I’s*'Qaq’s“

Q>

and thus

ed + &+ (1 - & —- fz)}- @2)

K=o Ya+ (-
Q{a Ay R

The expression in (21) may be used to obtain the gain in cost due to studying both the
character simultaneously in comparison to independent individual surveys. The percent gain
G is thus given by

C* + C**

G=( _

- 1) x 100

In the above cost comparison, the expected costs, C, C* and C** do not include the
overhead costs for the combined or individual surveys, however, it is expected that the sum
of overhead costs pertaining to individual surveys would be much larger than the correspon-
ding overhead cost for the combined survey. Therefore, the actual gain in costs due to com-
mon multiple frame surveys compared to independent surveys will be larger than the percent
gain G defined above.

The expression (21) reduced substantially under the assumptions &/ = ®; = & (say) and
LL=§=§& =& = & (say).

From (22) ¢ = 1/K and from (16) since ®;/®; = &,/ ®;, the p? reduces as follows:

: _ K1 - «) 5
1 — ka

Alsoaf=of = a/(1 — a).
Therefore, from (A.1)

Thus
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With all these substitutions in (21) (C* + C**)/C simplifies as follows:

Cx + C* T o 280, + (I — Hes
cC @+ af + K
AT R et + £ el - 20)
K( - a)
_ T; % e; + £EQe — e3)
ra + K

(@ + a;"p){ + 1} 0; + £ + 1-2¢5)

K(l - o)

_ g + £Qeo — 03)
o; + £(1 + @ — 203)

where r = (n,/ng) opt. = p/ag from (10).
Hence,

£y + o3 — D

= x 100.
o; + E(1 + @1 — 2¢3)

The equality of &’s does not seem to be realistic assumption. The value of G, has
therefore been calculated using (19) for realistic and representative combinations of parameters
and are presented in Table. 1.

This table indicates that there is a definite gain due to integration of multiple frame surveys
for both the characters in comparison to separate individual surveys. The gain increases with
increasing values of ¢, and g;.

4. COMPARISON OF TWO CHARACTER MULTIPLE FRAME
SURVEYS WITH SINGLE FRAME SURVEY

Comparison of two frame survey with single frame surveys for study of two characters
is of practical interest. For single character a similar study was carried out by Hartley (1962).
On similar lines the relative reduction in cost was obtained as

2 1+
ko020 {1 20
pe pe

where p? is given by (16), ¢ = C4/Cp and o = N, /N,
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The reduction in cost due to multiple frame over a single frame survey is tabulated in
Table 2 for some set of parametric values. The table indicates considerable cost reduction.

Table 1

Percent Gain in Cost for Common multiple Frame Survey
for Both Characters over Individual Surveys,

When ¢ = 10, & = 0.25, &, = 0.5, ®] = 1, « = 0.5.

Q3
Q1 0.3 0.4 0.5 0.6 0.7 0.8 0.9
£ =02, 5 =02, & = 04, £ = 0.2
0.3 1.5 3.9
0.4 1.7 4.2 6.4
0.5 1.8 4.4 6.7 8.7
0.6 1.8 4.5 6.9 8.9 10.7
0.7 1.7 4.6 7.0 9.1 10.9 12.6
0.8 1.7 4.6 7.1 9.3 11.2 12.8 14.3
0.9 4.5 7.1 9.4 11.3 13.0 14.5 15.9
£ =02,6=04,6=02,¢ =04
0.3 4.5 9.1
0.4 4.6 9.3 13.6
0.5 4.8 9.6 14.0 17.9
0.6 4.9 9.9 14.3 18.3 22.0
0.7 5.1 10.1 14.7 18.8 22.5 25.9
0.8 5.2 10.4 15.1 19.3 23.1 26.5 29.7
0.9 10.8 15.5 19.8 23.6 27.1 30.3 33.2
Table 2
Reduction in Cost for Constant Variances
When ®; = 0.25, ®; = 0.5, ®; = 1, and £ = 0.2, § = 0.3, & = 0.4,
[+ 5
) 0.5 0.6 0.7 0.8 0.9 0.95
100 227 175 .132 .094 .059 .040
20 .304 .254 .200 .169 127 .101
10 .367 321 279 238 .193 .164
5 .462 .423 .387 351 .308 277
2 .661 .646 .634 .621 .599 578
1 .876 .895 918 .943 971 985
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APPENDIX

Minimizing the variance (17) with respect to C* with the assumption of 100% coverage
by frame A and the equality of variances, the optimum solution for p’ is obtained as

l — « 0121(1)(51 + &)

p =
e — « 02b(1)(€3 + &)
with
. _ G
e = a-
USing NAI = a(l) + Na(12) + Nab(l) + Nab(lZ) and NBI = ab(1) + Nab(lZ)’ Q, can be Writ-
ten as
o = G aNa(El + &) + Nop(& + &)
C, Ny + &)
G 1 ~af + 4
C4 o 53 + 54
K\ of
where
. a &+ &
af = .
l1-af+ 4§
Then we have
o l - o § + & &
p-= 1
afl &L+ &
—|—+1}| -«
K| of
K&/

= 11
1 + af(l — K) A1)
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Define

— 2 2 2
N = (Nogy + Naap) ooy + P Naway + Napaz)) 0anys

2 2
A = @ WNay + Napazy) Tasay s

N = (N + Nan) ok + pIZ(Nab(l) + Nab(lZ))Ulzzb(l),

_ 02 2
M= @ Nay + Navazy)) Tapry-

With the p’ in (A.1), the optimum sample sizes will be

2 2 2 2
Nao v (Nay + Noan))0asy + P " Napy + Navazy) Oapaz

N, Ci

’ x3
Mo _ ,q,z(Nab(l) + Nasin) Oasy =y N
N Cj Cj

with y’ determined wih respect to (18). From this we get

1
@ _ N [C\Ny N\, & (A.2)
R0 N4 \C Ny A\ '

Also, the variances given by (5) and (17) at optimum sample sizes can be written as

_ N N,
V(Y®) = A\ + 2,
Ry ng (A.3)

. N, N,
PPy = AN\, + 22,

L) Rpo

Equating the above variances and using (A.2), we obtain expression for n,, and ng, in
terms of n, and ny as follows:
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CoMNNG | 2
)\3 + | —
Na0 C\N4

N, N, N,
A AN+ 2N
ny hp
and
CMMNy | 7
Ago C Ny,
Ny

A B
Using these relationships, the cost C* may be obtained as

G+ e{a + an@ + atp')}” + ar(Ca?)P P

* (A.4)
1 (&) + afp?) N aafq’
1l -« ny ng
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