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ABSTRACT

The random intercept model is often used in model-based survey data analysis. In this paper, an iterative weighted
estimating equations (IWEE) approach is developed to estimate the fixed effects and the variance components in the
random intercept model using sampling weights. The proposed IWEE method is an extension of the method proposed by
You and Rao (2002) for the fixed effects estimation and the method proposed by Waclawiw and Liang (1993) for the
variance components estimation. A simulation study and an example based on areal survey data are presented to illustrate
the proposed method. Our study has shown that the proposed IWEE performs very well and converges quickly. An
advantage of the proposed method is that only final sampling weights are needed in the estimation procedure, unlike other
methods available in the literature requiring higher level sampling weights such as primary sampling unit weights, which
may not be available to usersin practice.

KEYWORDS: Estimating Equations; Nested Error Regression Model; Sampling Weigthts.

1. INTRODUCTION

The random intercept model is often used in model-based survey data analysis including small area estimation.
Conventional methods of estimating the regression parameters (fixed effects) and the variance components in the
model ignore the sampling weights; for example, the method of fitting-of-constants, maximum likelihood (ML) and
residual maximum likelihood (REML). In this paper, we propose an iterative weighted estimating equations (IWEE)
approach to estimate the fixed effects and the variance components in the random intercept model, taking account of
sampling weights. This method is an extension of the method proposed by Y ou and Rao (2002) for the fixed effects
estimation and the method proposed by Waclawiw and Liang (1993) for the variance components estimation. It
updates estimates of the fixed effects and variance components alternatively until convergence is achieved. Thus, we
can simultaneously obtain the sampling weighted estimates of the fixed effects and variance components. A small
simulation study and an example based on areal survey data are also presented to illustrate the proposed method.

Let y; be the value of variable of interest for the j-th unit in the i-th group (area), and X; = (Xjjy,-, Xjjp)" With
Xj1 =1 be the vector of auxiliary variables associated with y; (i=1..,m j=1..,N;). A random intercept
population model based on {y;;, X;} isgiven by

Vi =XiB+vi+e;, j=L.,Nj,i=1...m, Q)

where B = (B, Bp-1)' is the px1 vector of fixed effects or regression parameters, v; is a random effect
associated with thei-th group, and N; isthe number of population unitsin thei-th group. The random effects v; are
assumed to beiid N(O, 0’3) and independent of the unit level errors g; , which are assumed to beiid N(O, aez) .

We assume that samples are drawn independently across groups according to a specified sampling design. The
sampledata {y;;, %;, ] =1...,m;;i =1...,m} isassumed to obey the population model, i.e,,
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Vi =XiB+vi+e;, j=L.,n,i=L.,m 2

where ny is the sample size in the i-th group. This implies that the sampling design within groups is ignorable or
selection bias is absent. Model (2) is also known as the nested error regression model (Battese, Harter and Fuller,
1988). The main purpose of this paper is to estimate the regression parameters S and the variance components o2

and 05 , using model (2) and the sampling weights.

The unit level model (2) may be aggregated to group level by using direct survey estimators. Let vT/ij be the basic
sampling weight attached to y;; . A direct design-based estimator of the group level population mean is given by

_ 21-1 yIJ i

w = S Z i Yij »
where wi =W /XL, Wy =W /Wipand YL w; =1. Following You and Rao (2002, 2003), we obtain the following
aggregated model from the unit level model (2):
Vi = XalB+ Vi + 8y =1, ©
where §,, = X, w;g; with E(§,) =0 and var(g,) = o5 X, w; = 0357, and X, = XL, w

Remaining sections of the paper are organized as follows. Section 2 presents some standard methods for estimating
5, ag and a\f, ignoring the sampling weights \Tvij . An iterative weighted estimating equations (IWEE) method

using sampling weights is given in section 3. A small smulation study is conducted in section 4 to evaluate the
proposed method. We then compare the proposed method with the standard methods using real data in section 5.
And finally in section 6, we give some conclusion and remarks.

2. ESTIMATION WITHOUT SAMPLING WEIGHTS

To estimate the regression parameters 3, we first assume that the variance components ag and 03 are known in
the unit level model (2). Then 3 is estimated by the generalized least square (GLS) estimator

m -1 m _
Bors = [zw‘lxij (ZX:vi‘lyi) = B(0¢,07), @)
i=1 i=1

where X, = (Xig,eo Xig ) s ¥ = (Yigss Vi )+ @00V, =021 +071, 1, with 1, and |, denoting the unit vector
and identity matrix of order n;, respectively. The estimator EGLS depends on the variance components 2 and
o2 . Thevariance of By s is var(Bes) = (EM XV, x) ™.

A simple method of estimating the variance components ag and a\f involves performing two ordinary least
sguares regression and then using the method of moments to get unbiased estimators of a§ and a\f (Fuller and
Battese, 1973; Stukel and Rao, 1997). An unbiased estimator of oZ, denoted as 43, , isgiven by

a=(n-m-p+n~ ZZf.,, (5)

i=1j=1
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where {é‘ij} are residuals from the ordinary least squares (OLS) regression of y; -y on
{Xij1 = Ko Xijp ~ Xirp} @A (Vi Xig,--, Xirp) are the sample means in the i-th group. An unbiased estimator of a\f
isgiven by

Tow = n:l{f >0 - (n- p)&i] ®)

i=1j=1

where nt=n-tr[(XX)'EMn?% %] with X' =(x{,..,X,) , and the {G;} are the residuals from the OLS
regression of y; on {X;jy,..., X;jp} . Since g4, can take negative values, a truncated estimator of o is obtained as
63, =max(G3,,0) . Note that 3, is no longer unbiased, but it is consistent as m, the number of groups,
increases. The estimators &gM and 63M are equivalent to those found by using the well-known method of fitting-
of-constants (F-C) due to Henderson (1953). The moment estimators 63, and G4, are, therefore, also referred to
as fitting-of-constants estimators. Once a§ and 03 are estimated, then using the GLS estimator (4), we get

Bos = B(62,.62,) astheesimateof 3.

Goldstein (1995) proposed an iterative generalized least squares (IGLS) method to estimate the fixed regression
parameter B and the variance components ag and 03 . The IGLS methods involves two applications of the GLS.
The first step is to obtain the GLS estimate EGLS of B assuming o2 and o? are known. The second step isto use
the GLS estimate EGLS, given by (4), to form the “raw” resduals y; = y; — ,EGLS. Then the estimation of o2

and af involves an application of GLS on the vector form of the cross-product matrix of the residuas Vij ,
assuming normality. The IGLS method involves iterative updating between the GLS estimate of £ and the GLS

estimates of o2 and o2 until the procedure converges.

3. ESTIMATION WITH SAMPLING WEIGHTS

We now present an iterative weighted estimating equations (IWEE) method to estimate £ and variance components

0% and o7, using the sampling weights W .
3.1 Estimating g

First, we obtain the best linear unbiased prediction (BLUP) estimator of the random effect v, , given the parameters
B,0% and o2, from the aggregated model (3) as

Viw(B.05.0%) = Viw (Vi = %inB) - (7

Then, following Y ou and Rao (2002, 2003), we solve a survey-weighted estimating equation for £ :

.gl.zlllvﬁvij Xij[yij _Xi'jlg_viw(,gaagyag)] =0. (8)
i=1j=

A model-unbiased estimator of S isobtained from (8) as

nj m n _ ~
,Ew = [zlzlwij Xij (% =1 Yiw)':| [Z W (%~ TiwXiw) Vij | = ,BW(US,U\f) . 9)
i=1j=

i=1j=1
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Note that EW is obtained by using the unit level model (2), the aggregated model (3) and the survey weights v~vij .

Based on (9) and the unit level model (2), we note that £, | 3,02,02 ~ N(3,®,,) , where the covariance matrix
®,, isgiveninYou and Rao (2002, 2003) as

2 m 0 ry—1 m 0 ’ m 0 r\—1qr 2 m 0 ry—1 m N ! r m 0 ry—1qr
D, =0 (X 2%;Z;) (X 27z (X 2%2) 1 +oy (X X %25) T2 (Xz)(X 7)1 X x5Z) 7]
i=1j=1 i=1j=1 i=1j=1 i=1j=1 iz = A i=1j=1
with z; = W; (X; = ¥ywXyw) - The covariance matrix ®,, dependson o and o7 .

3.2 Estimating o?
To estimate g2, we first obtain the within group residuals as 8j — 8w = Yij ~ Yiw — (Xj —%iw)'B . Then we take the
expectation of the sampling-weighted residual sum of squares

m N

Z ZI:VTIU (eij _éiw)z

i=1j=1
with respect to the model. This leads to the following model-unbiased estimator of ag :

52 - PHEDIHEAT [}’ij = Viw — (X _‘Xiw)’ﬁ]z
= |- otz W |

=0av(B), (10)

where 67 = ¥, w{ . Note that the estimator &5, dependson 3.
3.3 Estimating o?

To estimate a\f , we first note that the BLUP estimator V,,, given by (7) is also the posterior mean of v; given Y,
based on the aggregated modd (3), i.e, Vi, = E(V; | Vi) » assuming the parameters 3, ag and 03 are known
(You and Rao, 2003). Also notethat E(V;,,) = E(E(v; | Vi) = E(v;) =0, and

EV(V; | Viw) = E(E(iy =V1)? | Vi) = E(Wy = V)2,
further more,
E(\7iw —V )2 = J\g(yiw _1)2 + Jgdizyi\zm )

where ., =02 /(02 +0257?) . Then, using the decomposition V(v,) =V(E(V, | Vi) + EV(V; | V) . the
variance component a\f may be expressed as

0% =V (V) +E[y, ~Vv))* =E(@3) +E([Wy, -Vvi)?. (12)

Now we average (12) over the groups i and use (11) to get the following estimator of a\f :
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m 1m g2023° _ ., -
Zv +—2(mw—1) + ‘*ZJZV.W——zlv.W+mzlm= w(W.08.07) (13)
i=1 1=

where V,, = (V.- V) - Note that G2, depends on g2 and o2 . Under simple random sampling (SRS) with
w; =1/n; , the estimator (13) reduces to the estimator of a\f given by Waclawiw and Liang (1993):

2_2
~ m 1m oglo
2 _ 2 e
JVW__zVi +—Z 2 = 2
i=1 Mi=in,oy +0;

with V. = i (¥, =X/B) and y; =0y (a7 +aZIn;) .
3.4 An iterative procedure

We now propose iterative updating steps to obtain survey-weighted estimates for 3, ag and 03 simultaneousdly.
Starting with initial values 62 and 62 and for k = 0,1,2,... , we update the parameters as fol lows:

(1) Caculate 3& = g, (529 ,620)  where B, isgiven by (9);

(2) Caculate 52¢0 =52 (%) where 52, isgiven by (10);

(3) Calculate V& = (8D 52k 52K) where ¥, isgiven by (7);

(4) Caculate 62K =52 (kD & ‘2('<+1) ,620) ‘where G2, isgiven by (13) and V) = vk | gDy

Steps (1)-(4) complete one cycle. The iterative cycles are continued until convergence to get the IWEE estimates of
B, 02 and o2. We can use the fitting-of-constants estimates 62, and 62, as the starting values 62© and

62O | respectively.

4. SSMULATION STUDY

To evauate the proposed IWEE method, we conducted a small simulation study. We constructed a synthetic finite
populations with m =30 groups (clusters). Each group consisted of N; =500 population units, and the synthetic

population was generated from the unit level full models (1) by taking x; = (L %y;)", B =50, £, =10, 02=225
and 03 = 100. The auxiliary variable x;;; was generated from an exponential distribution with mean 200. From the

synthetic population, PPS (probability proportional to size) samples within each group were drawn independently.
To implement PPS sampling, we used x;; as the size measures for each y;; . Using these x values, we computed

selection probabilities p; = Xy;; /X %y; for each unit y; and then used them to select PPS with replacement
samples of equal size, n; = n, within each group, by taking n = 5 and 20, respectively. The basic design weights are
givenby W; =n"'p;" sothat w; = pj’ /X Py -

The whole process was repeated R = 500 times, and for each run r (r =1,...,R) , we computed the GLS estimate of
B and the F-C estimates of o2 and o2 . Using these estimates as starting values in the IWEE algorithm, we

obtained the IWEE estimates of £, a§ and 03, respectively. The convergence was very fast and only a few
iterations were needed.
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Our purpose is to evaluate the performance of the proposed IWEE method and compare it with the GL S estimate of
£ and the F-C estimates of ag and 03. For this purpose, we computed IWEE estimates under simple random
sampling (SRS) and PPS unequal selection probabilities. We calculated the absolute relative bias (ARB) and the
relative error (RE) of the estimators. For example, the ARB of an estimator 6§ of ag is calculated as
ARB(G2) =|E* (62)/0?-1| , where E* denotes the average over the R = 500 runs, that is,
E*(62)=3R,62(r)/R, where §2(r) is the estimate based on the r-th simulation run. The RE of &2is computed

as RE(42) = \/Z,R:l(ﬁg(r) -02)?IR/o?. Table 1 presents the simulation result of ARB. For fixed effects /3,
and £, , both GLS and IWEE perform very well in terms of ARB. The ARB is less than 1% for S, and less than
0.02% for 3, , indicating unbiasedness. For variance components estimation, the ARB is less than 2% for g2 and
less than 4% for a\f under both F-C and IWEE approaches, indicating that both F-C and IWEE lead to unbiased
estimates of the variance components. Also, estimators of o2 have smaller bias than the estimators of . Table 2
presents the comparison of RE. For 8, and £;, IWEE(SRS) leads to smaller RE than the GLS method. However,
the general IWEE leads to larger RE than GL S due to the use of unequal sampling weights. As the sample size, n,
increases, the RE decreases. For o2, IWEE(SRS) and F-C have the same RE. For g2, IWEE(SRS) has smaller RE
than F-C. Under unequal probability sampling, IWEE has larger RE than F-C for both g2 and o2, as expected.

Also, estimators of a\f have larger RE than the estimators of ag. We conclude that the proposed IWEE method

leads to unbiased estimators of the fixed effects and variance components. Under SRS, IWEE method is very
efficient. In general, IWEE has larger RE than the usual methods because it takes account of the unequal sampling
weights in the estimation procedure.

Table 1. Comparison of Absolute Relative Bias (ARB)%.

n=5 n=20
GLS IWEE(SRS) IWEE GLS IWEE(SRS) IWEE
Bo 0.64 0.55 0.24 0.71 0.51 0.32
yea 0.005 0.007 0.013 | 0.007 0.007 0.008
n=5 n=20
F-C IWEE(SRS) IWEE F-C IWEE(SRS) IWEE
Ue2 15 2.3 1.9 13 2.0 17
0—3 3.2 3.6 3.8 33 33 35

Table 2: Comparison of Relative Error (RE)%.

n=5 n=20
GLS IWEE(SRS) IWEE GLS IWEE(SRS) IWEE
Bo 5.1 4.2 85 2.7 2.0 6.5
yea 0.048 0.043 0.082 0.025 0.021 0.042
n=5 n=20
F-C IWEE(SRS) IWEE F-C IWEE(SRS) IWEE
Ue2 12.6 12.8 16.7 6.0 6.0 8.8
0—3 30.7 28.2 38.2 15.0 13.3 28.8
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5. APPLICATION TO REAL DATA

In this section, we consider areal data set studied by Battese, Harter and Fuller (1988) in the context of small area
estimation. Battese et. al. (1988) considered the estimation of mean hectares of corn and soybeans per segment for
12 counties in north-central lowa. The total number of sampled segments (total sample size) for the 12 countiesis 36,
and the sample size n, (i =1,...,12) within each county ranged from 1 to 5. The total number of segments N;

(population size) within each county ranged from 402 to 965.

In our calculations, we assumed simple random sampling within areas, as in You and Rao (2002). Thus, the basic
survey weight for each sampled unitinarea i is w; = N; /n; and w; = n;*. The sampling model is

Vi = Bo t X Bt Xoij BtV + &y, j=1.,m,i =112,
where y;; isthe number of hectares of corn (or soybeans) in the j-th segment of the i-th county, x;; and x; arethe
number of pixels classified as corn and soybeans, respectively, in the j-th segment of the i-th county. Our main
interest here isto estimate the fixed effects £ and the variance components o2 and o?2.

To estimate the variance components, we considered five methods for the purpose of comparison, namely, the
method of fitting constants (F-C), maximum likelihood (ML), restricted ML (REML), IGLS and the proposed IWEE.

Table 3 presents the estimates of aé and 03 for corn and soybeans data using these five methods. From Table 3,
the F-C and REML give similar estimates, ML and IGLS give identical estimates, and IWEE gives reasonable
estimates. The estimates under IWEE lie between the estimates under F-C (REML) and ML (IGLS), excepting 03

for soybeans. For IWEE, we used the F-C estimates as the starting values. The iterative agorithm of IWEE
converged very quickly. In this example, only a few iterations were needed.

Table 3: Estimation of variance components g2 and .

Parameter F-C REML ML IGLS IWEE

Corn 0’5 149.6 147.3 137.4 137.3 1394
o? 139.7 139.9 120.9 1211 130.2

soybeans o2 195.2 190.4 177.0 177.0 187.9
o? 261.8 247.3 217.6 217.6 207.2

Table 4 presents the weighted estimates of fixed effects S using (9) based on the different estimators of Jez and

a\f including F-C, REML, IGLS and IWEE. It is clear from Table 4 that the point estimates are very similar. In

terms of standard errors, F-C and REML lead to dlightly larger standard errors than IGLS and IWEE. The result has
shown that under SRS, IWEE estimates are efficient. Thisis consistent with the simulation results given in section 4.
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Table 4: Estimation of fixed effects £ .

Estimates Standard errors
Coefficient F-C REML IGLS IWEE F-C REML IGLS IWEE
B, | 58491 58481 58526 58.492 27122 26933 25939 26.185
Corn B 0.316 0.316 0.316 0.316 0.054 0.054 0.052 0.052
B> -0.160 -0.160 -0.159 -0.160 0.062 0.061 0.059 0.060
By | -14.483 -14.388 -14.227 -13.907 31.396 30.974 29.805 30.588
Soybeans b5 0.005 0.005 0.004 0.003 0.062 0.061 0.059 0.060
B> 0.514 0.514 0515 0.515 0.072 0.071 0.068 0.070

6. CONCLUSION

In this paper, we proposed a new method to estimate the fixed effects and variance components in the random
intercept multilevel model (nested error regression model) by taking into account of the sampling weights. We
compared the proposed IWEE method with some existing methods through a simulation study and application to a
real data set. The proposed IWEE method is computationally simple and converges quickly. It makes use of both
survey data and sampling weights. Under SRS, IWEE is very efficient. Our method has extended the work of You
and Rao (2002) and Waclawiw and Liang (1993) for the fixed effects and variance components estimation. The
proposed method can be used in model-based survey data analysis including model-based small area estimation.
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