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ABSTRACT

It is often desirable to combine information collected in compatible multiple surveys so that certain consistency
requirements are met and more efficient estimators are obtained. Earlier work on this topic includes Zieschang (1990) and
Renssen and Nieuwenbroek (1997) who suggested to use the generalized regression estimator with enlarged number of
auxiliary variables to achieve that goal. A drawback of their gpproach is that the adjusted weights can take negative values
which is very undesirable. In this article the author uses the recently developed pseudo empirical likelihood method to
construct estimators which not only meet the consistency and efficiency requirements but have more attractive features.
The two approaches are asymptotically equivalent but the latter has clear maximum likelihood interpretations and the
resulting adjusted weights are aways positive. He also provides efficient algorithms for computing the proposed
estimators and thus makes the method easily applicable for real surveys.

KEYWORDS: Benchmark Congtraints; Consistency Requirements; Generalized Regression Estimator; Newton-Raphson
Algorithm; Pseudo Empirical Likelihood

1. INTRODUCTION

In survey practice weight adjustment is routinely performed to accommodate, among other things, internal
consistency requirements that are of interest to both the survey statisticians and the potential users of the survey
data Benchmark constraints are most commonly imposed where the adjusted weights w; reproduce the known

population totals (or means) of auxiliary variables x, i.e. Z w;X; =X, where s represents the set of sampled

i0s
units and X is the vector of known population totals. Such an adjustment can be achieved by using the generalized
regression estimator. The generalized regression estimator is not only a vehicle to achieve the benchmark

constraints but also more efficient when compared to the baseline Horvitz-Thompson estimator.

When two (or more) surveys are conducted for the same target population, another consistency requirement may
arise. If some auxiliary variables are jointly collected in both surveys but their population totals are unknown, then
it is desirable that, in addition to benchmark constraints over auxiliary variables with known population totals, the
weights of both surveys produce the same estimates for the unknown population totals of the common auxiliary
variables. This problem has previously been addressed by Zieschang (1990) and Renssen and Nieuwenbroek
(1997). They both proposed to use the generalized regression (GREG) estimator with enlarged number of auxiliary
variables to achieve that goal.

The generalized regression approach, however, has an undesirable property which was already being recognized by
the authors. “A disadvantage of the method is the increased possibility of negative weights, due to the enlarged
number of explanatory variables. The occurrence of negative weightsisinherent to the general regression estimator,
and for many usersthisis an undesirable feature.” (Renssen and Nieuwenbroek, 1997).

We propose to use the recently developed pseudo empirical likelihood (EL) method to construct estimators that not
only meet the efficiency and consistency requirements but have more attractive features. The EL method is a
powerful nonparametric inference tool with applications in many areas of statistics. See Owen (2001) for a
comprehensive account and updated overview of the subject. Historically, however, this method was first used in
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survey sampling by Hartley and Rao (1968). Its discrete and nonparametric nature is particularly appealing for
finite population problems. In this article we demonstrate that the EL approach is well-suited under the current
context, and consistency and efficiency requirements between two or multiple surveys can naturaly be formed as
constraints and be integrated into the maximum likelihood estimation process. The two approaches, GREG and EL,
are asymptotically equivalent but the latter has clear maximum likelihood interpretations and the resulting weights
are always positive.

We consider two surveys in what follows but our method can be extended to handle multiple surveys. A logically
sound approach involves ajoint maximum likelihood estimation using two samples. Thisis presented in Section 2.
Alsoin Section 2, we present two agorithms for computing the proposed EL estimator. The first algorithm involves
profile likelihood method in searching for a solution and is efficient only when the common auxiliary variable is of
dimension one. The second algorithm employs a novel reformulation of the problem and can easily be applied
under genera situations using the well developed algorithm of Chen, Sitter and Wu (2002). In Section 3, a separate
empirical likelihood approach is employed where the EL estimators are computed separately for each survey with
the unknown population means of the common auxiliary variables estimated from the combined sample data and
used as control values. Computation in this case is simple and straightforward. The finite sample performance of
the proposed EL estimators, with comparison to the GREG estimators of Zieschang (1990) and of Renssen and
Nieuwenbroek (1997), is investigated in Section 4 through a simulation study. We conclude some remarks in
Section 5.

2. THE COMBINED EL APPROACH

Suppose the finite population consists of N identifiable units. Associated with the ith unit are values of the study
variables y, and y,, and the vectors of auxiliary variables x,,x, and z, denoted by yy;, Yy, X4, X5, and z;,

respectively, fori = 1,2,...,N. Information on (y,, X, ) is collected in the first survey and information on (y.,x, ) is
gathered in the second survey. In addition, data on the common auxiliary variables z are collected in both surveys.
The two surveys, however, are carried out independent of each other. The two sets of sample data are
{(yy,xy.2)i0s} and {(y,;.x,;,2;) i 0s,}, where s; and s, are the sets of sampled units from the first and
the second survey, respectively. The population means Yt = N"lzi'ilxti areknown (t=1,2) but Z =N ‘1ZiNzlzi

are unknown. Zieschang (1990) and Renssen and Nieuwenbroek (1997) provided excellent motivations and real
examples on this setting including a highly valuable application on the split questionnaire survey designs. Let

Y, =N ‘1221 Vit =1,2, bethe population quantities of interest. If y; and y, measure the same characteristic but

over different time periods, then the difference A =Y, —Y; may also be of interest.

Following similar arguments as in Chen and Sitter (1999), the combined pseudo empirical log-likelihood function
based on the two samples can be written as

|(pr):§,de log(pi)+m2dzj Iog(qj),

where p:(pl,..., pnl) q :(ql,...,qnz) P =Pry, = vy ). :Pr(yz = yzj-),dn =1/m;,m; are the first order
inclusion probabilitiesand n; isthe sample size from the tth survey, t =1, 2.

The maximum pseudo empirical likelihood estimators for Y, and Y, are defined as

V:L:Zf)iYJ.i a”d\?z = Zéljym' ,
i0s iOs,
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wherethe p; and g j » which are interpreted as the adjusted weights, maximize the joint pseudo empirical likelihood
function I(p, q) subject to a system of normalization and consistency requirements:

> p; =1(p, >0), ¥ q; =1{g; >0), D)

iUs, iOs,

Zpu 1 _Xl! Zq X2j —Xza (%)
i0s,

D piz; :quzjv (©)]
i0s, P s,

The two sets of benchmark constraints in (2) could involve measurements on the same x variables and hence the
same population means as well. In the absence of known population means, some or al of the equationsin (2) can
be removed from the system. The last set of equations (3) brings consi stency between the two surveys over the

common auxiliary variables. They aso make the resulting estimators Y1 and Y2 more efficient by using the
combined information from both surveys.

One of the related issues here is the existence of the foregoing defined combined EL estimators. The maximum
pseudo empirical likelihood estimators \7t will not exist if X, isnot an inner point of the convex hull formed by
{xq.i0s}, or if the two convex hulls formed by {z;,i0s} and {z;, jOs,} are digoint. This occurs with

probability approaching to zero as both sample sizes go to infinity. A proof of this can be sketched by following the
lines of Lemma 1 of Chen and Sitter (1999).

Another practically important issue is the computational aspect of the proposed EL method. We present two
algorithms, both of them take advantage of the well-behaved algorithm of Chen et al. (2002) for computing

maximum empirical likelihood estimators under a single nonstratified sample. The first algorithm is efficient when
the common auxiliary variable is univariate, while the second algorithm can be used under general situations.

2.1  Thefirst algorithm

Let stl piZ; :zm 5, diZ] =0 be fixed. It is then straightforward to show by using the Lagrange multiplier
method that

(4)

where dg =d, 130 du and

with the understanding that z;; refersto z; from the tth sample, t = 1, 2. The Lagrange multipliers &, and A, are
the solutions to

3 d; uy (0) —0ad ¥ dy; U,;(6)

,—: 0, (5)
i0s, 1T 21 uy (6) st 2> uy; (6)
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respectively. The profile likelihood function for @ isthen obtained by putting p; and dj into I(p,q) and isgiven
by (with a constant term omitted)

1(6) =" dy logfL+2; uy (0} = X d,; logft+a,uy (9}
i0s, P s,
The maximum point of I(O), denoted by 0, can be found through the conventiona profile analysis. The final

adjusted weights p; and §; are obtained by plugging 0 and the associated A, into (4).

This algorithm involves finding 4., (t =1,2) as solutions to (5) for each fixed value of 0, and then finding 0 that
maximizes I(e). For the first part, a simple and stable algorithm for solving (5) to obtain the vector-valued A, has

been deployed by Chen et al. (2002). Asfor 0, if the common auxiliary variable z is of dimension one, it can easily
be found through the usual profile likelihood method. When z is high dimensional, so is 0, this algorithm becomes
awkward and impracticable. A more flexible algorithm is needed.

2.2  Thesecond algorithm

Suppose z; = (z]j yeeer Zii ) is of dimension k. If we augment z; to k+1 dimensional by including z,,y =1 asthe
last component, we can rewrite the system of constraints (1), (2) and (3) as

2P+ >a=2 (6)
i0s, 0's,

x® o X,

0 x® m: %, |, ™
20 _z@ 9] | 4

where X ) = (xtl,...,xm! ),Z(‘) = (ztl.....ztnt ),zti represents z; from the tth survey with 1 as its last component, t =
1, 2. Note that the very last equation in the system of (7) is Z pi _Zm 5, i =0, this together with (6) imply

that stl p; =1 and ijsij =1.

i0s,

We can further rewrite (7) as

D2 Piug+ D qyuy =0, 8
is; P s,
where
X X 0 X
) 1i 1 1 ) 1 1
u]J 0 _E Xz ,Uzj - ij _E X2 . (9)
Zy 0 Zy; 0

It is now clear that maximizing 1(p,q) under the restrictions (1), (2) and (3) is equivalent to maximizing I(p,q)
subject to (6) and (8). By using the Lagrange multiplier method we can show that
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R d;; A d;j

C1+2uy ) 1+ Uy,

’

where d; = 2d, /(Zi[ISl dy +Zm s, dzj) fort =1, 2, and the common Lagrange multiplier A isthe solution to

Z z dt*iuti —

, (10)
t12 icg 1T A Uy

The modified Newton-Raphson algorithm of Chen et al. (2002) can ideally be used to solve (10). Although such a
modification is necessary for theoretical proof of convergence, it is our experience that the following conventional
Newton-Raphson iteration procedure works well for almost all cases:

-1
* 11 *
dy Ug Uy dy Uy

;\‘(m+1) = ;\‘(m) + T ]

with theinitia value of L chosen asO.

This second algorithm is applicable under general situations. It requires to solve (10) only once using the existing
well-behaved algorithm of Chen et al. (2002) and can be programmed by survey users using popular statistical
software such as SAS or R/Splus.

2.3 A comparison to Zieschang'sregression method

The combined empirical likelihood approach proposed in this article has the same spirit of the composite
generalized regression estimator proposed by Zieschang (1990). This is evident when we compare the constraints
(7) used here to the enlarged regression system (3.10) used by Zieschang. There are several advantages, however,
from using the empirical likelihood method. In addition to its clear maximum likelihood interpretations, the EL

estimator is computed based on the normalized intrinsic positive weights, i.e., p, >0 and stl p; =1. Thislatter

feature is particularly appealing to the potential users of the survey data since the published weights are often used
for avariety of purposes, including the estimation of proportions or more generally the finite population distribution

function F(y). The EL estimator IfEL(y) will be itself a genuine distribution function. It is range-respecting and
can be inverted to get quantile estimates.

An explicit relationship between the EL estimator and a generalized regression-type estimator can be established.
Theorem 1. Under suitable regularity conditions, the maximum pseudo empirical likelihood estimators

\71 = Zimsl piyy and \?2 = ZjDsz ﬁj y,j are asymptotically equivalent to a generalized regression-type estimator,
i.e.,

Y. =V +B;1(X1 ‘il)"' é%z(yz _Yz)"' é;3(22 _21)4_0’)(”—1/2)1 (11)

where ¥, =Y dy V. X =D, Oy X, Z =0 Ogzg.n=n+n,, and the combined *regression
s s s

I

coefficients’ ét :(é;i, tz,égg) are computed as

Statistics Canada - Catalogue no. 11-522-XIE 6



Statistics Canada International Symposium Series - Proceedings, 2003

t=1,2 ils i0s,

-1
ét :[Z Zd; Uy Uii] Zd; U Vi »

with the u; defined by (9).

The required regularity conditions and proofs of the theorems can be found in a technical report available from the
author. Note that the combined auxiliary information X;,X,,Z; and Z,, as well as the basic design weights d;

and d,; from both surveys all appeared explicitly in the equivalent generalized regression estimator, an estimator
that is quite unique from the conventional point of view. Further, if both sampling designs satisfy
stl dy; :Zﬂ SZd2i =N, as is the case under simple random sampling or stratified random sampling, then

d; =d,; /N, the estimators y,,X, and Z, al reduce to the usual Horvitz-Thompson estimators for the
corresponding population means.

3. THE SEPARATE EL APPROACH

In the combined approach the unknown population mean vector Z isimplicitly estimated by the maximum pseudo

empirical likelihood estimator 0 from the pooled sample. This can be seen from the first algorithm presented in
Section 2.1. Some computational complications arising from the combined approach are solely due to the attempt in

estimating Z by .

One way to circumvent this difficulty is to take a two-step approach. Suppose we replace 0 by a different estimator

of Z,say 7, using the combined data from both surveys. We then use this Z as control values for the constraints
used in the empirical likelihood estimation for each of the two surveys. By doing so we not only bring consistency

for the common auxiliary variables z between the two surveys but also improve the resulting estimators Y; and Y,
if Z is suitably constructed from the combined sample data. This is similar to the case of two-phase sampling
where the unknown population quantity Z is estimated using the large first phase sample.

Estimation of Y; and Y, using a pre-determined Z as control value becomes two separate estimation problems. For

instance, the EL estimator for Y, is given by Y, = >0 P1Ys , where the b, maximize I(p)= Yins 0 log(p; )
subject to constraints

P =1(p; >0) Y pixg =Xy and Y pizy =Z.

i0s i0s; i0s;
The resulting weights are computed as p; = d]j- /(1+ AUy ) , Where d;- =dy /stl d; and the Lagrange multiplier
A isthe solution to

dy Uy . =X
> L-i ,u]J =0, with uy, :{XL 1}. (12)
iDsll+k Uy

The agorithm of Chen et al. (2002) can directly be used here to obtain A without any modification.

The major issue under this separate EL approach is the choice of Z. Renssen and Nieuwenbroek (1997) provided
an excellent account on the estimation of Z using combined sample data. They suggested a general class of
estimators in the formof Z=P7Z, +QZ,, where P and Q are two matrices with compatible dimension to z such that
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P+Q=1,and z, isthe generalized regression estimator of Z with x, asauxiliary variables. In the absence of X, ,
one can take Z, asthe Horvitz-Thompson estimator of Z using data from the tth survey.

Two choices of the matrix pair (P, Q) will be examined in the simulation study presented in the next section. The
simplest one is the proportional combination where P =(n, +n,)™nJ and Q=(n,+n,)™"n,l ; the optimal
combination uses

P :Vp(ZZ)b/p(zl)"'Vp(zZ)]_l and Q :Vp(zl)b/p (21)+Vp(22)]_17

where Vp(it) is the design-based variance-covariance matrix of Z,. Note that the P used in the optimal

- -1 - - .
combination can also be written as P :{[vp(zl)] ! +B/p(22)] 1} B/p(il)] !, and similarly for Q as well. This
choiceis optimal since it minimizes V, (a’i) for an arbitrary constant vector a among the general class of estimators

considered by Renssen and Nieuwenbroek (1997). When simple random sampling is used for both surveys and Z,

are the simple sample means, the optimal combination reduces to the proportional one if the two sampling fractions
are the same or can be ignored. Note that for the optimal combination the matrices P and Q need to be replaced by
sample-based estimates for applications.

The separate EL approach is less elegant than the combined one in terms of maximum likelihood estimation. This
approach, however, is intuitively attractive, and computation in this case is straightforward and simple. Under
suitable regularity conditions similar to those used in Theorem 1, we can show that the separate EL estimator is
asymptotically equivalent to the regression estimator discussed by Renssen and Nieuwenbroek (1997), i.e.,

Y =V, +é'tl(xt _it)*'é'tz(i_zt*)+op(n_llz)’ (13)

where y; =3 dg v, X, =Y diXg, Z, =3 . dgzg, dg =dg /) . dy . and the regression coefficients

I§>t = (é;l, é{z)' are given by

-1
I§’t :[Zd; Uy u’ti] Zd; Ug Yii »

i0s, i0s,

where uy; (and u, inobviousform) are defined in (12). The first two terms on the right hand side of (13) can be

viewed as a generalized regression estimator for Y, based on auxiliary variables x, , and the third one is an adjusting
term trying to further improve the regression estimator using the extrainformation on z variables.

It is worthwhile to note that for the separate EL estimator the different sample sizes can easily be taken into account
for the estimation of Z. The combined EL approach, however, does not automatically accommodate this and
requires a special weighting adjustment to achieve the same goal. Further development over this direction will not
be pursued here but this argument provides a possible explanation why the combined EL estimator is often
outperformed by the separate one as seen from the simulation results reported in the next section.

4. SIMULATION STUDY

In this section we examine the finite sasmple performance of the proposed estimators through a limited simulation
study. The finite population used in this study was based on the real data from the 1996 Statistics Canada’s Family
Expenditure (FAMEX) Survey for the province of Ontario. The data set contains N=2396 observations measured
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over a variety of characteristics. Variables which are relevant to our study include x; : number of children (age
<15); x,: number of youths (age 15-24); x5 : number of people in the household; z total income after taxes; and y:
total expenditure.

In the simulation, we treat the data set itself as a finite population. This population is further split into eight strata
according to the original sampling design. For the first survey, the number of children (x;) and the number of

people (X5 ) with known population means are used as control variables and the total expenditure y is treated as the
response variable. We also assume that the variables x, and x5 are used as control variables in the second survey,

and information on total income (2) is conveniently collected for both surveys but the population mean Z is

unknown. The goa is to estimate the population mean Y using all useful information while respecting the
consistency requirement imposed over the z variable for the two surveys.

For each simulation run, a stratified random sample of size n, under proportional alocation is taken for the tth

survey, t = 1, 2, and three maximum pseudo empirical likelihood estimators for Y are computed. Let EL(C) denote
the combined EL estimator, EL(SP) be the separate EL estimator using proportional combination for the estimation
of Z , and EL(SO) represent the separate EL estimator using optimal combination in estimating Z . Also computed
for each ssimulation are three GREG-type estimators. the one proposed by Zieschang (1990) is denote by GR(Z),
which is equivalent to our combined EL estimator EL(C); and the estimators proposed by Renssen and
Nieuwenbroek (1997) are denoted by GR(RN1) and GR(RNZ2), corresponding to our EL(SP) and EL(SO),
respectively. The A matrix used to formulate the GR(Z) estimator is taken as diag(dl,...dn). The process is

repeated independently for B = 1000 times.

<P

The performance of an estimator \? is measured in terms of the simulated Relative Bias (RB) and Relative
Efficiency (RE) defined as

YO-Y g e :—)
Y MSE(

;

A ~ ~ ~ 2
where Y (b) isthe estimator Y computed from the bth simulated sample, MSE(Y) = B™* Zszl[V(b) —\7} , and

mse(

)
RB=—
Bb:]_

<>

\70 is the baseline estimator for comparison. In our study \70 is chosen as the generalized regression estimator
(GREG) of Y using x, and x, asauxiliary variables. Note that the sample information on z cannot be used here

for the regression estimation of Y since Z is assumed unknown. The sample sizes n, = 80, 160 and 240 used in
the simulation represent atypical sampling fraction at 2.5%, 5% and 10% level.

Table 1: Simulated relative efficiencies based on the 1996 Statcan FAMEX survey data

n, n, GREG EL(C) GR(Z) EL(SP) GR(RNI) EL(SO) GR(RN2)

80 80 1.00 119 113 1.28 1.28 1.28 1.28
160 1.00 1.36 1.28 131 1.43 131 1.42
240 1.00 1.42 131 1.43 1.49 1.48 1.49
160 80 1.00 1.03 091 115 115 1.15 1.15
160 1.00 1.28 1.10 1.27 1.26 1.27 1.27
240 1.00 133 1.18 1.29 1.28 1.30 1.30
240 80 1.00 091 080 1.16 114 1.15 113
160 1.00 111 095 1.16 114 1.16 1.15
240 1.00 1.24 1.07 1.22 1.20 1.24 1.23
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The absolute values of the simulated relative biases are all 1ess than 0.1% and are not reported here. Table 1 reports
the relative efficiency of the EL and the GREG-type estimators under various scenarios of the sample size
combinations. Our major findings can be summarized as follows:

Q) the two separate EL estimators have similar performance and they both perform well. The gain of
efficiency is more pronounced when the second sample size islarger;
(i) the combined EL estimator has satisfactory performance when the second sample has a compatible size

but could have deteriorated performance otherwise (i.e., the case of n, =240 and n, =80);

(iii) the GREG estimators of Renssen and Nieuwenbroek (1997) have very similar performance to the
separate EL estimators, but the GREG estimator of Zieschang (1990) is outperformed by the combined
EL estimator at all cases;

(iv) the use of information on the common auxiliary variable z provides substantial improvement over the
baseline GREG estimator when the second sampleis not too small.

5. CONCLUDING REMARKS

Adjusting weights to satisfy certain efficiency and consistency requirements is a constant theme in survey sampling,
and having positively adjusted weights is a highly desirable property for the users of production micro data files
where the weights are viewed as the number of units in the finite population represented by the sampled unit.
Positive weights will also guarantee positive estimation for known positive population quantities.

It should be noted that positive weights in regression estimation can theoretically be achieved through constrained
minimization under the context of calibration estimation as discussed in Deville and Sarndal (1992). Practical
implementation of such a method, however, is not straightforward and often involves ad hoc approximations. The
loss of efficiency due to these approximations is usually unknown. The empirical likelihood method, on the other
hand, provides a natural way of doing this with the final adjusted weights that are intrinsically positive. It should
also be noted that the total amount of time required for computing the proposed EL estimators remains limited. In
our simulation study, it takes less than 20 seconds on a dual process Sun Unix workstation to compute the combined
EL estimator when n, =n, =240 and the program is written in R/Splus.

While the adjusted weights using a GREG-type technique tend to have some small or negative values, the weights
obtained from the EL approach can occasionally contain a few large values. For the simulation results reported in
Section 4 where a proportional sample size allocation scheme is used to draw the two stratified random samples, the
g-weights given by g; =w; /d; are al within the range of (0.25, 4.00), where w; denote the EL adjusted weights

and d; represent the basic design weights. More than 99% of these g-weights are indeed between 0.50 and 2.00. If
we use an unbalanced allocation scheme where the largest stratum (N, =763) and the smallest one (N, = 33)

receive equal sample sizes, we observed that a couple of g-weights can be larger than 4.00 or even 6.00.
Theoretically thisis not a problem regarding the statistical properties of the EL estimators. For users who also have
concerns about large weights, the idea of minimum relaxation of constraints presented in Chen et al. (2002) can be
applied to obtain more general range restricted weights through the EL method.

It is easy to argue, both theoretically and empirically, that under ideal situations the gain of efficiency from using the
combined sample data is almost guaranteed. Cases where the forced consistency requirement over the common
variables will likely detriment the resulting estimators may include (1) severe uncontrolled nonsampling errors; (2)
extremely unbalanced sampling designs or sample size allocations; (3) misconceptualized target populations; (4)
weak or even no correlation between the common variables and the response variables, and (5) the use of
guestionable common variables.

The successful use of the proposed EL method for combining information on common auxiliary variables for real
surveys requires detailed considerations at the planning stage and careful discretions at the estimation stage. As
pointed out by Renssen and Nieuwenbroek (1997), common variables in the strict sense are not easily found due to
discrepancies between definitions, methods of observation, and reference periods. Such complications can be
reduced if the involved surveys are harmonized at the design stage. For example, in split questionnaire design
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where certain common questions are contained in both versions of the questionnaire, attention should be given to the
ordering and positioning of these common questions to reduce the potential response bias and/or carry-over effect.
For human population surveys conducted regularly over time, variables related to gender, age, educational
background, etc, can easily be conceived as common variables if the change of population dynamics over certain
time periods can be ignored. Other variables such as “Employment Status in May 2003”, which can be measured
“directly” during a June 2003 survey but require “recalled” answers for surveys conducted in alater time, need to be
treated with care. Only if the “recalled” answers are as accurate as the “direct” measurement can this type of
variables be treated as common variables.
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