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Abstract

The current use of multilevel models to examine the effects of surrounding contexts on health outcomes attest to their value
as a statistical method for analyzing grouped data. But the use of multilevel modeling with data from population-based
surveys is often limited by the small number of cases per level-2 unit, prompting a recent trend in the neighborhood
literature to apply cluster analysis techniques to address the problem of data sparseness. In this paper we use Monte Carlo
simulations to investigate the effects of marginal group sizes and cluster analysis techniques on the validity of parameter
estimates in both linear and non-linear multilevel models.
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1. Introduction

1.1 Data Sparseness in Multilevel Models

Population health outcomes are shaped by complex interactions between individuals and the diverse social,
cultural, and environmental contexts in which they are situated over the life course. Physical and social
environments vary across neighborhoods, schools, regions, and nations. These divergent contexts in which persons
are situated contribute to population health disparities, as mortality, disease prevalence, physical function and
maternal health vary across contexts (Yen & Syme, 1999; O’Campo, et al., 1997; Yen & Kaplan, 1999; Barr et al.,
2001; Clarke & George, 2005). The recent increase in the use of multilevel models to examine associations between
these group-level contexts and a wide range of individual health indicators (e.g. Pickett and Pearl 2001; Ahern,
Pickett & Selvin, 2003; Buka et al., 2003; Merlo, et al., 2003; Ross & Mirowsky, 2001) attest to their value as a
statistical method for analyzing grouped or clustered data. But the use of multilevel modeling with data from
population-based surveys is often limited by data sparseness: a small number of cases per level-2 unit.

While large scale surveys make it relatively easy to achieve a large number of groups, there are often very few
individuals per group. For example, in Cycle 1.1 of the Canadian Community Health Survey there are on average
about 15 respondents per census tract (a typical geographic area used to approximate neighborhoods). The matter is
further complicated by the fact that 5.9% of the tracts have only one respondent. These “singleton” groups generate
concern because there is no within group variability, rendering individual- and tract-level variation
indistinguishable. Sparseness is also evident in American survey data. The National Longitudinal Study of
Adolescent Health is a United States school-based survey of health behaviors in adolescents and their outcomes in
young adulthood (Bearman, Jones & Udry, 2002). However, because schools (not neighborhoods) were the
sampling frame, there is considerable sparseness in the data for those interested in examining neighborhood effects
on health. In the first wave of the survey there is an average of 7.33 subjects per tract, and almost half of these tracts
are singleton tracts. Due to subject attrition and residential mobility, sparseness only increases over surveys with
longitudinal follow-up.

! Philippa Clarke, University of Michigan, 426 Thompson Street, Ann Arbor, Michigan, 48106, USA
(pjclarke@umich.edu);

? Patricia O’Campo, University of Toronto, 70 Richmond St. E., 4th Floor, Toronto, Canada; Blair

3 Wheaton, University of Toronto, 725 Spadina Ave., Toronto, Canada.




When there is a high level of clustering within groups (i.e. large group size), it is well known that
disaggregation of the data (e.g. by using ordinary least squares (OLS) regression) leads to an elevated risk of Type I
error when examining the effect of group contexts on health (Kreft, 1996). By pretending that the observations are
independent, the standard errors are biased downwards generating artificially narrow confidence intervals.
Multilevel models appropriately partition within-group and between-group effects so that a high level of clustering
within groups is statistically accounted for. But little is known about the Jower threshold at which data sparseness
renders multilevel models unreliable or even unnecessary. There are various rules-of-thumb stated in the literature,
often in the range of 15 to 30 per group (Bryk and Raudenbush 1992; Kreft and de Leeuw 1998; Raudenbush and
Sampson 1999). However, rules of thumb may be cited and followed without real proof of what the minimum level
of data sparseness really is. And the wide range of numbers given in these recommendations reflects the fact that
very little research has been done to explicitly test the minimum level of clustering necessary for valid and reliable
estimates in multilevel models.

Simulations designed to assess the data sparseness problem are beginning to appear in the literature, and results
suggest that the number of groups is more important for unbiased and efficient estimates than the number of
observations per group (Maas and Hox 2002; Maas and Hox 2004; Afshartous 1995; Kreft 1996; Mok, 1995). This
is reassuring since a shortage of groups is rarely a problem in population-based survey data. Yet researchers
continue to be concerned with small group sizes when examining contextual effects on health and have adopted
various strategies to deal with data sparseness. Some choose to ignore the hierarchical structure of the data
altogether by using OLS regression techniques (e.g. Robert, 1998; South & Baumer, 2000; Schieman, Pearlin &
Meersman, 2006), while others have simply deleted sparse neighborhoods from their analyses (Cutrona et al., 2000).
There has also been a recent trend in the use of cluster analysis techniques to reduce data sparseness (Beland, Birch,
and Stoddart 2002; Buka, et al. 2003; Cutrona, et al. 2000; Hou and Chen 2003; Wheaton & Clarke, 2003). This
typically involves the use of a clustering procedure where respondents are grouped together into larger “synthetic”
neighborhoods, yielding a larger number of cases per level-2 unit. Yet, the effects of such techniques on the
accuracy of model parameters have not been thoroughly considered. In earlier work (Clarke & Wheaton, 2007) we
showed that aggressive clustering strategies have the ironic consequence of actually minimizing between-group
variance as a result of introducing artificial within-group heterogeneity. Targeted clustering of the singleton groups
was the most effective strategy for reducing data sparseness while minimizing the inflation of within-group variance
(Clarke & Wheaton, 2007; Wheaton & Clarke, 2003). While this work focused on linear hierarchical models, the
effect of clustering on non-linear models remains unknown.

Our purpose in this paper is to empirically examine the effects of data sparseness on multilevel models so that
informed analytic decisions can be made when working with grouped or clustered data. Using Monte Carlo
simulations, we investigate the effects of marginal group sizes on parameter estimates in the multilevel model. We
look at both linear and nonlinear hierarchical models to examine potential differences in the effects of marginal
group size on both continuous and discrete outcomes. We then employ cluster analysis techniques to minimize data
sparseness and examine the consequences for both models in the simulations. We argue that more sparseness may be
tolerated than is generally assumed, and that any corrective actions should be used cautiously.

1.2 The Generalized Multilevel Model

In general, the multilevel model can be conceptualized as a hierarchical system of regression equations within J
contextual groups, with ; individuals in each group (Raudenbush and Bryk 2002). At the individual level (level-1)
we have the dependent variable Y; and there are separate regression equations for each group or “neighborhood”.
For, linear models the identity link function regresses Y; on a linear predictor set of one (or more) independent

variables X;;, with normally distributed residuals (el.j ) having a mean of 0 and variance o’

Yy =By + B Xy e (1a).
For non-linear models, various link functions linearize an underlying non-linear predictor component. For the case
of a binary outcome with a binomial error distribution, the logit link function is used to regress the log odds of Y;; on
a linear predictor set of independent variables:

P,
; _ i —
Logit(Y; )=1In — =Py + 51X, (1b).
1 Bj
For both the linear and non-linear models these level-1 coefficients can then be modeled by explanatory
variables at the contextual level-2 (e.g. neighborhood poverty):



By =Yoo T 702 +uy, ()
Bii=r0+vul; +uy, 3).

By substituting equations (2) and (3) into equations (1a) and (1b) and rearranging terms, we get the full multilevel
linear model:

Y =0oo+ 710Xy + 70l vyl Xy +uy; +u; ; X, +e; (4a),
and the full multilevel logistic model:
logit(Y;)=Vog+ 710Xy + 701 Z; + V1,12, X +ug; +uy; X, (4b).
In both models, u, j represents group level variability around the intercept, which is assumed to be normally

distributed with a mean of 0 and variance 7,,,, and u; j Tepresents group level variability around the regression

slope, which is assumed to be normally distributed with mean of 0 and variance 7, .
If there are no explanatory variables at levels 1 or 2, equations (4a) and (4b) reduce to:
Yy =Y +uy; +e (52),

logit(Y; )=y +uy, (5b),
which are the fully unconditional, or one-way ANOVA, models for the linear and logistic case, respectively.
Partitioning the variance components yields a useful statistic, the intraclass correlation coefficient (ICC), which
measures the proportion of variance in the outcome that is accounted for by the group level (Raudenbush and Bryk
2002). For the linear model the ICC is defined as:

1
p=—"7 (6a).
Too +0
2
Since the binomial distribution for the logistic link function implies a level 1 variance of 7% 3 (Snijders & Bosker,

1999), the ICC for the non-linear model is defined as:
Too

2. Methods

(6b)

2.1 Simulation Procedure

A Monte Carlo simulation is conducted with a two-level hierarchical model. The number of groups is held constant
at 200 groups, and group size is varied at 2, 5, 10, and 20 observations per group. The number of groups is chosen to
represent the larger number of groups typically found in population-based survey data, while the group sizes capture
the extremes of data sparseness as well as the larger group sizes typically tested in simulations (Mok 1995; Maas &
Hox 2004). For each of these 4 conditions 1000 simulated data sets are generated for both the linear and nonlinear
models.

The parameters for the simulation were set according to the full multilevel models (Eq. 4a and 4b). The

intercept (/) is set to 1.00, and the fixed effect coefficients ( 7,,, %> 7, ) to .3, representing a medium effect size
(Cohen 1988). A set of X and Z values are randomly generated from a standard uniform distribution. Following

Maas and Hox (2004) the residual variance at level-1 (0'2) is fixed to .5 in the linear model. (There is no level-1
error in the non-linear model.)

The population values of the level-2 variance components are derived according to the formula for an ICC value
of .1 (capturing the lower threshold of group level clustering on the outcome variable typically seen in population-
based survey data (Gulliford et al., 1999)). Thus, for the nonlinear model the population value for the level-2

intercept variance ( 7, ) is set to .366, based on equation 6b. For simplicity, 7,,,and 7,, are constrained to be equal

(following Maas and Hox 2004) and the level-2 covariance (7, ) is set to zero. For the linear model equation 6a is



modified to take into account heteroscedasticity in the random error term j (where it is a function of the level-1
independent variable ( X i )) (Goldstein 1995; Mok 1995):
var(level —2)

= 7 b
P var(level —2)+ var(level —1) 7

2

where var(level —2) =7, + 27, x, +7,,X;,

(7b)
and var(level —1) = o (7¢).
Thus, for the linear multilevel model the population variance at level-2 is set to .044 (based on an average X, value

of .5 generated randomly from a uniform distribution). (No equivalent adjusted ICC formula is available for
nonlinear models, so only the residual ICC formula is used.)

Based on these parameters, values of Y; are generated for each of the 4,000 simulated data sets (Y is continuous
for the linear model, while for the non linear model Y can take values of 0 or 1), and the effects of the 4 different
conditions on the estimated parameter values are examined for both the linear and non-linear model. Reproducible
streams of random numbers were generated in the simulations in order to maintain comparability across models. All
simulations are conducted in Mplus Version 4.2 (Muthen and Muthen, 1998). Models are estimated using maximum
likelihood and the standard errors are computed using a robust sandwich estimator. Nonlinear models are estimated
using a numerical integration algorithm.

2.2 Cluster Analysis

After generating the simulated data for each condition, we then performed a disjoint cluster analysis to collect
groups together into larger “synthetic neighborhoods” with similar characteristics. Clustering was based on the
similarity of groups according to the group-level variables that were generated in the initial simulated data. We used
the FASTCLUS procedure in SAS to assign observations to one and only one cluster. (Clusters do not form a tree
structure as they do in a hierarchical cluster analysis (Anderberg 1973).) Observations were grouped together to
form a cluster based on Euclidean distances between values on the group-level variables. We used a strict distance
criterion to ensure a high degree of similarity before groups could be clustered together into synthetic
neighborhoods.

2.3 Statistical Analysis

The effects of small group size in the simulations are examined in terms of bias for all parameter estimates and their
standard errors. Bias is assessed by examining whether the mean of the sampling distribution of estimates under

each condition centers on the true value. If @ is the sample estimate of the population parameter &, then bias =

E©)-0

. Bias exceeding 10% for any parameter is generally considered to be meaningful (Muthen & Muthen,

2002). The precision of the estimates is ascertained by examining the sampling distribution of standard errors for
each parameter. The standard deviation of the parameter estimates in the simulations is an indicator of the
population standard error when the number of replications is large (Muthen & Muthen, 2002). This is compared to
the average of the estimated standard errors for each parameter estimate in the simulations, and bias in the standard
errors is calculated in the same way as for the other parameter estimates, as described above.

3. Results

Table 1 presents the fixed effects and associated standard errors for the linear and non-linear multilevel models
across the four simulation conditions. The true parameter values are given in parentheses in Table 1. For each of the
4 simulation conditions, the parameter estimates and the standard errors for both the continuous and discrete
outcomes are estimated without bias. Even at the extremes of data sparseness (group size=2), bias in the fixed effect
parameter estimates is trivial (less than 2 percent for the linear model and less than 6 percent for the non linear
model) and there is no evidence of imprecision in the estimates (standard errors are in line with parameter values).



Table 1. Simulation Results for Linear and Nonlinear Multilevel Models:
Fixed Effects and Standard Errors

Linear Multilevel Model

Non-linear Multilevel Model

Fixed Effects Fixed Effects
Sirzoeup 7;0() (1'0) 7;10 (3) 7;01 (3) 7;11 (3) 7;00 (1’0) 7;10 (3) 7;01 (3) };11 (3)
2 .999 302 301 302 1.030 .305 320 318
5 1.000 .303 299 301 1.002 .299 302 .303
10 1.000 301 .300 299 1.000 .299 303 .305
20 1.000 .300 .300 299 1.000 .306 301 .299
Standard Errors Standard Errors
g;()eup };00 7;10 7;01 7;11 };00 7;10 7;01 7;11
2 .040 (.039) .042 (.042) .039(.042) .042 (.043) 176 ((176) 157 (.165) 142 (.149) .162(1.72)
5 027 (.027) .028 (.028) .027 (.027) .028 (.029) .097 (.099)  .097 (.099) .091(.099) .100 (.102)
10 .022 (.021) .022 (.023) .022(.021) .022(.022) 073 (.072) .074(.075) .071(.073) .076 (.078)
20 019 (.019) .019(.019) .018(.019) .019(.019) .059 (.058)  .060 (.060) .059 (.061) .061 (.062)

Note: The true parameter values are given in parentheses

Table 2 presents the variance components and standard errors for both the linear and logistic multilevel models
across the four simulation conditions. With very small group size (group size = 2), the group level variance
components are over estimated in both the linear and non-linear models. In the linear model, the random intercept
variance is overestimated by 14 percent with marginal group sizes, while both the intercept and slope variance in the
non-linear model are overestimated by over 30 percent. The standard errors of these estimates are also over
estimated in situations with marginal group sizes. When group size equals 2 the standard errors are biased upwards
by as much as 80 percent for the group level intercept variance in the linear model, and by as much as 32 percent for
the group level slope variance in the non-linear model. As a result, the power to detect significant between group
variance in these models falls below .3.

Table 2. Simulation Results for Linear and Nonlinear Multilevel Models:
Random Effects and Standard Errors

Linear Multilevel Model

Non-Linear Multilevel Model

Random Effects Random Effects
Group - P (044) £ (044) 7. (366 F (366
Size O (5) To() ( ) T” ( ) z-()0 ( ) T” ( )
2 487 .050 .048 485 .520
5 .501 .042 .042 358 .370
10 .500 .043 .043 358 .366
20 .500 .043 .043 361 .359
Standard Errors Standard Errors
Grou n A ~ ~ R
Size P &’ oo ¥ Too ¥
2 .057 (.053) .058(.033) .031(.029) .556 (.520) .855 (.649)
5 .027(.028) .016(.016) .015(.016) 181 (.184) 213 (.218)
10 018 (.017) .010(.009) .010(.010) .105 (.106) 122 (1122)
20 .012(.012) .007 (.007) .007 (.007) .070 (.071) .078 (.076)

Note: The true parameter values are given in parentheses

Table 3 presents the results for the parameter estimates following a cluster analysis of the groups. For
simplicity, we only present the results for the condition where the original group size was 2, since this condition
generated the only bias in the parameter estimates. After the cluster analysis, average group size increased to 6.3
observations per group, with a final total of 63,745 groups. This increase in group size generated no bias in the fixed



parameter estimates or their standard errors for the continuous outcome models. However, the fixed effects in the
logistic model were underestimated when using the clustered data, particularly for the group level effects (estimates

biased downwards by 12% for the intercept and by 20% for }, ). The standard errors of these fixed effect estimates

were also consistently too short in the non linear model (biased downwards by 26-33%). Moreover, for both model
types the clustering resulted in a substantial underestimation of the group level random effects and their standard
errors. Both the random intercept and slope variance were biased downwards by 72-88%. For the nonlinear model, a
considerable positive covariance was also introduced in the data. This underestimation of the group level variance
components was accompanied by an overestimation of the within group variance in the linear models (14% positive
bias), suggesting that the clustering procedure introduced artificial within group heterogeneity in the data by joining
together observations from different groups.

Table 3. Simulation Results for Linear and Nonlinear Multilevel Models:
Following Cluster Analysis of Group Size=2

Linear Multilevel Model Non-linear Multilevel Model
Fixed Effects Parameter Estimate ~ Standard Error ~ Parameter Estimate ~ Standard Error
7;00 1.008 (1.000) .039 (.039) .877 (1.000) 121 (.176)
7;]0 .279 (.300) .041 (.042) .301 (.300) 122 (.165)
7;01 301 (.300) .039 (.042) .240 (.300) .108 (.149)
7;11 291 (.300) .040 (.043) .267 (.300) 15 (.172)
Linear Multilevel Model Non-linear Multilevel Model
Random Effects  Parameter Estimate  Standard Error ~ Parameter Estimate  Standard Error
&l .569 (.500) .043 (.053) --- ---
Too .005 (.044) .018 (.033) .095 (.366) .103 (.520)
7, .012 (.044) .020 (.030) .096 (.366) .101 (.649)

Note: The true parameter values are given in parentheses

4. Discussion

While concerns about data sparseness abound, very little research has been done to explicitly test the general
threshold at which data sparseness becomes problematic for unbiased and efficient estimates in multilevel models.
At the same time, researchers appear to be unconcerned about using cluster analysis strategies to artificially
manipulate the contextual groups in the data. Using Monte Carlo simulations, this paper aimed to empirically
examine the effects of data sparseness in multilevel models and to understand the effects of cluster analysis
strategies designed to address data sparseness on the accuracy of model parameters.

Consistent with existing research in this area (Mok 1995; Afshartous 1995; Maas and Hox 2002; Maas and Hox
2004), multilevel models generate unbiased estimates of the fixed effects and their standard errors, even at the
extremes of data sparseness. This holds for both continuous and discrete outcomes. However, there was evidence
that the group level random effects and their associated standard errors are overestimated with marginal group sizes.
As a result, the decreased precision in these estimates reduces the power to detect significant between group
variance when group sizes are very small. When the level of clustering increases to at least 5 observations per group,
there was no evidence of bias in the fixed or random effects and their standard errors.

Cluster analysis is an effective strategy for increasing group size and correcting the overestimation of the
random effects in linear multilevel models. But caution should be exercised in the use of such strategies in order to
prevent any underestimation of the random variance as a result of the introduction of artificial within group
heterogeneity. Discrete outcomes estimated with non linear multilevel models are not robust candidates for
clustering procedures. These models are extremely vulnerable to underestimation of both the fixed and random
components and their standard errors. Clustering sparse data when examining discrete outcomes would lead to
incorrect results and invalid conclusions about the effects of social contexts on health.
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