
Catalogue no. 11-522-X 
ISSN 1709-8211

by Julie Gershunskaya, Vladislav Beresovsky, and Terrance D. Savitsky

Comparison of Recent Techniques  
of Combining Probability and  
Non-probability Samples

Release date: September 8, 2025

Proceedings of Statistics Canada Symposium 2024: 
The Future of Official Statistics



Proceedings of Statistics Canada Symposium 2024 

The Future of Official Statistics 

 

Comparison of Recent Techniques of Combining Probability  

and Non-probability Samples 

 
Julie Gershunskaya, Vladislav Beresovsky, and Terrance D. Savitsky 1 

 

 

Abstract 

 
Several recent quasi-randomization methods for inferences from non-probability samples will be compared. The considered 
techniques are developed under the assumption that the sample selection is governed by an underlying latent random 

mechanism and that it can be uncovered by combining non-probability survey data with a “reference” probability-based 

sample, obtained from the same target population. Challenges prompting the development of alternative procedures include 
(i) non-probability sample participation indicators are available only on the observed sample units and (ii) it is not generally 

known which units from the underlying population belong to both the non-probability and reference samples. The ways 

different procedures address these challenges are considered, theoretical properties of the methods are discussed and their 
comparison is made using simulations. 

 

Key Words: Data combining; Non-probability sample; Reference sample; Participation probabilities; Sample likelihood; 
Variance estimation. 

 

 

1.  Introduction 
 

Recent proliferation of powerful computers and the internet created new opportunities for gathering information. 

Wealth of data can often be obtained quickly, without a well-designed probability based sample. However, naïve 

estimates from such data may be substantially biased, even when the sample is large. Proper estimation and inferences 

from such, non-probability (“convenience”) based, samples require modeling assumptions that account for the sample 

participation mechanism. Existing methodology can be broadly grouped into model-based, quasi-randomization, and 

doubly-robust approaches. Elliott and Valliant (2017), Valliant (2020), Beaumont and Rao (2021), Rao (2021), Wu 

(2022) provide a comprehensive account of this rapidly developing field.  

 

In the current paper, we consider several recent quasi-randomization approaches. The considered techniques are 

developed under the assumption that the sample selection is governed by an underlying latent random mechanism and 

that it can be uncovered by combining non-probability survey data with a probability based sample, obtained from the 

same target population. In this context, the probability based sample is often called “reference” sample. The basic 

requirement is that both the non-probability and reference samples contain a common set of covariates and the 

assumption is that the non-probability sample participation probabilities are governed by these covariates and could 

be estimated from a model.  

 

Recent quasi-randomization approaches available in the literature can be broadly classified into pseudo-likelihood 

based and sample-based approaches. Beresovsky, Gershunskaya and Savitsky (2024) demonstrated that for important 

practical situations, where the non-probability sample is large and the probability sample is relatively small, sample-

based approaches could be substantially more efficient compared with the pseudo-likelihood based methods.  

 

Chu and Beaumont (2019) and Beaumont et al. (2024) considered the use of classification trees in context of 

combining probability and non-probability samples. They used the pseudo-likelihood approach of Chen, Li and Wu 

(2020) in constructing of an objective function for finding the optimal split and for estimation of the non-probability 
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sample participation probabilities. We propose to use a sample-based likelihood in place of the pseudo-likelihood as 

a potentially more efficient alternative. We apply the proposed algorithm in a small simulation study to demonstrate 

the advantage of the sample-based method over the pseudo-likelihood in the case of a small reference sample. 

 

We start by introducing a setup and formulating basic assumptions in Section 2. In Section 3, we briefly review 

alternative methods and discuss their asymptotic properties. Application of the methods in a Classification Trees 

algorithm is described in Section 4. Simulation results are given in Section 5. Section 6 is a summary. 

 

 

2.  Setup and notation 
 

Suppose, we are interested in estimation of the finite population mean 
1

i
i U

N y −



=   for units in target population 

U  of size N  based on available non-probability sample cS  of size cn . Sample cS  contains variables of interest iy  

and a set of covariates ix , 1, ,i N=  .  

 

Let ciI  be the inclusion indicator of population unit i , taking on the value of 1 if unit i  is included into cS , and 0  

if it is in \ cU S . We assume the existence of an underlying random latent selection mechanism and define unknown 

probabilities ( ) { 1| , }ci c i ci iP I i U = = = x x  for units in population U  to be included into non-probability 

sample cS . Inclusion probabilities  ci  are also often called “participation” probabilities. 

   

Suppose, probability based sample rS  of size rn  is also available from the same population U  and the same set of 

covariates ix  as observed in cS  is also available on sample rS . Probability sample rS  is selected using a known 

probability survey design with inclusion probabilities { 1 }ri riP I i U = = ∣ , where riI  is the probability sample 

inclusion indicator of unit i .  

 

We assume the following about the selection process: 

A1: Each unit in the population has a positive participation probability:  0ci   for all .i U   

A2: Sample cS  selection mechanism is ignorable given ix :  { 1| , , } { 1| , }ci i i ci iP I i U y P I i U=  = = x x   for 

all i U .  

A3: Indicators ciI  and cjI  are independent given ix  and jx  for .i j  

A4: Indicators ciI  and riI  are independent given ix  for any .i U  

 

Assumption A1 states that every unit in the target population has a non-zero chance to participate in the non-

probability survey; it is the analog of the complete frame coverage in the probability sample case. Assumption A2 is 

the Missing At Random (MAR) requirement stating that, after accounting for covariates ix , the non-probability 

sample participation mechanism is ignorable for study variable iy . The mutual independence assumption A3 for 

indicators cI  allows us to formulate a likelihood for the indicators as independent variables.  

 

Once we obtain the estimates of sample participation probabilities ci , we are going to use their inverse values in the 

usual form of the Hajek estimator of the target population mean: 
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Propensity Weighted (IPW) estimator. 



 

3. A brief review of available approaches 

 
Chen, Li and Wu (2020) considered a Bernoulli likelihood over the finite population units. They present the log-

likelihood as a sum of two terms, where the first term is a total over the observed non-probability sample and the 

second term is a finite population total. Since the finite population is not available, a pseudo-likelihood formulation is 

employed, where the finite population total is replaced by its probability survey weighted estimate: 
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where β  is the parameter vector in a logistic regression model   logit ( )ci i = Tβ β x  and 
1

ri riw  −= . Estimates 

are obtained by solving respective pseudo-likelihood based estimating equations.  

 

We refer to the pseudo-likelihood method of Chen, Li and Wu (2020) as “direct” because the Bernoulli likelihood 

formulated for non-probability sample indicators, ciI , leads directly to the estimation of non-probability sample 

participation probabilities of interest, ci . By contrast, there are several methods considered in the literature where 

Bernoulli likelihoods are formulated for different indicator variables that are related to the parameters of interest in 

particular “indirect” ways. These methods include a pseudo-likelihood approach of Wang, Valliant and Li (2021) and 

sample based approaches of Elliot (2009) and Savitsky et al. (2023). We refer to this group of methods as “indirect” 

approaches. 

 

Elliot (2009)  proposed to consider indicator variable ziI  (in our notation) defined on the combined probability and 

non-probability samples set c rS S , where 1ziI =  for ci S , and 0ziI =  for units that do not belong to the non-

probability sample, ( )c r ci S S S  ‚ .  There is a nonzero chance that units from the finite population may be 

drawn into both the non-probability and reference samples, c rS S . If the identity of units belonging to the sampling 

overlap is known, it is easy to show (see, for example, Beresovsky (2019), Beaumont et al. (2024), Beresovsky, 

Gershunskaya and Savitsky (2024)) that the following relationship holds that links the probability of being in the non-

probability sample part of the combined set, { }zi c c rP i S i S S =   ∣ , and  respective samples inclusion 

probabilities, ci  and ri : 
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The challenge is that it is not generally known which units in the combined set c rS S  belong to both samples cS  

and rS . Elliot (2009) assumes that the probability of belonging to the sampling overlap is negligible for all units in 

the finite population. Under this assumption, an approximate relationship holds: 

 .ci
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ci ri
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

 
=

+
 (3) 

 

However, the negligible overlap requirement of the Elliot (2009) method led to a common belief that the combined 

samples approach is limited to cases where sampling fractions are small. This is unfortunate, because in many practical 

situations the non-probability sample is large, and the sampling overlap could be significant.  

 

Savitsky et al. (2023) showed that, under a slightly different setup, relationship (3) holds exactly, regardless of the 

samples sizes: instead of the union of two samples, the authors consider a stack of the samples, c rS S S= +  and, 

correspondingly, amend the definition of indicator ziI  as taking the value of 1  for all units in non-probability sample 



cS , and 0  for all units in reference sample rS ; units belonging to both samples would be included into the stacked 

sample twice: once with 1ziI =  and once with 0ziI =  (there is no need to know the identity of these units.) 

 

Beresovsky, Gershunskaya and Savitsky (2024) proved that indicators ziI , zjI  for units i  and j  on the stacked set 

are nearly independent, with the correlation as low as 
1( )O N −

, regardless of how large the overlap is, thus motivating 

the use of the Bernoulli likelihood for independent random variables over the stacked set.   

 

Wang, Valliant and Li (2021) proposed an Adjusted Logistic Propensity (ALP) weighting method where they use an 

imaginary construct stacking together the non-probability sample (part 1) and the target finite population (part 2). 

They formulated a Bernoulli likelihood for an indicator variable defined on the proposed stacked set as 1ziI =  for 

units in part 1 and 0ziI =  for units in part 2, and used a pseudo-likelihood approach by replacing the part involving 

the finite population units by its probability-based survey weighted estimate:  
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where γ  is the parameter vector in a logistic regression model   logit ( )zi i = Tγ γ x . 

The relationship between the probability of being in part 1 of the stacked construct and the non-probability sample 

participation probabilities is 
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which is a particular case of (3), when the whole finite population is available instead of just a sample. 

 

As noted, methods relying on respective identities (2), (3), or (5) are “indirect” in the sense that the respective Bernoulli 

parameters are probabilities of being in a particular part of the combined set, rather than parameters of interest ci .  

Beresovsky (2019) noted that the estimation of ci  can be performed in a single step if zi  are viewed as a composite 

function ( ( )) ( ) / ( ( ) )zi ci ci ci ri    = +β β β  in log-likelihood 

 

   ( )( ) log ( ( )) log 1 ( )
c r

ILR
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i S i S
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and called the approach “Implicit Logistic Regression” (ILR) (see also Savitsky et al. (2023) and Beresovsky, 

Gershunskaya and Savitsky (2024)). 

 

By contrast, Elliott (2009) and Wang, Valliant and Li (2021) apply a two-step procedure: at step 1, they find the 

estimates of parameters of the standard logistic regression model; at step 2, they use respective identities to obtain 

estimates of the parameters of interest, ci . Such a two-step approach, however, may lead to the loss of efficiency 

and estimates of ci  falling outside of the parameter space. 

 

Beresovsky, Gershunskaya and Savitsky (2024) compared asymptotic properties of the maximum likelihood estimates 

based on: (1) the “direct” pseudo-likelihood method of Chen, Li and Wu (2020) (CLW), (2) the single-step 

modification of the “indirect” pseudo-likelihood of Wang, Valliant and Li (2021) (pseudo-ILR, or PILR), and (3) the 

“indirect” stacked samples based method (ILR).  

 

They found that the three methods are asymptotically equivalent. However, it appears that the ILR approach is less 

sensitive to the size of the probability sample, relative to the pseudo-likelihood based CLW or PILR approaches.  

 

 



4. Classification Trees 

 
Chu and Beaumont (2019) and Beaumont et al. (2024) adapted Classification and Regression Trees (CART) algorithm 

in context of combining probability and non-probability based samples. They use the CLW pseudo-likelihood as an 

objective function for estimation of the probabilities in the left and right branches for a given split and for finding 

optimal splits. We propose to use the stacked sample-based likelihood for this purpose. 

 

Classification Trees algorithm splits data into homogeneous groups 1, ,g G=  , so that all units in a given group 

have the same probabilities cg . It works recursively by finding an optimal binary split at a given step for a given 

covariate, as follows: 

1) compute participation probabilities in the left and right branches, cgL  and cgR ,  on a grid of possible 

binary splits; 

2) choose an optimal split based on an objective function. 

 

Under the CLW pseudo-likelihood, the objective function is 
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and the estimate of participation probability for the homogeneous group g  is  
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For the sample-based (ILR) approach, the objective function is  
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where ,
ˆ ˆ ˆ/ ( )zi g cg ri cg   = + . 

There is no explicit expression for the estimate of cg under the ILR approach. It can be found as a solution to equation 
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where gS  is the part of stacked sample S  belonging to group g .  

Note that although ˆ
cg   in a given homogeneous group is a constant, estimates ,

ˆ
zi g  in a given group are allowed to 

vary.  

(As noted in Beaumont et al. (2024), estimates of participation probabilities ˆ
cg  for homogeneous groups based on 

the PILR approach are the same as the CLW based estimates given by (8), although the objective functions based on 

the CLW and PILR likelihoods differ. We do not include the PILR method in the simulation study of Section 5.)   

 

 

5. Simulations 

 
We performed a small simulation study, where we suppose to already have a grown tree, up to some level g . We 

focus on splitting node g  into two parts. 

 



The simulation setup is as follows.  Let 1,000gN =  be the population size at node g . We generate a single covariate 

igx  from the standard normal distribution: ~ (0,1)igx N . Let the study variable be 1ig ig igy x= + +ò , with 

2~ (0,1.5 )ig Nò . 

 

We set true non-probability sample participation probabilities to , 0.80cg L =  for units i  with 0igx =  and 

, 0.20cg R =  for units i  with 0igx  . This setup yields the non-probability sample of approximately 500cgn   

units. 

 

We use the probability proportional to size design to generate the probability sample, where   inclusion probabilities 

,rg i  are proportional to igx . We consider two simulation scenarios: (1) smaller sample of size 100rgn =  and (2) 

larger sample of size 500rgn = . 

 

Results after 1000 simulation runs are presented in Figures 5-1 and 5-2.  

In Table 5-1, we present results for corresponding estimates of population mean  . 

 

 

 

Figure 5-1 

Estimates of the ``left branch'' probabilities, for true   , 0.80cg R = , for smaller ( )100rgn =  and larger 

( )500rgn =  sample size scenarios 

  
 
  



Figure 5-2 

Estimates of the ``right branch'' probabilities, for true   , 0.20cg L = , for smaller ( )100rgn =  and larger 

( )500rgn =  sample size scenarios 

 
 

 

 

Table 5-1 

Bias and MSE of estimates of population mean, using unweighted estimator and weights based on CLW and 

ILR methods 

 100rn =  500rn =  

Bias MSE Bias MSE 

Unweighted -0.481 0.234 -0.481 0.234 

CLW -0.128 0.042 -0.047 0.023 

ILR 0.012 0.011 0.001 0.007 

 

 

6. Summary 
 

Past research shows that the stacked-samples based approach gives more efficient estimates of participation 

probabilities as compared to the pseudo-likelihood approaches under many practical scenarios, especially when the 

probability-based sample is small and there is low overlap in covariates defined domains between the two samples. 

Therefore, we expected that using this method in conjunction with the regression trees algorithm may be especially 

beneficial. Our simulations seem to confirm this conjecture.  
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