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ABSTRACT

Two-phase sampling is often used for estimating a population total or mean when the cost per unit of collecting auxiliary
variables x is much smaller than the cost per unit of measuring the characterigtic of interest. In the first-phase, a large

sample s; is drawn according to a specific sampling design p(sl) and X is observed for the units iOs; . Given the first-
phase sample s, a second-phase sample s, is selected from s, according to a specified sampling design {p(52 |sl)} and

(Y, x) is observed for the units i O's, . In some cases, the population totals of some components of x may aso be known.

Two phase sampling is used for stratification at the second phase (Neyman, 1938; Rao, 1973) or both phases (Binder et al.,
2000) and for regression estimation (Sérndal et al., 1992, chapter 9; Hidiroglou and Sérndal, 1998). Horvitz-Thompson
(HT) type variance estimators are used for variance estimation. However, the HT variance estimator in uni-phase sampling
is known to be highly unstable and may take negative values when the units are selected with unequal probabilities. On the
other hand, the Sen-Yates-Grundy (SYG) variance estimator is relatively stable and nonnegative for several unequal
probability sampling designs with fixed sample sizes. In this paper, we extend the SYG variance estimators to two-phase
sampling, assuming fixed first-phase sample size and fixed second phase sample size given the first-phase sample. We
apply the new SYG variance estimators to two-phase sampling designs with stretification at the second phase or both
phases. We also develop SYG type variance estimators of the two-phase regression estimators that make use of the first
phase auxiliary data

KEYWORDS: Double-Expansion Estimator; Ratio-Estimator; Regression Estimator; Stratification.

1 INTRODUCTION

Two-phase sampling is often used for estimating a population total or a mean when the cost per unit of collecting
auxiliary datax is much smaller than the cost per unit of measuring the characteristics of interest y. The sampling

scheme consists of two phases. In the first-phase, a large sample s of size n, is drawn from the universe U
according to a specified sampling design with probabiliti&s{ p(sl)} and x isobserved for the sample units i O, .
Given the first-phase sample s , the second-phase sample s, is selected from s according to a specified sampling
design with conditional probabilities {p(sz|sl)} and (y,x) is observed for the units i0s,. In some cases, the
population totals of some components x, of x may also be known.

Neyman (1938) first proposed two-phase sampling for stratification. The first-phase samples , selected by ssimple
random sampling, is stratified on the basis of a scalar auxiliary variable x observed on the units in the context of a
first-phase simple random sample s of size n;, is;: s :Ug Sig » Wheres,; is the first phase sample of random

size,n,,, in stratum g. In the second-phase, simple random samples s, of fixed sizes n,; are drawn from the first-
phase samples s, of random sizesn,, ,Zg n,, =N, . Inthe second phase, simple random samples s, of fixed sizes

n,, are drawn from the first-phase samples s independently. The assumption of fixed sizes n,,, however, is

29
inconsistent with the sampling procedure becausen, is bounded above by the random variable n,, which varies

from O tomin (nl, N, ) , where N, isthe number of population unitsin stratum g. Rao (1973) proposed an aternative
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sample allocation that avoids the difficulty with Neyman's method of sample allocation at the second-phase. This
method selects afixed fraction v, of the sample unitsin the first-phase, i.e., n,, =v n,;,0<v, <1. Cochran (1977,

Chapter 12) studied ratio and regression estimation for the special case of simple random sampling in both phases.

More recently, Sérndal, Swensson, and Wretman (1992, Chapter 9) allowed arbitrary sampling designs in both
phases. Let 1; and Tt be the first-order and second-order inclusion probabilities for the first-phase samples, and

T, and TL,  be the conditional first-order and second-order inclusion probabilities for the second phase sample
S, , given s . An unbiased estimator of the population total Y = ZU y, isgiven by
V=3 =% A (1.1)

% nil 7T2i|s % 7T2i|sl

where vy, =y, /m; and Za denotes summation over units i Ja. This estimator is called the “double-expansion”

estimator in analogy with the “expansion” (or Horvitz-Thompson (HT)) estimator for uni-phase sampling. Sarndal et
al (1992) derived an unbiased estimator of the variance of Y, as

. A, Dys V.Y,
valb)=E X, oy y, e a2
ij

S
Taijs, T2 T2js,

where 77, =11, Tl Ay =my—mym,; and Azij\q = Myijs ™ Tais Mol

The formulae (1.1) and (1.2) may be more compactly expressed as:

Y, = Z%% (1.3)
and
) A
velB)=Z X, vy, (19

Where]zlf = 7Tli 7T2i E

and A*”. = 77” —ni*ﬂ} (Sarndal et al. (1992), p. 347).

The variance estimator (1.4) (or equivalently (1.2)) has the same form as the HT variance estimator in single-phase
sampling. For general single-phase designs with unequal inclusion probabilities, the latter variance estimator is
known to be highly unstable and may take negative values (see Rao and Singh, 1973 and Cochran 1977, Chapter
10a). On the other hand, an aternative variance estimator, known as the Sen-Yates-Grundy (SYG) variance
estimator, is relatively more stable than the HT variance estimator. It is therefore useful to develop SYG-type
variance estimators under two-phase sampling.

Sérndal et a. (1992) extended the unbiased estimator (1.1) to incorporate auxiliary data x collected in the first
phase, using Generalised Regression Estimator (GREG) estimation. They also obtained a Taylor linearization
variance estimator of the form (1.2). GREG estimators calibrate to the first-phase estimators of x totals; that is, the
GREG etimator of Y is of the form 3 w; y, with weightsw, satisfying 3w x, =%’ d x . Hidiroglou and
Sérndal (1998) proposed GREG estimators based on calibrating to first-phase estimators, which are calibrated to
known X, totals; that is, zszwi X, :Zslvvli x, and zszwli X; =D X;. They also obtained a linearization
variance estimator of the form (1.2); see also Estevao and Sarndal (2002).

Binder, Babyak, Brodeur, Hidiroglou, and Jocelyn (2000) simplified the HT variance estimator (1.2) when a first-
phase stratified simple random sample is re-stratified, using auxiliary data, x collected in the first-phase, and simple
random samples are then drawn without replacement from the second-phase strata to observe y. Kott and Stukel
(1997) studied a similar two-phase design except that the first-phase sample is a stratified with replacement single-
stage cluster sample. They proposed areweighted “expansion” estimator that, in general, is different from the double
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expansion estimator, and obtained a jackknife variance estimator. They aso demonstrated that the proposed
jackknife method is not effective for the double expansion estimator. Lee and Kim (2002) also studied a similar two-
phase design except that the first-phase sample is a stratified single-stage cluster sample with clusters drawn by
simple random sampling without replacement. The double expansion and reweighted expansion estimators are
identical for their design. Lee and Kim (2002) developed a jackknife variance estimator that takes account of the
sampling fractions for the two phases.

Even though all of the available auxiliary information is used for estimation of the total, the variance estimator is
usually based on second-phase sample information. It is reasonable to ask whether the auxiliary information
available for the elements not included in the second-phase sample could, and if so, should, be used more
extensively for variance estimation as well. Dorfman (1994), Rao and Sitter (1995), Sitter (1997) and Axelson
(1998) proposed to use the first-phase auxiliary datain variance estimation.

The paper is structured as follows. In section 2, we develop a SY G-type variance estimator of \?2 . We apply this

result in Section 3 to the two-phase design of Binder et al. (2000) and obtain a non-negative variance estimator
different from the HT-variance estimator of Binder et al. (2000). In section 4, we obtain a SY G-type variance
estimator for the two-phase regression estimator of total that makes use of the first-phase auxiliary data

2. SYG TYPE VARIANCE ESTIMATOR

The estimator \?2 is conditionally unbiased for the single phase astimator\?1 = Zg Yy, , given the first-phase sample
s, where y, =y, /m, =d,y,; i.e, E(\?z |sl):\?1. Hence, it is unconditionally unbiased for the total Y :ZU Y, .

The variance of \?2 isgiven by

Vi )=elis)l+v [E (1s)
=effi1s)v ().

We can estimate the conditional variance V (\?2 |sl) in (2.1) by using the SYG variance estimator, provided the
second-phase sample sizeis fixed for given s, (see Rao 1979). The SY G variance estimator is given by

sy e ﬂz,-sl-ﬂzusl)[ i, J .

2.1)

i<its, Thiis, iy, Thjy

Itis conditionally unbiased for V (\?2 | sl) and hence unconditionally unbiased for E [\/(\?2 |sl)] .

Turning to the second termin (2.1), we have

V(YAl): ZZ (ﬂli Th; — 7 )(y| - yj)z (2.3)

i<jiu
provided the first-phase sample size is fixed. If the y,’s were known for al i Os, then the SY G variance estimator
of V (\a)is given by
~ JT.TT. —TT. (. .
vv)=yy BT -y ). (24)

<05 7t
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But y; isonly known for i s, , so we estimate (2.4) using the second phase sample S, to get

T, 7L — 7T,

vf)=xy S Dy -y ) (2.5)

i<jOsp mu 7T2|J\sl

The variance estimator (2.5) is unbiased for V (\?1) Hence, it follows from (2.1) that a SY G-type unbiased estimator
of VY, ( )lsglven by

vSYG(Az): (\?

)and v, ( )areglven by (2.2) and (2.5) respectively.

J+v, 7). (2.6)

where v(\?z

Drawing analogy to the single-phase SY G, Chaudhuri (1994) gave a SY G-type estimator of V( ) but his formula

forv( Y, ) seems to be incorrect asit uses (y -V, )2 instead of the correct term (yI I Ty =Y, /172”51)2 givenin (2.2).

The HT-type variance estimator, v, (\?2), isvalid for both fixed and non-fixed sample designs, unlike the SY G-type

variance estimator (2.6). However, the SY G variance estimator remains valid for many commonly used two-phase
designs, and in analogy to the uni-phase case it should be more stable relative to the HT variance estimator and
remain nonnegative for several well-known probability proportional to size (PPS) designs. Rao and Singh (1973)
provided extensive empirical evidence on the superiority of the SYG variance estimator over the HT variance
estimator for uni-phase sampling.

3. TWO-PHASE SAMPLING FOR STRATIFICATION
3.1 General Set-Up

In this section, we evaluate the SY G variance estimator (2.6) for two-phase sampling for stratification. In the first-
phase, a large sample s of size n, is drawn according to a specified design with marginal inclusion probabilities
7z and joint inclusion probabilities 7z;; . Using inexpensive auxiliary information collected on the units i Os, the
first-phase sample s is strétified into G(sl)strata, denoted as s (g :L...,G(sl)), with m,, elements in stratum g,
(zg my, =n,). In the second-phase, a probability sample s, of size m, isdrawn from s, independently across g,
and the characteristic of interest, y, is recorded. Note that the number of second-phase strata G(s,)and the sample
sizesm,, and m,, depend on s, athough G(s,)may be predetermined, i.e., G(s;)= G . For notational simplicity, we
suppress dependenceon s, .

Noting that 7z, = 72, 75, if i Osgand jOs, (g#¢), v(\?z |sl) reducesto

AR 33) e { T -y—J (39

0=1 i<j0s,g 7TZJ'ISLg
where
T 7T =TT,
— g jlsig 2ijls1g
By, = p- : 3.2
2ijls1g
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Expression (3.1) is valid for genera second-phase sampling within strata with conditional inclusion probabilities
Thys, and 7oy, provided zsl T, isfixed for agiven s . Inthe special case of simple random sampling within

second-phase strata, we have that 7z, =m,, /mgand 7z, = ng( 9 —1)/[mlg (mlg —1)], and (3.1) reducesto

v{,1s)= Zmlg{ J{ JZZ( g, F (33)

|<JDSZQ

9

where f,,=m,, /m,.

Now, using the Lagrange identity

Y (2-2) =md.(z -2)°, (3.4)

i<j=1

expression (3.3) reduces to

vl1s)= 2{1_ c ]ml[ 1_1]é§g-y (35)

My My

where ézzgy is the sample mean square of the first-phase weighted vauesy, =y, /7 for iUs,,. The second
component of the HT variance estimator (1.2), under simple random sampling within second-phase strata, agrees
with (3.5); see formula (9.4.8) of Samdal et d. (1992), p. 352. The component v, ¥, in the SYG “variance
estimator (2.6) under simple random sampling within second-phase strata reduces to

o) SIS s ay -y )T S s s ayf)?

g=1Mzg (Mag ~1) 2 T g<rst MagMMy (36)

AR
where
_ L7

1j

Ty 3.7)

1ij -

T,

1ij

Further reduction is not possible for general first-phase designs with inclusion probabilities 7z; and 7z;; .

Example 3.1: If the first-phase sample s, of size n,is selected by simple random sampling from a population U of
sizeN, then 7z, =n, /N, 7, =n,(n, -1)/[N(N-1)], and A, =(1- ,)/(n, ~1). The two-phase estimator Y, reduces
to Nzg e Vo, Where ¥, = ‘12% y; . Using the Lagrange identity (3.4) and the above values of 7, and A ,
the first term on the right side of (3.6) reducesto

v (Y) N* (1- )gi SZQy! (3.8)

where éjgy isthe sample mean square of vy, for i Os, . Further, the second term on the right side of (3.6) reduces to
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o) N2(1-f)[1& & mym, o &, My -1y,
V;)(l):ﬂ(nl_—lg EZZ ﬂZZ(Yi-yj) ‘;mlgmz—szgy}

| <91 (=1 m29m2f i0sp1) 5 m29
( ) (3.9)
N2(1-f,)[ & n - m, « o
ML) S o, -, S -9
where ¥,, =Y, /N = Zizlwlgyzg . The sum of (3.8) and (3.9) gives v, (\?1) as
~ G -~ n G - _
Va (Yl): > -3, )w,S, + . 1_12ng (V. = .. (3.10)
g=1 h g=1
where Jg :im .
rnZQ nl_l

Sarndal et al. (1992) simplified the first component on the right hand side of the HT variance estimator (1.2) for the
special case of ssimple random sampling in the first-phase (without giving details) to obtain their (9.4.12) on p. 353.

Thisformula agrees with our v, (\?1) given by (3.10).
3.2 Stratified Two-Phase Sampling

Suppose the population U is stratified into H strata, U,,, with N, elements in the h-th stratum (Z::l N, =N). Inthe
first phase, we draw simple samples s, independently from the first-phase strata U,,, and observe a scalar variable,

x, for iOs,,h=1..,H, where the size of s, is n, (z:zlnlh :nl). We re-grétify the first phase sample

H
S = hLle Sy, into G strata S, of sizes m, (Zlemlg = nl), using the auxiliary variable x observed in the first-phase.

Simple random samples, s,, of size m,, are then drawn independently from the second phase strata '§lg (o=1, ..,
G).

For the above design, 7z, :% if i0s, andfor i#j,
h

nlh(nlh _1) |f | z J Dslh
Nh(Nh -1

= (3.12)
oo Fi0s i0schzk,

h k

The two-phase estimator \?2 reduces to

vy tey Ty, (312

where s, =5, s, . Note that some of thes, ,,"s may be empty, in which case we set ) y, t00in(3.12).

iDszgh
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Turning to variance estimation, the component v(\?z |s_l) is given by (35) with y, =y,(N, /n,) if ids,. To
evaluate v, (\?1) given by (3.6), we need the A; -values. Using (3.11), we have

“f e =
—2if i,j0

A, =4n, -1 VS (3.13)
=0 ifi0s,,j0s,,h#zk,

wheres,, :U Spgn @d  fy, =n, /N, Substituting the above values of Ay in (3.6), the first component

vy ( ) reduces to

wil)-% m,, (m, —1) Z(mj nl_h b TS -y)? (3.14)

g=1 m29 (m2g _1) h=A, n h |<|D52gh

where A is the set of first-phase strata h with at least two units in s, ; the remaining first-phase strata do not
contributeto v¢’ (Y) Using Lagrange'sidentity (3.4), expression (3.14) reduces to

1 v nlg(nlg 1) 1 flh 22
2 (%)= EW %[%J n, - M (M ~3) S5 (319

where m,, isthe number of unitsin s, and Szghy is the sample mean square of the values y, for iUs,, .

We can express v (Y,) as

g</ rnZanZI htJ 5 U560 S

97)-TE B 5 (ML 5 ()] @19

where U, isthe set of first-phase strata h with at least one unit in both s, and s, . Further simplification of (3.16)
is not possible unless m,, >2for al (gh). The SYG-type variance estimator, v(YAZ) , iIs how given by the sum of
(3.5), (3.15), and (3.16), and it is always nonnegative.

We now consider the special case of m,, >2 for al (gh). Inthiscase, v{’ (Y, ( ) isgiven by (3.15) with z changed

to Y, - Further, we can write v (V,) as

o 2

k)= Mg My ooy P> Me | Ay -y P

? (1) Z-;I./Z-:imZQmZ/ |D§gh Dzsz:m( yJ) =§JZ;|. m29 IJZKJDSZQZ(y yj) (317)
=1 -1l.

Following the steps used to get (3.15), we have

”—-Z[mlgj Z[N—J Sl (m, 1), (3.18)

My ) i\ M) M~

Combining (3.15) with (3.18), we get
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= - [ My 1- fzg SN, ) 1-1, o .
( ) Z[ng] m,, —1;[nth n, - ngh(mZQh )%ghy ( )

Turning to theterm | in (3.17), we can write

EN -y 1SS MMy MR

=2 : 7
;nfh Ny, = 1 2;; M,y My, iggh a%h( J)} (3.20)
S S PRSP

Ll Yi 7Y,
20 o1& m, & )

where
A S . m e[ & m, T
fy, =D, —>myg and ¥, =y, {Z _gz Yk]- (3.21)
g7 My gl Thg k=t

The variance estimator v( ) is now given by the sum of (3.50), (3.19) and (3.20).

The H-T variance estimator of Binder et al. (2000) derived from (1.2), is different from our v( ) but v (Y |-°1)

given by (3.5), isidentical to Binder et a. (2000) formula. Binder et al.’s expression corresponding to (3.19) isgiven
by

My ) My —Lhs n, -1

2
o (Mg | 1-F 1-f my ) )
Z (—QJ - 2 Z[ ] -1 ——2m, {(rnZgh _1) Szzghy +ngh( KWJ ngh} . (3.19)
g=1
where y,, isthe mean of y for s, . Binder et al.’s expression corresponding to (3.20) is given by

H e (md )1-f T
ZN 1-f {Z[WQJ 2g%z(y )’ +nlh($h—]y§h] (3.20)*

h=1 rh rhh rnZg rnZg -1 rnZg i=1 h

The variance estimator of Binder et al. (2000) is now given by the sum of (3.5), (3.19)* and (3.20)*. Note that the
term (ﬁ]h / nlh)—l can either be positive or negative.

4. VARIANCE ESTIMATOR OF THE REGRESSION ESTIMATOR
INCORPORATING PHASE 1 AUXILIARY DATA

Auxiliary data may be available from different sources in two-phase sampling. We consider the case where auxiliary
data are available from the frame U, as well as from the first-phase sample 5. Auxiliary data available from U are

denoted as X,;, whereas those available from the first phase sample s are denoted as x,, . The auxiliary data vector

x, =(x., x, ) contains data from both U and 5. Data (y,, x!) are collected using the second-phase sample s, .
The regression estimator YAZ,REG of the total Y that incorporates auxiliary data from both phasesis given by

Yz,REG = YAz + (Xl,l - 21,1)’ él + ()21 - 22)’ é2! (4.)

In (41), Y, :252 Y /7, Xy =), Xy is the sum of the auxiliary x, data available from the frame U and
)A(M:Z% X, 171, )21:251 x /7, and X, =2, %7 . Theregression vectors B,and B, are estimated by

9 Statistics Canada - Catalogue no. 11-522-XIE



Statistics Canada International Symposium Series - Proceedings, 2003

) = *
B, =X, % xu/A7) X, WA

and

Bzz(zs2 X; Xi’//]i”i*)_lzsz( X Y 1A 7()

The known constants A, and A are factors that yield different forms of the regression estimator of total. For
example, if auxiliary data x are known only fori 0s and A is proportional to x , then (4.1) reduces to the two-

phase ratio estimator YAZ,RAT :\?2 ()A(llf(z) .

We proceed to obtain the estimated variance for\?ZVREG by first linearizing it. To this end, the difference between

Yyres @d Y is

Yo - Y = (\?2 —Y)+ (xly1 - >2M)’ B, + (x - >‘<2)’ B, +(x1 - x)’ B, . (4.2)

The linearized version of YAZ,REG -Y isgivenby

] 1 1

Vo =(%=¥) #(x0 %) B #{x %) B, %, X) B,
(z.2-3,a )42 22.2) | 3

T 2T

where g; =y, —X; B, , & =¥, —X/ B, ,with Blz(Zu Xy Xilll/]li)_lZU Xy ¥ /Ay, and

B, :(Z o % xi’//li)_1 >, (% ¥./A) . Using (4.3), the population variance of Y, sreq IS Of the form (2.1). That

is
\Y (YA/,’,ZREG ) :E[V (YAA’,ZREG | Slﬂ +V[E (YAA’,ZREG | 51]

: E{zz (m 7 n)[——ﬂzz ) -2,

i<jOs i ”j i<jou 1i

It follows from (4.4) that the first component of V (\?LZREG) is estimated by

~ 2
- Ty Ty ~ Ty [ & &
WY YRSt [—i—iﬂ} (45)

where e, =y, - xi’éz. We proceed as in Axelson (1998) to estimate the second component of (4.4). That is, we
substitute e, =e, +d,, where d; =e; —e, =X B, —x}; By, into the second component of (4.4) to obtain

Statistics Canada - Catalogue no. 11-522-XIE 10
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\Y, [E (YA/!,ZREG S_[)]: Zi;j; (lgi T, _mij)[%i];di _ezjn';dj]z

=3 (7 - %{e?, -—"] +> 3 (7 7 - 1.,){% i—] (4.6)

i<jou m; 7T i<j0u i

o

i<jou T, un 7711

Given that d; =x; B, —x}; B; is available for al the units in the first phase sample s, an unbiased estimator of

PONCIE nl.,)[; ilj j sy m{d__

i<jiu

2
d . . .
—’] . Substituting d; =x; B, —xj3 B into (4.6),
hj
avariance estimator for V [E (YAe,zREG‘ sl) ]is

I, 7T, —T1;

R A N2
R mom -, (e, € d d
v, Y, = S R R I L
TRESSTEIR e
) A 4.7
+Zzz i 11*_ i i_i & _ & .
<z, G ;T LY

A SYG-type linearization estimator of V(YAz,REG)iS now given by vg (\?ZREG)':V(YMREG

Sl)+ Va (Y€,2REG) , Where

v(\?éVZREG sl) and v, ( Y, 2REG)are given by (4.5) and (4.7) respectively. As Axelson (1998) points out, the “g” adjusted
forms of this variance estimator are numerous. Letting the “g “factors for phase 1 and phase 2 be

' r\71 ' N\t
~ Xy X Xy _ ~ ~ X X X - ; w
g, =1+(X, - X,,) [Zi ﬁ] 7 o =1+(X, = X,) [Z% ﬂ] 5, fespectively, a possible “g

adjusted formwould beto replace d, by d. =g, d, and &, by &, =g, &, .

Example 4.1: Suppose that ssimple random sampling without replacement is used in both phases, and that an
intercept term isincluded in the regression. Expression (4.7) becomes

- (Y;Reg)thHnl g o[t e s S)+[ni—%jsl} “9)

where

~ ~ =\2 . —\/~ =
& =0n-v), (d-d,) &, =W -5, E-af . =W, -0)%, (s -)[d -4 ).
with dy=@n) Y, d ; 52=(1/n2>252éi; éz:(llngz% & eﬂ:(yi—vsz)—(xﬂ—ilsz)' B, and

e, = (yi - 3752)—(xi ‘752) I§2. Both éland I§2 are the least squares regression estimators adjusted to remove the
intercept.

11 Statistics Canada - Catalogue no. 11-522-XIE
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The corresponding Vi (YZ,Reg) version obtained by substituting d, = g, d,

VS(G (YAZ,Reg) iS

for d and €, =g, &, for &, in

Vs (\?2,Reg ): N Hi _iJ §22e2 + (ni _%j (§22% +2 §2e2,d )+ {i ‘%J iﬁ} , (4.9)

n, mn n

where
S = -0 Y, (4-8) .82 =W, )T, E-8F S0y =0T, 6 -8)(d-d),
with dy =(W/n) ¥ d d, =(U/n,) Y, d and §=(/n)Y, 8.

If scalar auxiliary information x is available from the first-phase sample, expression (4.8) reduces to the one
suggested by Dorfman (1994). This expression is given by

Vool )= Nﬂi_i}% {i_ijé;% +[i_ij . B} “10)
’ n N n N
where S2, = (1/(n, -1)) >, (% -%,)°.

Incorporation of the “g” termsinto (4.10) yields

- - 1 1) = 1 1)a - 1 1)z A
Vsve (Yz,Reg) = NZ{[n_Z _WJ Szzeg +[E _ﬁ] Szx Bz2 +2[E _WJSZe,x Bz} ) (4.11)
where g, =1+ nznz_lﬁ‘s_?xz(xi _iz)-
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