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Abstract 

 
At Statistics Canada, many data sets are linked with quasi-identifiers such as the first name, last name, or address. In such 
cases, linkage errors are a potential concern and must be measured. In that regard, previous studies have shown that the 

evaluation may be based on modeling the number of links from a given record while accounting for all the interactions among 

the linkage variables and dispensing with clerical reviews, so long as the decision to link two records does not involve other 

records. In this communication, the methodology is adapted for a class of practical strategies, which violate this constraint 

by linking the records in consecutive waves, where a given wave links a subset of the records that are not linked in previous 

waves. In particular, the linkage may be based on a deterministic wave followed by a probabilistic one. 
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1.  Introduction 

 
At Statistics Canada, many data sets are linked with quasi-identifiers such as the last name, address or birth date, 

which are not unique and may be recorded with typos. Therefore, linkage errors may arise, which must be evaluated. 

These errors include false negatives and false positives, where a false negative is the absence of a link between records 

that are from the same unit, and a false positive is the presence of a link between records that are from different units. 

Currently, these errors are measured with clerical reviews. However, due to cost pressures, there is a growing interest 

in replacing these reviews by a model-based estimation procedure, using one of many available models, which are 

reviewed by Dasylva and Goussanou (2024). A promising approach is based on modeling the number of links of a 

record, where the decision to link two records does not involve other records (Blakely and Salmond, 2002; Dasylva 

and Goussanou, 2020). Unfortunately, this constraint is violated by a popular linking strategy that links the records in 

waves, where each wave links the records that have no link in previous waves. For example, the linkage may comprise 

a deterministic wave followed by a probabilistic one. While Chipperfield et al. (2018) propose an estimator for such 

linkages, they crucially rely on the restrictive conditional independence assumption, which may be violated. This work 

aims to avoid this assumption by extending the model described by Dasylva and Goussanou (2020). The remaining 

sections cover the methodology, simulations and conclusion in this order. 

 

 

2. Methodology 

 
A popular strategy is to link the records in two waves, where the first wave is deterministic (e.g., linking where there 

is exact agreement on each variable), and the second wave is a probabilistic linkage of the records, which have no 

links in the first wave. Of course, the linkage may also have many more waves, where each wave links the records 

that are not linked by the previous waves, with a distinct linking criterion. To evaluate the linkage accuracy, a naïve 

solution is based on the univariate neighbor model (Dasylva and Goussanou, 2020), which may yield biased estimates 

because the decision to link two records is a function of other records. A better solution is based on the multivariate 

neighbor model (Dasylva, Goussanou and Nambeu, 2024).  
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The following paragraphs introduce the notations and assumptions before describing these two approaches. 

Notations and assumptions: Here, we consider the imperfect linkage of two duplicate-free files, which are  independent 

Bernoulli samples 𝑆𝐴 and 𝑆𝐵 from a finite population with 𝑁 units, where 𝑁 is known. The linkage is based on quasi-

identifiers that are recorded with typos in each file. In such a situation, there is no certainty regarding the pairs of 

records that are from the same unit. This means that records from the same unit correspond across the two samples 

through a random permutation 𝛱(. ) of {1, … , 𝑁}, which is uniformly distributed and unknown. Without losing any 

generality, unit 𝑖 may be associated with record 𝑉𝑖 in 𝑆𝐵, and record 𝑉𝛱(𝑖)′ in 𝑆𝐴; the record values living in a record 

space 𝒱𝑁. The inclusion of the units in the samples and their record values (i.e., [(𝐼(𝑖 ∈ 𝑆𝐴), 𝐼(𝑖 ∈ 𝑆𝐵), 𝑉𝑖 , 𝑉𝛱(𝑖)′)]1≤𝑖≤𝑁) 

are assumed to be independent of 𝛱(. ). Furthermore, the sample inclusion indicators and the record values are 

assumed to be mutually independent and identically distributed across the units, i.e., the tuples (𝐼(1 ∈ 𝑆𝐴), 𝐼(1 ∈

𝑆𝐵), 𝑉1, 𝑉𝛱(1)′),…,(𝐼(𝑁 ∈ 𝑆𝐴), 𝐼(𝑁 ∈ 𝑆𝐵), 𝑉𝑁, 𝑉𝛱(𝑁)′) are assumed to be iid. Thanks to the assumptions about 𝛱(. ), no 

generality is lost by conditioning on the fact that it is the identity permutation (i.e., 𝛱(𝑖) = 𝑖 for each 𝑖) in what follows. 

This allows us to simplify the notation by keeping this conditioning implicit, i.e., the conditional expectation 𝐸[Ɛ|𝛱] 

is simply denoted by 𝐸[Ɛ] for any event Ɛ of interest. The conditioning also implies that unit 𝑖 is associated with 

records 𝑉𝑖 and 𝑉𝑖′. 

 

The linkage is based on 𝐾 waves, which are based on a combination of diverse linkage criteria and methods. For 

example with three waves, the first may be deterministic, while the second is probabilistic and the last  is based on 

machine learning, e.g., 𝑘-means clustering. In wave 𝑘 = 1,… ,𝐾, denote the indicator of a link between the records 𝑖 

and 𝑗 by 𝐿𝑖𝑗
(1,𝑘)

 and suppose that this decision does not involve other records beyond 𝑉𝑖 and 𝑉𝑗′. The records are 

specifically linked as follows. In the first wave, 𝑉𝑖 and 𝑉𝑗′ are linked if 𝐿𝑖𝑗
(1,1) = 1. In the second wave, the two records 

are linked if 𝑉𝑖 has no link in the first wave (implying 𝐿𝑖𝑗
(1,1) = 0)  and 𝐿𝑖𝑗

(1,2) = 1. In general, in wave 𝑘 ≥ 2, 𝑉𝑖 and 𝑉𝑗′ 

are linked if 𝑉𝑖 has no link in all the previous waves and 𝐿𝑖𝑗
(1,𝑘) = 1. For what is to follow, it is convenient to introduce 

the decisions 𝐿𝑖𝑗
(2,1) = 𝐿𝑖𝑗

(1,1)
, and for 𝑘 > 2, let 𝐿𝑖𝑗

(2,𝑘) = 𝐿𝑖𝑗
(1,𝑘)∏ (1 − 𝐿𝑖𝑗

(1,𝑡))𝑘−1
𝑡=1 , where 𝐿𝑖𝑗

(2,𝑘)
 only involves 𝑉𝑖 and 𝑉𝑗′ 

for each 𝑘, and 𝐿𝑖𝑗
(2,1), … , 𝐿𝑖𝑗

(2,𝐾)
 are mutually exclusive, i.e.,  𝐿𝑖𝑗

(2,𝑘)𝐿𝑖𝑗
(2,𝑘′) = 0 if 𝑘 ≠ 𝑘′. Let 𝐿𝑖𝑗

(2) = 𝐿𝑖𝑗
(1,1)⋁…⋁𝐿𝑖𝑗

(1,𝐾)
 (⋁ 

denoting the binary OR operator) denote the indicator that 𝑉𝑖 and 𝑉𝑗′ are linked by some rule in the first set of rules, 

which is also the indicator that they are linked by some rule in the second set of rules, since 𝐿𝑖𝑗
(1,1)

⋁…⋁𝐿𝑖𝑗
(1,𝐾) =

𝐿𝑖𝑗
(2,1)⋁…⋁𝐿𝑖𝑗

(2,𝐾)
. Finally, let 𝐿𝑖𝑗  denote the ultimate linkage decision for 𝑉𝑖 and 𝑉𝑗′. The goal is to assess the errors for 

this latter decision, when the linkage is based on quasi-identifiers such as names or dates. 

 

Following Fellegi and Sunter (1969), a record pair is called matched if its records are from the same unit.  Then a 

record pair is cross-classified in a confusion matrix, according to whether it is matched, and whether it is linked as 

shown in Table 2-1. A true positive (TP) is a matched pair that is linked, a true negative (TN) is an unmatched pair 

that is not linked, a false negative (FN) is a matched pair that is not linked, and a false positive (FP) is an unmatched 

pair that is linked, where the errors comprise the latter two kinds of pairs. 

 

Table 2-1 

 Confusion matrix 

 Linked Not linked 

Matched TP FN 

Unmatched FP TN 
 

For convenience, let 𝑇𝑃, 𝑇𝑁, 𝐹𝑁 and 𝐹𝑃 also denote the numbers of pairs of the different types, which serve to 

compute the recall and precision, where the recall is the proportion of matched pairs that are linked (i.e., 

𝑇𝑃 (𝑇𝑃 + 𝐹𝑁)⁄ ), and the precision is the proportion of linked pairs that are matched (i.e., 𝑇𝑃 (𝑇𝑃 + 𝐹𝑃)⁄ ). 

 



Applying the univariate neighbor model: The accuracy of the decision 𝐿𝑖𝑗  may be evaluated with the univariate 

neighbor model (Dasylva and Goussanou, 2020) based on the number of links 𝑛𝑖 = ∑ 𝐼(𝑗 ∈ 𝑆𝐴)𝐿𝑖𝑗
𝑁
𝑗=1  of record 𝑖 from 

𝑆𝐵. According to this model 

𝑛𝑖 ~ ∑𝛼𝑔𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖(𝑝𝑔) ∗ 𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜆𝑔)

𝐺

𝑔=1

, (2.1) 

where ∗ is the convolution operation, 𝐺 is the number record classes, and 𝑝𝑔 and 𝜆𝑔 are respectively the expected 

numbers of true positives and false positives per record in class 𝑔, with 𝑝̅ = 𝛼1𝑝1 +⋯+ 𝛼𝐺𝑝𝐺  and 𝜆̅ = 𝛼1𝜆1 +⋯+
𝛼𝐺𝜆𝐺 denoting the expected numbers of true positives and false positives of any record (i.e. from any class) in 𝑆𝐵. 

Then, the recall and precision correspond respectively to 𝑃(𝑖 ∈ 𝑆𝐴)
−1𝑝̅ and 𝑝̅ (𝑝̅ + 𝜆̅)⁄  (Dasylva, Goussanou and 

Nambeu, 2024), which may be estimated by maximizing the likelihood of the 𝑛𝑖’s. However, this approach is naïve 

and yields biased estimators because the decision to link two records is not independent of other records here. Indeed, 

this is easily seen in the following simple counter example, where 𝐾 = 2, 𝐿𝑖𝑗
(1,1)

 is based on the exact agreement on all 

the variables, while 𝐿𝑖𝑗
(1,2)

 is based on a looser criterion. Then, 𝑉𝑖 is linked to 𝑉𝑗′ if the two records are identical, or if 

𝑉𝑖 ≠ 𝑉𝑗′′ for each 𝑗′ ∈ 𝑆𝐴 and 𝐿𝑖𝑗
(2,2) = 1. Clearly, 𝐿𝑖𝑗  is a function of each record in 𝑆𝐴. A better solution is to apply 

the multivariate version of the neighbor model (Dasylva et al., 2024). 

 

Applying the multivariate neighbor model: The multivariate neighbor model (Dasylva, Goussanou and Nambeu, 2024) 

was developed to enable the joint estimation of the linkage accuracy of many mutually exclusive linking criteria, 

where each criterion links two records independently of other records. It is a finite multivariate mixture, where each 

component is based on the convolution of a multinomial distribution with a multivariate compound Poisson 

distribution (Wang, 1996). In general, a compound Poisson distribution is parametrized by a positive Poisson 

parameter 𝜆 and a severity distribution ℎ(. ). When ℎ(. ) is discrete, the probability mass function has the form 

𝑃(𝑋 = 𝑥) = ∑
𝜆𝑡

𝑡!
𝑒−𝜆ℎ∗𝑡(𝑥)

∞

𝑡=0

, 

where ℎ∗𝑡(. ) is the 𝑡-fold convolution of ℎ(. ) with itself. For convenience, the multivariate compound distribution 

with Poisson parameter 𝜆 and severity distribution ℎ(. ) is denoted by 𝑀𝐶𝑃(𝜆, ℎ(. )). The multivariate finite mixture 

arises from a convergence in distribution, when 𝑁 becomes arbitrarily large under regularity conditions. 

 

To describe how the multivariate neighbor model applies to the problem in hand, denote by 𝑛𝑖
(𝑘)

 the number of links 

of 𝑉𝑖 based on 𝐿𝑖𝑗
(2,k)

, and let 𝒏𝑖 = [𝑛𝑖
1 … 𝑛𝑖

𝐾]⊤ (also denoted by [𝑛𝑖
(𝑘)]

1≤𝑘≤𝐾
 for convenience). For 𝑣 ∈ 𝒱𝑁, define 

the neighborhood of 𝑣 as a set ℬ𝑁(𝑣) containing all the record values from 𝒱𝑁, which are linked to 𝑣 in some wave, 

with a positive probability, i.e., 

ℬ𝑁(𝑣) ⊃ {𝑣′ ∈ 𝒱𝑁  𝑠. 𝑡.  𝐸 [∑𝐿𝑖𝑖
(2,𝑘)

𝐾

𝑘=1

| (𝑖, 𝑗) ∈ 𝑆𝐵 × 𝑆𝐴, (𝑉𝑖, 𝑉𝑖′) = (𝑣, 𝑣′)] > 0} . 

Finally, let 𝒱𝑁
∗  denote the subset of record values that may be observed in 𝑆𝐵 with a positive probability, and for 

distinct 𝑖 and 𝑗, define 

𝑝𝑁
(𝑘)(𝑣) = 𝐸[𝐼(𝑖 ∈ 𝑆𝐴)𝐿𝑖𝑖

(2,𝑘)|𝑖 ∈ 𝑆𝐵 , 𝑉𝑖 = 𝑣],

𝜆𝑁
(𝑘)(𝑣) = 𝐸[𝐼(𝑗 ∈ 𝑆𝐴)𝐿𝑖𝑗

(2,𝑘)|𝑖 ∈ 𝑆𝐵 , 𝑉𝑖 = 𝑣],

𝜆𝑁
(0)(𝑣) = 𝑃(𝑗 ∈ 𝑆𝐴 𝑎𝑛𝑑 𝑉𝑗′ ∈ ℬ𝑁(𝑉𝑖)|𝑖 ∈ 𝑆𝐵 , 𝑉𝑖 = 𝑣),

 

𝒑𝑁(𝑣) = [𝑝𝑁
(𝑘)(𝑣)]

1≤𝑘≤𝐾
 and 𝝀𝑁(𝑣) = [𝜆𝑁

(𝑘)(𝑣)]
1≤𝑘≤𝐾

. The extended model is based on the convergence in 

distribution of 𝒏𝑖 under the following conditions (Dasylva, Goussanou and Nambeu, 2024, Lemma 2). 



𝑠𝑢𝑝𝑣∈𝒱𝑁∗ (𝑁 − 1)𝜆𝑁
(0)(𝑣) ≤ 𝛬, (2.2)

(𝒑𝑁(𝑉𝑖), (𝑁 − 1)𝝀𝑁(𝑉𝑖))
𝑑
→ 𝐹, (2.3)

 

where 𝛬 and 𝐹 are independent of 𝑁, and 𝐹 is the atomic distribution, which puts the probability mass 𝛼𝑔 on (𝒑𝑔, 𝝀𝑔), 

with 𝒑𝑔(𝑣) = [𝑝𝑔
(𝑘)(𝑣)]

1≤𝑘≤𝐾
, 𝝀𝑔(𝑣) = [𝜆𝑔

(𝑘)(𝑣)]
1≤𝑘≤𝐾

 and 𝑔 = 1,… , 𝐺. To detail this limiting distribution, let 𝟎𝐾 

denote the 𝐾-dimensional column vector of zeros, let 𝒆𝑘 denote the 𝐾-dimensional column vector with a 1 in position 

𝑘 and zeros elsewhere, and for 𝒛 ∈ ℕ𝐾 let 𝛿𝒛(. ) denote the distribution that puts all the mass at 𝒛. Then 

𝒏𝑖
𝑑
→ ∑𝛼𝑔𝑝𝑔(. ) ∗ 𝑀𝐶𝑃 (𝜆𝑔, ℎ𝑔(. ))

𝐺

𝑔=1

, (2.4)

𝑝𝑔(. ) = (1 −∑𝑝𝑔
(𝑘)

𝐾

𝑘=1

) 𝛿𝟎𝐾(. ) +∑𝑝𝑔
(𝑘)𝛿𝒆𝑘(. )

𝐾

𝑘=1

, (2.5)

ℎ𝑔(. ) = ∑(
𝜆𝑔
(𝑘)

𝜆𝑔
)𝛿𝒆𝑘(. )

𝐾

𝑘=1

, (2.6)

𝜆𝑔 = 𝜆𝑔
(1) +⋯+ 𝜆𝑔

(𝐾). (2.7)

 

Note that the compound distribution 𝑀𝐶𝑃 (𝜆𝑔, ℎ𝑔(. )) corresponds to the product of 𝐾 independent Poisson 

distributions, while the distribution 𝑝𝑔(. ) is also called incomplete multinomial distribution in previous work 

(Dasylva, Goussanou, and Nambeu, 2024). The model parameters comprise 𝛼𝑔, 𝒑𝑔 = [𝑝𝑔
(𝑘)]

1≤𝑘≤𝐾
 and 𝝀𝑔 =

[𝜆𝑔
(𝑘)]

1≤𝑘≤𝐾
 for each 𝑔, and they are estimated consistently by maximizing likelihood of the 𝒏𝑖’s (Dasylva, Goussanou, 

and Nambeu, 2024, Theorem 2), including the selection of 𝐺 selected according to the minimum Akaike information 

criterion. 

 

With these parameters, the recall and precision of  𝐿𝑖𝑗
(2,𝑘)

 are respectively derived as 𝑃(𝑖 ∈ 𝑆𝐴)
−1∑ 𝛼𝑔𝑝𝑔

(𝑘)𝐺
𝑔=1  and 

∑ 𝛼𝑔𝜆𝑔
(𝑘)𝐺

𝑔=1 , for each one of the 𝐾 mutually exclusive linkage criteria (i.e., 𝐿𝑖𝑗
(2,1), … , 𝐿𝑖𝑗

(2,𝐾)
) while accounting for the 

heterogeneity of 𝑉𝑖 in a manner that is consistent across these criteria. This is the main advantage of the multivariate 

model, when comparing to the separate application of the univariate model (Dasylva and Goussanou, 2020) to 𝐿𝑖𝑗
(2,𝑘)

 

for each 𝑘. The next step is deriving the recall and precision when the records are linked in 𝐾 successive waves as 

described above. 

 

To do so, let 𝑇𝑃𝑖
(𝑘)

 and 𝐹𝑃𝑖
(𝑘)

 denote the number of true positives and false positives for 𝑉𝑖 in wave 𝑘, and let 𝑇𝑃𝑖 =

𝑇𝑃𝑖
(1) +⋯+ 𝑇𝑃𝑖

(𝐾)
 and 𝐹𝑃𝑖 = 𝐹𝑃𝑖

(1) +⋯+ 𝐹𝑃𝑖
(𝐾)

 denote the total number of true positives and false positives for 

the same record across all the waves. Note that 𝑇𝑃𝑖
(𝑘)

 and 𝐹𝑃𝑖
(𝑘)

 are not the numbers of true positives and false positives 

under 𝐿𝑖𝑗
(2,𝑘)

. For convenience, redefine 𝑝̅ and 𝜆̅ as 𝑝̅ = lim
𝑁→∞

𝐸[𝑇𝑃𝑖
(𝑘)|𝑖 ∈ 𝑆𝐵] and 𝜆̅ = lim

𝑁→∞
𝐸[𝐹𝑃𝑖

(𝑘)|𝑖 ∈ 𝑆𝐵], i.e., the 

limiting values of the expected numbers of true positives and false positives per record in 𝑆𝐵 across all the waves. The 

following lemma gives the expressions for these parameters. The proof is found in the appendix. 

Lemma 1: 

𝑝̅ = ∑∑𝛼𝑔 (𝐼(𝑘 = 1)𝑝𝑔
(1) + 𝐼(𝑘 > 1)𝑝𝑔

(𝑘) exp(−∑𝜆𝑔
(𝑡)

𝑘−1

𝑡=1

)) ,

𝐺

𝑔=1

𝐾

𝑘=1

(2.8)

𝜆̅ = ∑∑𝛼𝑔 (𝐼(𝑘 = 1)𝜆𝑔
(1) + 𝐼(𝑘 > 1)𝜆𝑔

(𝑘)(1 −∑𝑝𝑔
(𝑡)

𝑘−1

𝑡=1

)exp(−∑𝜆𝑔
(𝑡)

𝑘−1

𝑡=1

))

𝐺

𝑔=1

𝐾

𝑘=1

. (2.9)

 



The recall and precision of 𝐿𝑖𝑗  converge in probability to 𝑃(𝑖 ∈ 𝑆𝐴)
−1𝑝̅ and 𝑝̅ (𝑝̅ + 𝜆̅)⁄ , respectively, under the 

following additional regularity conditions (Dasylva, Goussanou and Nambeu, 2024, Theorem 1 and Corollary 1) for 

distinct 𝑖 and 𝑖′ from {1, … , 𝑁}. 

𝑁𝑃(ℬ𝑁(𝑉𝑖) ∩ ℬ𝑁(𝑉𝑖′) = ∅|{𝑖, 𝑖′} ⊂ 𝑆𝐵) ≤ 𝑐, (2.10)

𝑁𝑃(𝑉𝑖′′ ∈ ℬ𝑁(𝑉𝑖)|{𝑖, 𝑖′} ⊂ 𝑆𝐵, ℬ𝑁(𝑉𝑖) ∩ ℬ𝑁(𝑉𝑖′) = ∅  ) ≤ 𝑐, (2.11)
 

where 𝑐 is a positive constant independent of 𝑁. Eq. (2.10) means that unmatched records in 𝑆𝐵 have disjoint 

neighborhoods, with a high probability. This is also an indication that the two records are very dissimilar. Eq. (2.11) 

means that matched records are sufficiently similar. Thus, the recall and precision may be estimated consistently by 

𝑃(𝑖 ∈ 𝑆𝐴)
−1𝑝̂̅ and 𝑝̂̅ (𝑝̂̅ + 𝜆̅̂)⁄ , where 𝑝̂̅ and 𝜆̅̂ are based on the maximum likelihood (Dasylva, Goussanou and Nambeu, 

2024, Theorem 2). 

 

So far, it has been assumed that 𝐿𝑖𝑗
(1,𝑘)

 only depends on 𝑉𝑖 and 𝑉𝑗′ and not on other records. However, this condition is 

violated if the linkage decision is a function of decision parameters that depend on all the records from the two sources. 

For example, this occurs when 𝐿𝑖𝑗
(1,𝑘)

 is based on the probabilistic method; the decision parameters comprising the 

linkage weights and a weight threshold, where there are no clerical resources. This is also the case if the decision is 

based on two-means clustering, where the decision parameters comprise the centers of the two clusters. Yet, the 

linkage accuracy can be estimated consistently if the decision parameters are estimated consistently. 

 

 

3. Simulations 

 
The methodology is evaluated with simulations that are based on 100 repetitions. In each repetition, a fictitious 

population is generated with a last name and birth date for each individual, where the distributions of these variables 

are based on the counts from the 2010 US census (US Census Bureau, 2016, 2020). From this finite population, two 

files are created by drawing independent Bernoulli samples with the same inclusion probability of 0.9, where the last 

name and birth date are perturbed as follows. The last name string is modified by many typos, where the number of 

typos follows the Poisson distribution with mean 0.1. With many typos, the different typos are applied in sequence, 

i.e., a typo is applied to the result of modifying the last name by the preceding typos. Each typo is stochastic and 

equally likely to be a deletion or an insertion, at a uniformly random position in the string. For an insertion, the inserted 

letter is drawn uniformly from the alphabet. For the birthdate, independent perturbations are applied for year on one 

hand and for the day and month on the other hand. The year is recorded without typos with probability 0.9, else it is 

increased or decreased by 1 with equal probability for each option. Similarly, the day and month are recorded without 

typos with probability 0.9. Otherwise, the two date components are transposed. 

The linkage is also implemented in SAS. It is based on two waves, where the first wave is based on having the same 

last name and birth date, while the second wave is based on the probabilistic method. For this second wave, a simple 

probabilistic linkage is implemented, which reflects current practices, including the working assumption of conditional 

independence (i.e., the assumption that agreements on different variables are independent given that a pair is matched 

or unmatched). For this linkage, blocking is based on having the same year and meeting at least one of the following 

criteria: the same last name and day, the same last name and month, the same first letter for the last name and the same 

day and month, or the same first letter for the last name and a cross agreement on the day and month. By cross 

agreement on the day and month, we mean that the day of the first record agrees with the month of the second record, 

and that the month of the first record agrees with the day of the second record. The probabilistic linkage is simple and 

based on three comparisons, including whether the Jaro-Winkler similarity of the last name is larger than 0.8, whether 

the day is the same, and whether the month is the same. The linkage parameters are estimated numerically with SAS 

OPTMODEL under the conditional independence assumption. Finally, a record pair is linked where the estimated 

conditional match probability (i.e., the conditional probability that a pair is matched given the observed comparison 

outcomes) is equal to or greater than 1 2⁄ , to minimize a linear combination of the false positives and false negatives. 

Yet, the resulting decision is likely to be suboptimal because the conditional independence assumption is violated, and 

the conditional match probability is estimated with some bias. However, this does not interfere with our main goal, 

which is to evaluate our ability to accurately measure the achieved linkage accuracy, regardless of its optimality. 

Besides, the proposed methodology does not rest on the conditional independence assumption. The error estimation 



procedure is implemented in R based on the restricted version of the multivariate model where 𝑝1
(𝑘) = ⋯ = 𝑝𝐺

(𝑘) =

𝑝(𝑘). For comparison, the linkage accuracy is also estimated naïvely with the restricted univariate model under the 

constraint 𝑝1 = ⋯ = 𝑝𝐺 = 𝑝. In the simulations, the population size is increased from 100,000 to 200,00. By 

increasing the population size, the number of false positives is increased, and the precision is decreased. The results 

appear in Table 3-1. While the variance is smaller with the univariate model, the relative bias and mean square error 

(MSE) are much smaller with the proposed estimator. The drop in MSE is quite sharp when going from the univariate 

to the multivariate model. Additionally, the results show that the MSE increases with 𝑁 for each estimator. Overall, 

the multivariate model performs better than the univariate model as expected. 

 

Table 3-1 

Simulation results.  

  𝑵 = 𝟏𝟎𝟎, 𝟎𝟎𝟎 𝑵 = 𝟐𝟎𝟎, 𝟎𝟎𝟎 
Measure Estimator Relative bias 

(%) 

Variance 

 (× 𝟏𝟎−𝟔) 

MSE  

(× 𝟏𝟎−𝟑) 
Relative bias 

(%) 

Variance  

(× 𝟏𝟎−𝟔) 

MSE  

(× 𝟏𝟎−𝟑) 

Precision Univariate 7.92 1.42 4.79 14.11 1.38 11.96 
 Multivariate -1.79 3.90 0.25 -3.63 2.55 0.79 
Recall Univariate 7.92 2.87 2.83 14.11 1.85 8.96 
 Multivariate -1.92 5.11 0.17 -3.89 3.44 0.68 

 

 

4. Conclusions 

 
For applications of linked data to official statistics, it is critical to measure the linkage accuracy. This is also true when 

using a popular strategy, which consists in linking records in waves, where each wave links a subset of the records 

that are not linked in all the previous waves. However, evaluating the resulting accuracy has been a challenge so far, 

because the decision to link two records depends on other records. In this paper, the problem is finally addressed by 

modeling the number of links from a record, without making the conditional independence assumption or requiring 

clerical reviews. In future work, this approach will be extended to other linkage strategies. 
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Appendix 

 
Proof of Lemma 1: In the first wave, a true positive occurs if and 𝑉𝑖 and 𝑉𝑖′ are linked, and a false positive occurs if 

𝑉𝑖 and 𝑉𝑗′ are linked for 𝑗 ≠ 𝑖. Consequently, 

 

𝐸 [𝑇𝑃𝑖
(1)
| 𝑖 ∈ 𝑆𝐵, 𝑉𝑖 = 𝑣] = 𝑝𝑁

(1)(𝑣),

𝐸 [𝐹𝑃𝑖
(1)
| 𝑖 ∈ 𝑆𝐵, 𝑉𝑖 = 𝑣] = (𝑁 − 1)𝜆𝑁

(1)(𝑣),
 

and 

𝐸[𝑇𝑃𝑖
(1)|𝑖 ∈ 𝑆𝐵] = 𝐸[𝑝𝑁

(1)(𝑉𝑖)|𝑖 ∈ 𝑆𝐵]

= ∫𝑝(1)𝑑𝐹(𝒑, 𝝀) + ∫𝑝(1)𝑑(𝐹𝑁(𝒑, 𝝀) − 𝐹(𝒑, 𝝀))

= ∑𝛼𝑔𝑝𝑔
(1)

𝐺

𝑔=1

+∫𝑝(1)𝑑(𝐹𝑁(𝒑, 𝝀) − 𝐹(𝒑, 𝝀))⏟                  
𝑜(1)

.

 

In a similar manner 

𝐸[𝐹𝑃𝑖
(1)|𝑖 ∈ 𝑆𝐵] = 𝐸[(𝑁 − 1)𝜆𝑁

(1)(𝑉𝑖)|𝑖 ∈ 𝑆𝐵]

= ∫ 𝜆(1)𝑑𝐹(𝒑, 𝝀) + ∫𝜆(1)𝑑(𝐹𝑁(𝒑, 𝝀) − 𝐹(𝒑, 𝝀))

= ∑𝛼𝑔𝜆𝑔
(1)

𝐺

𝑔=1

+∫𝜆(1)𝑑(𝐹𝑁(𝒑, 𝝀) − 𝐹(𝒑, 𝝀))⏟                  
𝑜(1)

.

 

In wave 𝑘 ≥ 2, a true positive occurs if 𝐼(𝑖 ∈ 𝑆𝐴)𝐿𝑖𝑖
(2,𝑘) = 1 and 𝐼(𝑗 ∈ 𝑆𝐴)∑ 𝐿𝑖𝑗

(2,𝑡)𝑘−1
𝑡=1 = 0 for each 𝑗 ≠ 𝑖. Besides, there 

is a mutual independence among the variables that comprise 𝐼(𝑖 ∈ 𝑆𝐴)𝐿𝑖𝑖
(2,𝑘)

 and 𝐼(𝑗 ∈ 𝑆𝐴)∑ 𝐿𝑖𝑗
(2,𝑡)𝑘−1

𝑡=1  for each 𝑗 ≠ 𝑖, 

when conditioning on the event {i ∈ 𝑆𝐵} ∩ {𝑉𝑖 = 𝑣}. Hence 

𝐸[𝑇𝑃𝑖
(𝑘)|𝑖 ∈ 𝑆𝐵 , 𝑉𝑖 = 𝑣] = 𝑝𝑁

(𝑘)(𝑣) (1 −∑𝜆𝑁
(𝑡)(𝑣)

𝑘−1

𝑡=1

)

𝑁−1

. 

and 

https://www2.census.gov/programs-surveys/popest/tables/2010-2019/state/asrh/sc-est2019-alldata6.csv


𝐸[𝑇𝑃𝑖
(𝑘)|𝑖 ∈ 𝑆𝐵] = 𝐸 [𝑝𝑁

(𝑘)(𝑉𝑖) (1 −
1

𝑁 − 1
∑(𝑁 − 1)𝜆𝑁

(𝑡)(𝑉𝑖)

𝑘−1

𝑡=1

)

𝑁−1

| 𝑖 ∈ 𝑆𝐵]

= ∫𝑝(𝑘) exp (−∑𝜆(𝑡)
𝑘−1

𝑡=1

)𝑑𝐹(𝒑, 𝝀) +

∫𝑝(𝑘) ((1 −
1

𝑁 − 1
∑𝜆(𝑡)
𝑘−1

𝑡=1

)

𝑁−1

− exp (−∑𝜆(𝑡)
𝑘−1

𝑡=1

))

⏟                              
𝑂(1 𝑁⁄ )

𝑑𝐹(𝒑, 𝝀) +

∫𝑝(𝑘) (1 −
1

𝑁 − 1
∑𝜆(𝑡)
𝑘−1

𝑡=1

)

𝑁−1

𝑑(𝐹𝑁(𝒑, 𝝀) − 𝐹(𝒑, 𝝀))
⏟                                  

𝑜(1)

= ∑𝛼𝑔𝑝𝑔
(𝑘) exp (−∑𝜆𝑔

(𝑡)

𝑘−1

𝑡=1

)

𝐺

𝑔=1

+ 𝑜(1).

 

In the same wave, for distinct 𝑖 and 𝑗, a false positive between 𝑉𝑖 and 𝑉𝑗′ occurs if 𝐼(𝑗 ∈ 𝑆𝐴)𝐿𝑖𝑗
(2,𝑘) = 1, 

𝐼(𝑖 ∈ 𝑆𝐴) ∑ 𝐿𝑖𝑖
(2,𝑡)𝑘−1

𝑡=1 = 0 and 𝐼(𝑗′ ∈ 𝑆𝐴) ∑ 𝐿𝑖𝑗′
(2,𝑡)𝑘−1

𝑡=1 = 0, for each 𝑗′ ≠ 𝑖, 𝑗, with the mutual independence among the 

variables that comprise 𝐼(𝑗 ∈ 𝑆𝐴)𝐿𝑖𝑗
(2,𝑘)

, 𝐼(𝑖 ∈ 𝑆𝐴)∑ 𝐿𝑖𝑖
(2,𝑡)𝑘−1

𝑡=1  and 𝐼(𝑗′ ∈ 𝑆𝐴) ∑ 𝐿𝑖𝑗′
(2,𝑡)𝑘−1

𝑡=1 = 0, for each 𝑗′ ≠ 𝑖, 𝑗, when 

conditioning on the event {i ∈ 𝑆𝐵} ∩ {𝑉𝑖 = 𝑣}. Therefore 

𝐸[𝐹𝑃𝑖
(𝑘)|𝑖 ∈ 𝑆𝐵 , 𝑉𝑖 = 𝑣] = (𝑁 − 1)𝜆𝑁

(𝑘)(𝑣) (1 −∑𝑝𝑁
(𝑡)(𝑣)

𝑘−1

𝑡=1

)(1 −∑𝜆𝑁
(𝑡)(𝑣)

𝑘−1

𝑡=1

)

𝑁−2

, 

and 

𝐸[𝐹𝑃𝑖
(𝑘)|𝑖 ∈ 𝑆𝐵] = 𝐸 [(𝑁 − 1)𝜆𝑁

(𝑘)(𝑣) (1 −∑𝑝𝑁
(𝑡)(𝑣)

𝑘−1

𝑡=1

)(1 −∑𝜆𝑁
(𝑡)(𝑣)

𝑘−1

𝑡=1

)

𝑁−2

| 𝑖 ∈ 𝑆𝐵]

= ∫𝜆(𝑘) (1 −∑𝑝(𝑡)
𝑘−1

𝑡=1

)exp (−∑𝜆(𝑡)
𝑘−1

𝑡=1

)𝑑𝐹(𝒑, 𝝀) +

∫𝜆(𝑘) (1 −∑𝑝(𝑡)
𝑘−1

𝑡=1

)((1 −
1

𝑁 − 1
∑𝜆(𝑡)
𝑘−1

𝑡=1

)

𝑁−2

− exp (−∑𝜆(𝑡)
𝑘−1

𝑡=1

))

⏟                              
𝑂(1 𝑁⁄ )

𝑑𝐹(𝒑, 𝝀) +

∫𝜆(𝑘) (1 −∑𝑝(𝑡)
𝑘−1

𝑡=1

)(1 −
1

𝑁 − 1
∑𝜆(𝑡)
𝑘−1

𝑡=1

)

𝑁−2

𝑑(𝐹𝑁(𝒑, 𝝀) − 𝐹(𝒑, 𝝀))
⏟                                            

𝑜(1)

= ∑𝛼𝑔𝜆𝑔
(𝑘) (1 −∑𝑝𝑔

(𝑡)

𝑘−1

𝑡=1

)exp (−∑𝜆𝑔
(𝑡)

𝑘−1

𝑡=1

)

𝐺

𝑔=1

+ 𝑜(1).

 

QED 


