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ABSTRACT 
 

Two-phase sampling is often used for estimating a population total or mean when the cost per unit of collecting auxiliary 
variables x is much smaller than the cost per unit of measuring the characteristic of interest.  In the first-phase, a large 
sample 1s  is drawn according to a specific sampling design ( )1sp  and x is observed for the units 1si∈ . Given the first-

phase sample 1s , a second-phase sample 2s  is selected from 1s  according to a specified sampling design ( ){ }12 | ssp  and 

(y, x) is observed for the units 2si ∈ . In some cases, the population totals of some components of x may also be known. 
Two phase sampling is used for stratification at the second phase (Neyman, 1938; Rao, 1973) or both phases (Binder et al., 
2000) and for regression estimation (Särndal et al., 1992, chapter 9; Hidiroglou and Särndal, 1998).  Horvitz-Thompson 
(HT) type variance estimators are used for variance estimation.  However, the HT variance estimator in uni-phase sampling 
is known to be highly unstable and may take negative values when the units are selected with unequal probabilities.  On the 
other hand, the Sen-Yates-Grundy (SYG) variance estimator is relatively stable and nonnegative for several unequal 
probability sampling designs with fixed sample sizes.  In this paper, we extend the SYG variance estimators to two-phase 
sampling, assuming fixed first-phase sample size and fixed second phase sample size given the first-phase sample.  We 
apply the new SYG variance estimators to two-phase sampling designs with stratification at the second phase or both 
phases.  We also develop SYG type variance estimators of the two-phase regression estimators that make use of the first 
phase auxiliary data. 
 
KEYWORDS: Double-Expansion Estimator; Ratio-Estimator; Regression Estimator; Stratification. 

 
 

1. INTRODUCTION 
 
Two-phase sampling is often used for estimating a population total or a mean when the cost per unit of collecting 
auxiliary data x is much smaller than the cost per unit of measuring the characteristics of interest y. The sampling 

scheme consists of two phases. In the first-phase, a large sample 1s  of size 1n  is drawn from the universe U 

according to a specified sampling design with probabilities { })( 1sp  and x  is observed for the sample units 1si ∈ . 

Given the first-phase sample 1s , the second-phase sample 2s  is selected from 1s  according to a specified sampling 

design with conditional probabilities { })( 12 ssp  and ( )x,y  is observed for the units 2si ∈ . In some cases, the 

population totals of some components 1x of x may also be known. 

 
Neyman (1938) first proposed two-phase sampling for stratification. The first-phase sample 1s , selected by simple 

random sampling, is stratified on the basis of a scalar auxiliary variable x observed on the units in the context of a 
first-phase simple random sample 1s of size 1n , 1si ∈ : Ug gss 11 = , where gs1 is the first phase sample of random 

size, gn1 , in stratum g. In the second-phase, simple random samples gs2 of fixed sizes gn2  are drawn from the first-

phase samples gs1  of random sizes gn1 , 11 nn
g g =∑ . In the second phase, simple random samples gs2  of fixed sizes 

gn2  are drawn from the first-phase samples gs1 independently. The assumption of fixed sizes gn2 , however, is 

inconsistent with the sampling procedure because gn2 is bounded above by the random variable gn1  which varies 

from 0 to min ( )gNn ,1 , where gN is the number of population units in stratum g. Rao (1973) proposed an alternative 
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sample allocation that avoids the difficulty with Neyman’s method of sample allocation at the second-phase. This 
method selects a fixed fraction gν of the sample units in the first-phase, i.e., ggg nn 12 ν= , 10 ≤< gν . Cochran (1977, 

Chapter 12) studied ratio and regression estimation for the special case of simple random sampling in both phases.   
 
More recently, Särndal, Swensson, and Wretman (1992, Chapter 9) allowed arbitrary sampling designs in both 
phases. Let i1π and ij1π be the first-order and second-order inclusion probabilities for the first-phase sample 1s , and 

12 siπ and 
12 sijπ be the conditional first-order and second-order inclusion probabilities for the second phase sample 

2s , given 1s . An unbiased estimator of the population total ∑=
U iyY is given by  
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where  liii yy π/=& and∑a
denotes summation over units ai ∈ . This estimator is called the “double-expansion” 

estimator in analogy with the “expansion” (or Horvitz-Thompson (HT)) estimator for uni-phase sampling. Särndal et 

al (1992) derived an unbiased estimator of the variance of 2̂Y as 
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where 
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*

sijijij πππ = , j11i1ij1 πππ −=∆ ij and 
1111 j2i2ij22 πππ ssssij −=∆ . 

 
The formulae (1.1) and (1.2) may be more compactly expressed as: 
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where

1si2i1

*

i πππ =  and ****
jiijij πππ −=∆  (Särndal et al. (1992), p. 347). 

 
The variance estimator (1.4) (or equivalently (1.2)) has the same form as the HT variance estimator in single-phase 
sampling. For general single-phase designs with unequal inclusion probabilities, the latter variance estimator is 
known to be highly unstable and may take negative values (see Rao and Singh, 1973 and Cochran 1977, Chapter 
10a). On the other hand, an alternative variance estimator, known as the Sen-Yates-Grundy (SYG) variance 
estimator, is relatively more stable than the HT variance estimator. It is therefore useful to develop SYG-type 
variance estimators under two-phase sampling. 
 
Särndal et al. (1992) extended the unbiased estimator (1.1) to incorporate auxiliary data x collected in the first 

phase, using Generalised Regression Estimator (GREG) estimation. They also obtained a Taylor linearization 
variance estimator of the form (1.2). GREG estimators calibrate to the first-phase estimators of x  totals; that is, the 

GREG estimator of Y is of the form ∑
2s ii yw with weights iw  satisfying ∑∑ =

12
1s iis ii dw xx .  Hidiroglou and 

Särndal (1998) proposed GREG estimators based on calibrating to first-phase estimators, which are calibrated to 
known 1x totals; that is, ∑∑ =

12
1s iis ii ww xx and ∑∑ =

U iis iw 111
2

xx . They also obtained a linearization 

variance estimator of the form (1.2); see also Estevao and Särndal (2002).  
 
Binder, Babyak, Brodeur, Hidiroglou, and Jocelyn (2000) simplified the HT variance estimator (1.2) when a first-
phase stratified simple random sample is re-stratified, using auxiliary data, x  collected in the first-phase, and simple 
random samples are then drawn without replacement from the second-phase strata to observe y. Kott and Stukel 
(1997) studied a similar two-phase design except that the first-phase sample is a stratified with replacement single-
stage cluster sample. They proposed a reweighted “expansion” estimator that, in general, is different from the double 
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expansion estimator, and obtained a jackknife variance estimator. They also demonstrated that the proposed 
jackknife method is not effective for the double expansion estimator. Lee and Kim (2002) also studied a similar two-
phase design except that the first-phase sample is a stratified single-stage cluster sample with clusters drawn by 
simple random sampling without replacement. The double expansion and reweighted expansion estimators are 
identical for their design. Lee and Kim (2002) developed a jackknife variance estimator that takes account of the 
sampling fractions for the two phases. 
 
Even though all of the available auxiliary information is used for estimation of the total, the variance estimator is 
usually based on second-phase sample information. It is reasonable to ask whether the auxiliary information 
available for the elements not included in the second-phase sample could, and if so, should, be used more 
extensively for variance estimation as well. Dorfman (1994), Rao and Sitter (1995), Sitter (1997) and Axelson 
(1998) proposed to use the first-phase auxiliary data in variance estimation.  
 
The paper is structured as follows. In section 2, we develop a SYG-type variance estimator of 2̂Y . We apply this 

result in Section 3 to the two-phase design of Binder et al. (2000) and obtain a non-negative variance estimator 
different from the HT-variance estimator of Binder et al. (2000). In section 4, we obtain a SYG-type variance 
estimator for the two-phase regression estimator of total that makes use of the first-phase auxiliary data.  
 
 

2. SYG TYPE VARIANCE ESTIMATOR 
 

The estimator 2̂Y  is conditionally unbiased for the single phase estimator ∑=
1

1̂ s iyY & , given the first-phase sample 

1s , where iiiii ydyy 11 == π& ; i.e., ( ) 112
ˆ|ˆ YsYE = . Hence, it is unconditionally unbiased for the total ∑=

U iyY . 

The variance of 2̂Y is given by 
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We can estimate the conditional variance ( )12 |ˆ sYV in (2.1) by using the SYG variance estimator, provided the 

second-phase sample size is fixed for given 1s  (see Rao 1979). The SYG variance estimator is given by 
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It is conditionally unbiased for ( )12 |ˆ sYV and hence unconditionally unbiased for ( )[ ]12 |ˆ sYVE . 

 
Turning to the second term in (2.1), we have   
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provided the first-phase sample size is fixed. If the iy ’s were known for all 1si ∈ , then the SYG variance estimator 

of ( )1̂YV is given by 
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But iy  is only known for 2si ∈ , so we estimate (2.4) using the second phase sample 2s  to get  
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The variance estimator (2.5) is unbiased for ( )1̂YV . Hence, it follows from (2.1) that a SYG-type unbiased estimator 

of ( )1̂YV is given by  

 

( ) ( ) ( )12122SYG
ˆvˆvˆv YsYY += ,    (2.6) 

 

where ( )12̂v sY and ( )12
ˆv Y are given by (2.2) and (2.5) respectively. 

 

Drawing analogy to the single-phase SYG, Chaudhuri (1994) gave a SYG-type estimator of ( )2̂V Y , but his formula 

for ( )12̂v sY  seems to be incorrect as it uses ( )2
ji yy && −  instead of the correct term ( )2

|2|2 11
// sjjsii yy ππ && −  given in (2.2). 

 

The HT-type variance estimator, ( )2HT
ˆv Y , is valid for both fixed and non-fixed sample designs, unlike the SYG-type 

variance estimator (2.6). However, the SYG variance estimator remains valid for many commonly used two-phase 
designs, and in analogy to the uni-phase case it should be more stable relative to the HT variance estimator and 
remain nonnegative for several well-known probability proportional to size (PPS) designs. Rao and Singh (1973) 
provided extensive empirical evidence on the superiority of the SYG variance estimator over the HT variance 
estimator for uni-phase sampling.  
 
 

3. TWO-PHASE SAMPLING FOR STRATIFICATION 
 
3.1 General Set-Up 
 
In this section, we evaluate the SYG variance estimator (2.6) for two-phase sampling for stratification. In the first-
phase, a large sample 1s  of size 1n  is drawn according to a specified design with marginal inclusion probabilities 

i1π and joint inclusion probabilities ji1π . Using inexpensive auxiliary information collected on the units 1si ∈ , the 

first-phase sample 1s is stratified into ( )1sG strata, denoted as gs1 ( )( )1,,1 sGg K= , with gm1 elements in stratum g, 

( 11 nm
g g =∑ ). In the second-phase, a probability sample gs2 of size gm2 is drawn from gs1 , independently across g, 

and the characteristic of interest, y, is recorded. Note that the number of second-phase strata ( )1sG and the sample 

sizes gm1 and gm2 depend on 1s , although ( )1sG may be predetermined, i.e., ( ) GsG ≈1 . For notational simplicity, we 

suppress dependence on 1s . 

 

Noting that 
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Expression (3.1) is valid for general second-phase sampling within strata with conditional inclusion probabilities 

gsi 1|2π and 
gsij 1|2π , provided 

gsis 11
|2π∑ is fixed for a given 1s . In the special case of simple random sampling within 

second-phase strata, we have that ggsi mm
g 12|2 /

1
=π and ( ) ( )[ ]1/1 1122|2 1

−−= ggggsij mmmm
g

π , and (3.1) reduces to  
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where ggg mmf 122 /= . 

 
Now, using the Lagrange identity 
 

( ) ( )2 2

1
1

m m

i j i
i

i j

z z m z z
=

< =

− = −∑∑ ∑ ,     (3.4) 

 
expression (3.3) reduces to  
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where 2
2

ˆ
ygS &  is the sample mean square of the first-phase weighted values iii yy π/=& for gsi 2∈ . The second 

component of the HT variance estimator (1.2), under simple random sampling within second-phase strata, agrees 

with (3.5); see formula (9.4.8) of Särndal et al. (1992), p. 352. The component ( )12
ˆv Y  in the SYG `variance 

estimator (2.6) under simple random sampling within second-phase strata reduces to  
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Further reduction is not possible for general first-phase designs with inclusion probabilities 1iπ and 1ijπ . 

 
Example 3.1: If the first-phase sample 1s  of size 1n is selected by simple random sampling from a population U of 

size N, then Nni 11 =π , [ ])1()1( 111 −−= NNnnijπ , and ( ) ( )1/1 111 −−=∆ nfij . The two-phase estimator 2̂Y  reduces 

to gg g ywN 21∑  where ∑−=
gs ig ymy

2

1
22 . Using the Lagrange identity (3.4) and the above values of i1π and ij1∆ , 

the first term on the right side of (3.6) reduces to 
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where 2
2

ˆ
gyS is the sample mean square of iy for 2si ∈ . Further, the second term on the right side of (3.6) reduces to  
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where ∑ === G
g gga ywNYy

1 2122 /ˆ . The sum of (3.8) and (3.9) gives ( )12
ˆv Y  as 
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Särndal et al. (1992) simplified the first component on the right hand side of the HT variance estimator (1.2) for the 
special case of simple random sampling in the first-phase (without giving details) to obtain their  (9.4.12) on p. 353. 

This formula agrees with our ( )12
ˆv Y  given by (3.10). 

 
3.2 Stratified Two-Phase Sampling 
 

Suppose the population U is stratified into H strata, hU , with hN elements in the h-th stratum (∑ = =H

h h NN
1

). In the 

first phase, we draw simple samples hs1  independently from the first-phase strata hU , and observe a scalar variable, 

x, for hsi 1∈ , H,...,h 1= , where the size of hs1  is hn1  ( )∑ = =H

h h nn
1 11 . We re-stratify the first phase sample 
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1 11 , using the auxiliary variable x observed in the first-phase. 

Simple random samples, gs2  of size gm2  are then drawn independently from the second phase strata gs1
~ (g=1, …, 

G). 
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The two-phase estimator 2̂Y reduces to 
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where 2 1 2gh h gs s s= I . Note that some of the 2ghs ’s may be empty, in which case we set∑ ∈ ghsi iy

2
 to 0 in (3.12). 
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Turning to variance estimation, the component ( )12 |ˆv sY  is given by (3.5) with ( )hhii nNyy 1/=&  if hsi 1∈ . To 

evaluate ( )12
ˆv Y  given by (3.6), we need the ij1∆ -values. Using (3.11), we have  
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( )1
(1)
2

ˆv Y reduces to 

 

( ) ( ) ,
1

1

)1(

)1(ˆv 2

1

1

2

122

11

1
1

(1)
2

2

ji
sjih

h

Ah h

h

gg

gg
G

g

yy
n

f

n

N

mm

mm
Y

ghg

−
−

−








−
−

=
∈<==

∑∑∑∑    (3.14) 

 
where gA is the set of first-phase strata h with at least two units in ghs2 ; the remaining first-phase strata do not 

contribute to ( )1
(1)
2

ˆv Y . Using Lagrange’s identity (3.4), expression (3.14) reduces to 
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where ghm2 is the number of units in ghs2  and 2
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ghyS is the sample mean square of the values iy for ghsi 2∈ . 
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where 2gU l

is the set of first-phase strata h with at least one unit in both 2ghs and 2hs l
. Further simplification of (3.16) 

is not possible unless 2 2ghm ≥ for all (gh). The SYG-type variance estimator, ( )2̂v Y , is now given by the sum of 

(3.5), (3.15), and (3.16), and it is always nonnegative. 
 
We now consider the special case of 2 2ghm ≥  for all (gh). In this case, ( )(1)

2 1̂v Y is given by (3.15) with 
gA∑ changed 

to 
1

H

h=∑ . Further, we can write ( )(2)
2 1̂v Y as 

 

( ) ( ) ( )
.

2

1ˆ
1 1 1

2

2

2

12

22

11
1

)2(
2

2 2
2

III

yy
m

m
yy

mm

mm
Yv

G

g

G

si sj

G

g
sji jilij

g

g
ji

g

g

gh h
g

−=

−∆









−−= ∑∑ ∑ ∑ ∑ ∑ ∑

= = ∈ ∈ =
∈<

l l

l

l

&&&&
  (3.17) 

 
Following the steps used to get (3.15), we have  
 

( )
2 2

1 21
2 2 2

1 12 11

1 ˆ-II 1
1

G H
g h h

gh gh ghy
g hg hh

m N f
m m S

m nn= =

    −
= − −     −  
∑ ∑ .     (3.18) 

 
Combining (3.15) with (3.18), we get 
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( ) ( )
2 2

1 2(1) 21
2 1 2 2 2

1 12 2 11

1 1 ˆˆv -II 1
1 1

G H
g g h h

gh gh ghy
g hg g hh

m f N f
Y m m S

m m nn= =

  −   −
= −     − −  
∑ ∑ .   (3.19) 

 
Turning to the term I in (3.17), we can write 
 

 
( )

( )

2 2

2

2
21 11

2
1 1 11 2 21

2
211

12
1 1 11 21

1 1

1 2

1
ˆ

1

gh h

gh

H G G
gh h

i j
h g i s j sh gh

mH G
gh h

h i ah
h g ih gh

m mN f
I y y

n m mn

mN f
n y y

n mn

= = = ∈ ∈

= = =

 −  = − −   

−
= −

−

∑ ∑∑ ∑ ∑

∑ ∑ ∑

l

l

l l

& &

   (3.20) 

where 

∑
=

=
G

g
gh

g

g
h m

m

m
n̂

1
2

2

1
1 and 










= ∑ ∑

= =

−
G

g

m

k
k

g

g
hah

gh

y
m

m
n̂y

1 12

11
1

2

.    (3.21) 

 
The variance estimator ( )2̂v Y is now given by the sum of (3.50), (3.19) and (3.20).  

 

The H-T variance estimator of Binder et al. (2000) derived from (1.2), is different from our ( )2̂v Y , but ( )2 1
ˆv |Y s , 

given by (3.5), is identical to Binder et al. (2000) formula. Binder et al.’s expression corresponding to (3.19) is given 
by 
 

( )
2 2

1 2 22 21
2 2 2 2 2

1 12 2 1 21

1 1
1 1

1 1

G L
g g ghh h

g gh ghy gh gh
g hg g h gh

m f mN f
m m S m y

m m n mn= =

    −   −  − + −        − −       
∑ ∑ .  (3.19)* 

 
where 2ghy is the mean of y for 2ghs . Binder et al.’s expression corresponding to (3.20) is given by 

( )
222

1 2 2 2 21 1
12

1 1 11 2 2 11 2

1 ˆ1
ˆ 1

1 1

ghmH G
g g ghh h h

i ah h ah
h g ih g g hh g

m f mN f n
y y n y

n m m nn m= = =

   −  −
− + −     − −    

∑ ∑ ∑ .  (3.20)* 

 
The variance estimator of Binder et al. (2000) is now given by the sum of (3.5), (3.19)* and (3.20)*. Note that the 
term ( ) 1/ˆ 11 −hh nn  can either be positive or negative. 

 
 

4. VARIANCE ESTIMATOR OF THE REGRESSION ESTIMATOR 
INCORPORATING PHASE 1 AUXILIARY DATA 

 
Auxiliary data may be available from different sources in two-phase sampling. We consider the case where auxiliary 
data are available from the frame U, as well as from the first-phase sample 1s .  Auxiliary data available from U are 

denoted as i1x , whereas those available from the first phase sample 1s  are denoted as i2x . The auxiliary data vector 

( )′′′= iii 21 , xxx contains data from both U and 1s .  Data ( )iiy x ′,  are collected using the second-phase sample 2s . 

The regression estimator REGY ,2̂ of the total Y that incorporates auxiliary data from both phases is given by 

 

( ) ( ) 22111,11,12,2
ˆˆˆˆˆˆˆ BXXBXX

′
−+

′
−+= YY REG ,    (4.1) 

 

In (4.1), ∑=
2

*
2 /ˆ

s iiyY π , ∑=
U i11,1 xX is the sum of the auxiliary i1x data available from the frame U and 

∑=
1

111,1 /ˆ
s ii πxX , ∑=

1
11 /ˆ

s ii πxX and 
2

*
2

ˆ /i is
π=∑X x . The regression vectors 1B̂ and 2B̂  are estimated by  
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( )
2 2

1
* *

1 1 1 1 1 1
ˆ / /i i i i i i i is s

yλ π λ π
−

′= ∑ ∑B x x x , 

and  

( ) ( )
2 2

1
* *

2
ˆ / /i i i i i i i is s

yλ π λ π
−

′= ∑ ∑B x x x . 

 
The known constants i1λ  and iλ  are factors that yield different forms of the regression estimator of total.  For 

example, if auxiliary data ix are known only for 1i s∈  and iλ is proportional to ix , then (4.1) reduces to the two-

phase ratio estimator ( )2, 2 1 2
ˆ ˆ ˆ ˆ/RATY Y X X= . 

 

We proceed to obtain the estimated variance for REGY ,2̂  by first linearizing it. To this end, the difference between 

REGY ,2̂  and Y  is 

  ( ) ( ) ( ) ( ) 212211,11,12,2
ˆˆˆˆˆˆˆˆ BXXBXXBXX

′
−+

′
−+

′
−+−=− YYYY REG  .   (4.2) 

 
  

The linearized version of YY REG −,2̂  is given by 

 

 
( ) ( ) ( ) ( )

1 2 1

,2 2 1,1 1,1 1 2 2 1 2

1 2 2
1 *

1 1

ˆ ˆ ˆ ˆ ˆ
REG

i i i
is U s s

i ii

Y Y Y

e e e
e

π ππ

′ ′ ′
= − + − + − + −

  
= − + −  
   
∑ ∑ ∑ ∑

l X X B X X B X X B
.     (4.3) 

 

where 1 1 1i i ie y ′= − x B  , 2 2i i ie y ′= − x B ,with ( ) 1

1 1 1 1 1 1/ /i i i i i iU U
yλ λ

−
′= ∑ ∑B x x x , and 

( ) ( )
1

2 / /i i i i i iU U
yλ λ

−
′= ∑ ∑B x x x  . Using (4.3), the population variance of REGY 2,l̂  is of the form (2.1). That 

is  
 

( ) ( )[ ] ( )[ ]

( ) ( ) .

|ˆ|ˆˆ

2

1

1

1

1
111

2

*

2

*

2
|2|2|2

12,12,2,

111

1










−−+

























−−=

+=

∈<∈<
∑∑∑∑

j

j

i

i
ijji

Ujij

j

i

i
sijsjsi

sji

REGREGREG

eeee
E

sYEVsYVEYV

ππ
πππ

ππ
πππ

lll

 (4.4) 

 
 

It follows from (4.4) that the first component of ( )REGYV 2,l̂  is estimated by  

 

( )
2

*

2

*
2

|2

|2|2|2
12,

ˆˆˆv
1

111

2










−

−
=

∈<
∑∑

j

j

i

i

sij

sijsjsi

sji
REG

ee
sY

πππ
πππ

l .   (4.5) 

 
 

where 22 B̂x iii ye ′−= . We proceed as in Axelson (1998) to estimate the second component of (4.4). That is, we 

substitute iii dee += 21 , where 11221 BxBx iiiii eed ′−′=−= , into the second component of (4.4) to obtain 
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( )[ ] ( )

( ) ( )

( ) .  2

ˆ

1

2

1

2

11

111

2

11

111

2

1

2

1

2
111

2

1

2

1

2
11112,











−










−−+











−−+










−−=










 +
−+−=

∈<

∈<∈<

∈<

∑∑

∑∑∑∑

∑∑

j

j

i

i

j

j

i

i
ijji

Uji

j

j

i

i
ijji

Ujij

j

i

i
ijji

Uji

j

jj

i

ii
ijji

Uji
REG

eedd

ddee

dede
sYEV

ππππ
πππ

ππ
πππ

ππ
πππ

ππ
πππl

 (4.6) 

 
 
Given that 112 BxBx iiid ′−′=  is available for all the units in the first phase sample 1s , an unbiased estimator of 

( )
2

11

111 









−−

∈<
∑∑

j

j

i

i
ijji

Uji

dd

ππ
πππ  is 

2

111

111

1










−

−

∈<
∑∑

j

j

i

i

ij

ijji

sji

dd

πππ
πππ

.  Substituting 112
ˆˆˆ BxBx iiid ′−′=  into (4.6), 

a variance estimator for ( ),2 1
ˆ

REGV E Y s 
  l is 

 

( )

.  
ˆˆˆˆ

2

ˆˆˆˆˆv

2

12

1

2

1

2

11
*

111

2

111

111

2

1

2

1

2

*

111

2,2

sji j

j

i

i

j

j

i

i

ij

ijji

j

j

i

i

ij

ijji

sjisji j

j

i

i

ij

ijji

REG

eedd

ddee
Y

∈<

∈<∈<

∑∑

∑∑∑∑











−













−

−
+














−

−
+










−

−
=

πππππ
πππ

πππ
πππ

πππ
πππ

l

  (4.7)  

A SYG-type linearization estimator of ( )REGYV ,2̂ is now given by ( ) ( ) ( )REGREGREG YsYY 2,212,,2SYG
ˆvˆvˆv ll& += , where 

( )12,
ˆv sY REGl  and ( )REGY 2,2

ˆv l are given by (4.5) and (4.7) respectively. As Axelson (1998) points out, the “g” adjusted 

forms of this variance estimator are numerous.  Letting the “g “factors for phase 1 and phase 2 be 

( )
1

1

1 1 1
1 1 1,1

1 1 1

ˆ1 i i i
i s

i i i

g
π λ λ

−′ ′ 
= + −  

 
∑ x x x

X X  and ( )
2

1

2 1 2 *
11

ˆ ˆ1 i i i
i s

i

g
λπ λ

−′ ′ 
= + −  

 
∑ x x x

X X , respectively, a possible “g” 

adjusted form would be to replace id̂  by iii dgd ˆ~
1=  and ie2

ˆ  by iii ege 222 ˆ~ = . 

 
 
Example 4.1: Suppose that simple random sampling without replacement is used in both phases, and that an 
intercept term is included in the regression. Expression (4.7) becomes 
 

( ) ( )



















−++








−+








−= 2

1
1

,2
2
2

1

2
2

12

2
Re,2

ˆ11ˆ2ˆ11ˆ11ˆ
222 ddeeegSYG S

Nn
SS

Nn
S

nn
NYv &       (4.8)  

 
where 

( )∑ 




 −−=

1

2

1
2
1

ˆˆ)1/(1ˆ
s id ddnS , ( )( ) ( )∑ −−=

22

2

222
2
2 ˆˆ1/1ˆ

s ie eenS , ( )( ) ( )∑ 




 −−−=

22 2222,2
ˆˆˆˆ1/1ˆ

s iide ddeenS , 

with ∑=
1

ˆ)/1(ˆ
11 s idnd ;  ∑=

2

ˆ)/1(ˆ
22 s idnd ; ∑=

2
222 ˆ)/1(ˆ

s iene ; ( ) ( ) 1111
ˆ

22
Bxx ′−−−= sisii yye  and 

( ) ( ) 22
ˆ

22
Bxx ′−−−= sisii yye . Both 1B̂ and 2B̂  are the least squares regression estimators adjusted to remove the 

intercept.  
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The corresponding ( )gSYG Yv Re,2̂
~  version obtained by substituting iii dgd ˆ~

1=  for id̂  and iii ege 222
ˆ~ =  for ie2

ˆ  in 

( )gSYG Yv Re,2̂  is 

( ) ( )



















−++








−+








−= 2

1
1

,2
2

2
1

2
2

12

2
Re,2

~11~
2

~11~11ˆ~
222 ddeeegSYG S

Nn
SS

Nn
S

nn
NYv &  , (4.9) 

where 

∑ 




 −−=

1

2

11
2

1
~~

))1/(1(
~

s id ddnS , ( )( ) ( )∑ −−=
22

2
222

2
2

~~1/1
~

s ie eenS , ( )( ) ( )∑ 




 −−−=

22
2222,2

~~~~1/1
~

s iide ddeenS , 

with ( )∑=
1

~
/1

~
11 s idnd   ( )∑=

2

~
/1

~
22 s idnd   and ( )∑=

2
222

~/1~
s iene . 

 
If scalar auxiliary information x is available from the first-phase sample, expression (4.8) reduces to the one 
suggested by Dorfman (1994). This expression is given by  
 

( )



















−+








−+








−= 2

2
2

1

1

2
2

1

2
2

12

2
,2SYG

ˆˆ11ˆ11ˆ11ˆv
22

BS
Nn

S
Nn

S
nn

NY xeeREG ,   (4.10) 

where ( )( ) ( )2
11

2
1

1
1/1ˆ ∑ −−=

s ix xxnS .  

 
Incorporation of the “g” terms into (4.10) yields  
 

( )
2

2 2 2 2
YG 2 Re 2 1 2 2 , 2

2 1 1

1 1 1 1 1 1ˆˆ ˆ ˆv 2S , g e x e xY N S S B S B
n N n N n N

       = − + − + −      
       

% %% ,  (4.11) 

 

where ( )2i2
2x

21

2

2
i xx

Ŝ

xx

1n

n
1g −−

−
+=2 .  
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