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ABSTRACT

Samples sizesin small areas are typically very small. As aresult, customary area-specific direct estimators of
small area means do not provide acceptable quality in terms of MSE. Indirect estimators that borrow
strength from related areas through linking models based on auxiliary data are therefore now widely used for
small area estimation. Such linking models are either implicit (as in the case of synthetic estimators) or
explicit (as in the case of model based estimators). In the frequentist approach the quality of an indirect
estimator is measured by its estimated M SE while the posterior variance of the small area mean is used in the
Bayesian approach. In this paper, | will review some recent work on estimating M SE and the evaluation of
posterior variance.
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1. INTRODUCTION

Sample surveys are typically designed to provide direct estimators with small sampling coefficient of
variation (CV) for large areas (or domains). In fact, survey practitioners often stress that nonsampling
errors, including measurement and coverage errors and nonresponse, contribute much more than sampling
errors to total mean squared error (MSE) which is often used as a measure of quality of estimators.
However, sampling errors play a dominant role in small area estimation because sample sizesin small areas
are rarely large enough to provide area-specific direct estimators with acceptable quality in terms of
sampling MSE (or CV). In fact, sample sizes are often zero in many small areas of interest. For example,
in the estimation of county and school district counts of poor school age children in USA, using Current
Population Survey (CPS) data and census and administrative data, CPS sample size is zero in many of the
counties (National Research Council, 2000).

It is necessary to employ indirect estimators for small areas that borrow information from related areas
through linking models, using census and administrative data. Such indirect estimators are based on either
implicit or explicit linking models. Traditional indirect estimators based on implicit models include
synthetic and composite estimators. But the estimation of sampling MSE of such estimators presents
difficulties (Section 2). On the other hand, indirect estimators based on explicit models have received alot
of attention in recent years because of the following advantages over the traditional indirect estimators: (i)
Explicit model-based methods make specific allowance for local variation through complex error structures
in the model that link the small areas. (ii) Models can be validated from the sample data. (iii) Methods can
handle complex cases such as cross-sectional and time series data and multivariate data. (iv) Stable area
specific measures of variability associated with the estimates may be obtained, unlike overall measures
commonly used for the traditional indirect estimators.

In this paper, we provide an overview of developments on sampling MSE estimation of indirect estimators
with emphasis on explicit model-based methods. Evaluation of posterior variance, using hierarchical Bayes
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(HB) methods, is aso briefly discussed; posterior variance is used as a measure of quality of the estimators
in the Bayesian approach.

2. TRADITIONAL INDIRECT ESTIMATORS

Synthetic estimators, \?(S) of small area totas, Y,, are widely used because of their ssimplicity and

efficiency. Suppose that reliable direct estimators, \%.g, of large poststrata means, Y.g, and the
population cell counts {Nig} are both available. A simple synthetic estimator of Y, isthen given by

Y(S)= > NY.g.
This estimator has a small variance and performs well in terms of MSE if the implicit moddl Y,

~

2.1)
. =Yg

holdsfor al i, where \7@ is(i,g)-th the cell mean.

An unbiased estimator of MSE of \?(s) isgiven by
meel? (5) = (7() ¥ f -v{¥ (8) -7+l (5) @2)
~ {7(9)-] - vfe),
where \?, is an unbiased direct estimator of Y, and v() denotes a variance estimator. The variance

estimators of \?(S)—\? and \?(S) are easily obtained using the jackknife method, especially for stratified
multistage designs such as the CPS. Although (2.2) is unbiased, it is very unstable and may take negative
values. A popular method to avoid instability is to take the average of mse{\?(s)} = mse[\?, (S)]/ N’ over
the areasi and then use

mee, 1 (5)) = mee, () N 23

a

as the estimator of MSE, where Y,(S) = Y,(S)/N, isthe synthetic estimator of the mean Y,, N, isthe known
areasize and

mse, V(s) | = 5 Y msq ¥(s)|. (2.4)

The MSE estimator (2.3) is stable but not area-specific except for the multiplier N?.

Marker (1995) proposed an alternative M SE estimator that is more area-specific than (2.3) and also stable.
It assumes that the squared bias, bz[\f(s)} , of Y(S) is approximated equal to the average squared bias:

07 ¥(9)] = 2] V(9)] = mee, [ V(8)] - - dv ()] @5)

Under this assumption, Marker’s M SE estimator is given by
mee, 7(5) = {7 (s navi ¥ (s)] @8

For the simple synthetic estimator (2.1), mse, [\?(S)J depends on area specific cell counts {Nig} through

v[\?i (S)J whereas msel\? (S)J depends only on the overall size N, of thei-tharea Inthissense, Marker’'s
M SE estimator is more area- specific.



Composite estimators of the form

V(0)=a¥ +-a)i(s) @)
are also often used, where ¢ is an estimator of the optimal weight ¢(opt) that minimizes MSEY(C)).
Such estimated weights are of the form

o =mee 8/ (9) -] (28)

and highly unstable. To avoid the instability of&l, an average weight 45 is often used in (2.7). An
estimator of MSER(C)J may be obtained along the above lines for \?(S) by changing \?(S) to \?(C) in
(2.2) — (2.6). Asaresult, Y(C) has the same limitations as Y/(S), in addition to difficulties of getting a
stable weight ¢.

External evaluations of indirect estimators are often conducted by comparing the estimators to true values.
Gonzalez et al. (1996) studied count-synthetic estimators

PI(S) = (Zg Nig Pig )/(Zg Nig) (29)
of proportions P, where If?g is the direct estimator of post-stratum proportion P . They studied the

performance of I5>(S) relative to the direct estimator I5 , using data from the 1980 U.S. National Natality
Survey. For external evaluation, they obtained true P for three characteristics (low birth weight, prenatal
care and Apgar score) and used the unbiased M SE estimator.

B(s)=(B(s)-R) - (210)

Performance of |5(S) was judged on the basis of estimated CV's computed from (2.10). On the other hand,

balanced repeated replication (BRR) was used to estimate the variance of I5 . However, caution should be

exercised in drawing conclusions from such comparisons because (2.10) is highly unstable. In this case,
only overall comparisons may be reliable. For example, one could compare the average or the median

absolute relative error (ARE), where ARE =|est —true|/true for the i-th area A more refined
comparison may be implemented by comparing average or median ARE within specified categories of the

small areas. National Research Council (2000) reported such comparisons in the context of county
estimates of poor school age children.

3. SMALL AREA MODELS

Two types of basic small area models have been studied in the literature. 1nthefirst type, called basic area
level model, only area-specific auxiliary data z = (zl zZ, )T, related to small area means \7(| =L...,m) or

to suitable functions 8 = g(\?l) are used to develop linking models of the form 6 s N(zf/?,af). The

~

linking model is combined with the sampling model 67‘9 s N(6’i ,gl/i) where @ is adirect estimator of g

with known sampling variance ¢,. Model-based estimators of 8 and Y, = g‘l(ei) are obtained from the
combined model using empirical Bayes (EB) or hierarchical Bayes (HB) methods. Measures of variability
associated with the estimators are also obtained as indicators of quality of the estimators. The basic area-
level model with 8 =logY, has been recently used to produce EB county estimates of poor school-age
children in U.S.A. (National Research Council, 2000). Using these estimates, the US Department of
Education allocates over 7 billion dollars of federal funds annually to counties. Various extensions of the



basic arealevel model have been proposed to handle correlated sampling errors, spatial dependence of 6's,
time series and cross-sectional data and others (see Rao, 1999 for arecent overview).

In the second type, called basic unit-level model, unit-level auxiliary variables x, = (x, ,....x, ] arerelated
to the unit y-values y, through a one-way nested error regresson model y, =x;B+vV, +g;, where

iid iid
v, ~ N(O, Jf) are independent of e, ~N(O, Jz). The parameters of interest are the small area means

Y=Y y/N (j =1 N,,i=1..,m). Various extensions of the basic unit-level model have been proposed

to handle binary responses, multivariate responses, two-stage sampling within small area, and others (see
Rao, 1999). In this paper, we focus on the basic area level model for simplicity, and review some recent
work on estimating M SE and eval uating posterior variance.

4. EMPIRICAL BAYES (EB) METHOD

41  Estimator of &

Under the basic area-level model, the best estimator of &, in the sense of minimum MSE, is given by the

conditional expectation E(Hi ‘67 ) :

6)=v6+ - 1)eB, (4.)

where y, = af/(af +Y, ) This estimator is also called the Bayes estimator and denoted 8°. It depends on

b

the unknown model parameters (B,Jf). Replacing (B,avz) by suitable estimators (ﬁ,&f), obtained from
the marginal distribution of 67 's, namely 5’ o N(ZiTB,JVZ +¢/i), we obtain the empirical Bayes or empirical
best (EB) estimator éEB:

0° =78 +(L-7)2B. (42)
where y, =67/ (&f +Y, ) The form (4.2) shows that 6 is a weighted average of the direct estimator, 6,
and the regression synthetic estimator, zin} with weights y; and 1-J; respectively; y is a measure of
between area variability relative to total variability associated with area i. The estimator éEBis model

unbiased in the sense of E(QEB —6?i)= 0.

For agiven g7, the etimator of B is the weighted least squares estimator E(af) and it does not require
normality assumption. Similarly, without normality assumption o may be estimated by a simple method

of moments (Prasad and Rao, 1990) or by solving the following moment equation iteratively for o’ (Fay
and Herriot, 1979):

ho?)= X6 -2 (02)f floz +¢)=m-p. (43)

The resulting estimators = B(62) and 62 substituted in (4.1) lead to empirical best linear unbiased
prediction (EBLUP) estimator, not depending on normality. It isidentical to éEB given by (4.2). Under
normality, one could use maximum likelihood (ML) or restricted maximum likelihood (REML) estimators
f} and g7 which remain consistent for p and o’ even under nonnormality (Jiang, 1996). The estimator

of Y istaken as g’l(éEB). More complex estimators of Y with reduced bias have also been proposed.



For example, with g(\?i): logY one could use expléEB +%wse(éEB)J assuming that éEB is normal (or

exp(éEB) is lognormal), where mse(éfs) is an estimator of ME(@!EB): E(éEB - Hi)z; see National Research
Council (2000).

4.2 M SE estimators

Under normality, the conditional (or posterior) distribution of 8 given é is N(é’f‘,g1i (af)),where

0,(07)=yy. (4.4)
A naive EB approach uses the estimated posterior distribution N(QEB, g, (&f)) for making inference on 4.
In particular, the mean of the estimated posterior distribution, 8%, is used as the estimator of &, and the
variance of the estimated posterior distribution, g, (o”’j), as the measure of variability. This approach can
lead to severe underestimation of MSE of 6% because g, (&f) ignores the variability associated with B
and &7 . Inthe EBLUP approach, a naive estimator of MSE é’fB , Without normality assumption, is given
by

e, (62)= 0,(6)+ 0, (6). (@5

0,(02)= -z [X 2z o7+ ) 2. (46)
The last term g, (&f) in (4.5) accounts for the variability of B but not of 2. Note that msew(éEB) isan
improvement over the naive EB measure, g, (&j).

where

Methods that account for the variability of both ,@ and J? have been studied extensively in recent years.

We summarize some of the developments here. An accurate approximation of MSE(éEB) under normality
isgiven by

MSE éEB)z g, (aj)+ g, (aj)+ g, (aj) , 4.7

where
0.(07) =l /(o7 + 0.} |EG -z nic?) (48)
=l /(o2 +u, ) jlo?) (49)

and h(af) isthe asymptotic variance of &7 for large m. Neglected terms in the approximation (4.7) are of

lower order than m™ . The approximation (4.7) is valid for all the methods of estimating o considered in
section 4.1.

For the Prasad-Rao (PR) moment estimator of o, we have
helo?)=2m?> (o2 +y ) . (4.10)

The asymptotic variance for the Fay-Herriot (FH) estimator of o7 is
h.,(0?)= 2m[Z:i(JV2 +, )'1]72 (4.11)

(Datta, Rao and Smith, 2001). It followsfrom (4.10) and (4.11) that
h, (0%)<h..(0?) (4.12)

v v

with equality holding when ¢, = for al i. For the ML or REML estimatorsof o, we have



h (02)= e (02) =23 (02 +4)7] <1, (02). (4.13)

It follows from (4.12) and (4.13) that

h(07)= e (07) <, (07) (4.14)
with equality holding when ¢, =¢ for al i. Thus, ML or REML lead to the smallest MSE followed by
FH.

Turning to M SE estimation, an estimator correct to the same order of approximation as (4.7) is given by

meeld )= 0,(62) + 9, (67)+ 20, (67). @19)
This estimator is nearly unbiased for MSE(QEB) in the sense that its bias is of lower order than m™. The
approximation (4.15) is valid for the REML and PR estimators of ¢ but not for ML and FH estimators of
oz,

\

Lahiri and Rao (1995) showed that (4.15), using PR estimator of o7, isrobust to nonnormality of the 8's

in the sense that near unbiasedness remains valid. Note that normality of the direct estimators 6? sis still
assumed but it is less restrictive than the normality of 8 's because of the central limit theorem'’s effect on

51 ’s. Itisnot known if the robustness remains valid under the REML estimator of o?.

For ML and FH estimators, an extra term gm(&f) is added (4.15). This extra term for ML is positive

(Datta and Lahiri, 2000). Therefore, ignoring this term and using (4.15) with ML estimator 67 would lead
to underestimation of MSE. On the other hand, the extra term for FH is negative (Datta, Rao and Smith,
2001). Therfore, ignoring this term and using (4.15) with FH estimator & would lead to overestimation of
MSE.

A criticism of the MSE estimator (4.15) and its modification for ML or FH isthat it is not area-specific in
the sense that it does not depend on the direct estimator é, although z, isinvolved in the g, -term. But it
is easy to find other choices, using the form (4.8) for 93.( VZ) For example, we can use

”‘Sel(AiEB) 9,(62)+9,(6)+g,(6?) [l///ff +y,) ]( 6 -2 B)Z (4.16)

(Rao, 2000). Thelast term of (4.16) is less stable then 93.( ) but it is of lower order than the leading term

gh( ) As aresult, the variablility of nsq(HEB) should be comparable to the variability of mse(HEB)
least for moderate to large m.

In the above discussion, we have used MSE to measure the variability of éEB. Another approach tries to

correct the underestimation induced by the estimated posterior distribution by mimicking the hierarchical
Bayes (HB) approach (Section 5). Under this approach, it is necessary to entertain a prior distribution on

the model parameters B and o? to arrive at the posterior variance V 6?i|§ which is used as a measure of

variability under the HB framework, where 0= (6’1, ,6’ ) . Kass and Steffey (1989) used an asymptotic
first order approximation to the posterior variance which does not depend on the form of the prior

distributionon g and o?. Laird and Louis (1987) first expressed V(Hi |§) as
o) &, o .02}, el .), )



where E,.: and \ respectively denote the expectation and variance with respect to the posterior

distribution f(ﬁ,aj 6). The last two terms of (4.17) were then estimated separately using the parametric

bootstrap method (see Ghosh and Rao, 1994). Note that the last term of (4.17) accounts for the
underestimation while the second term is roughly equal to g, (&f), the variance of the estimated posterior
distribution of 8 . Butar and Latiri (1997) showed that the bias of Laird-Louis estimator (as an estimator of
MSE) is of order m™, unlike the bias of (4.15) or (4.16). By correcting this bias, they obtained an MSE
estimator which isidentica to msel(éiEB) given by (4.16). Kass and Steffey’s (1989) first order estimator is
also biased. A second order estimator of Kass and Steffey depends on the prior distribution of p and o?.

4.3 Jackknife estimator of M SE

Jiang, Lahiri and Wang (1999) proposed a jackknife method of estimating M SE that is applicable to general
models with block diagonal covariance structures, where the blocks correspond to the small areas. We
illustrate the jackknife method for the basic area-level model. It uses the following orthogonal
decomposition of MSE:
ME(&:EB): E(éiB _el)z + E(éiEB _éis)z
= g,(07)+ Elg=-6° . (418)
Write 6% as 6 = k(@é) where 8 = ([iT,aj)T. The EB estimator 8 may be expressed as k(@é) The
jackknife steps are as follows:
(i) Calculate 8(1)= (ﬁ(| ).62(1 )), the estimator of & when the |-th area data (é , zl) isdeleted. Let

6=(1) = k(élfi(l)) Note that § remains unchanged in ().

(i) Calculate
M, =mTaz(éEB(|)—éEB)Z . (4.19)
M,, isajackknife estimator of the last termin (4.18).

(i)  Adjust the bias of g,(6?) (as an estimator of g, (¢?)) using the jackknife bias reduction
method. The adjusted estimator of g, (avz) is

M, =g, (67)- %[0, (620))- g, (7). (4.20)
i=1
(iv) Calculate the jackknife estimator of MSE as
mse, (éfB): M, +M, . (4.21)

The jackknife MSE estimator (4.21) is approximately unbiased in the sense of bias lower order than m™.
It is also area-specific, similar to (4.16). But the computations can be cumbersome if iterative calculations
areinvolved, asin the case of ML or REML because the estimates of model parameters & , are recomputed
m times by deleting each area in turn. The computations can be significantly reduced for ML or REML by

using a single step of the Newton-Raphson algorithm with the estimate & from the full sample as starting
vaue.

Pfeffermann and Tiller (2001) used a bootstrap version of the Jiang-Lahiri method in the context of Kalman
filter time series models. This approach should be applicable to small area models as well.



4.4 Alternative M SE estimators

Booth and Hubert (1998) argued that the conditional MSE of EB estimator given the i-th area datais more
relevant as a measure of variability than the unconditional MSE because the former is area-specific. Fuller
(1989) earlier proposed a similar measure in the context of linear mixed models. But the MSE estimator
(4.16) and the jackknife estimator (4.21) show that it is possible to get area-specific estimator of the
unconditional MSE. In fact, for the basic area-level model (4.16) is closely related to Fuller's estimator of
the conditional MSE.

It is more appealing to survey practitioners to consider the estimation of sampling MSE of éfB, i.e,
MSE, (@fB): E, (éiEB —¢9i)2 , where the expectation, E_, is with respect to the sampling distribution f(él ‘6?,)
Rivest and Belmonte (2000) derived a design-unbiased estimator, mse, (éEB) using the PR estimator of
o?. Inthe simple case of known B and o2, we have 6 = 6° and
2

mee, 67 )= 41y +[ m ‘fﬁajJ 626 -v.-7]. (422)
On the other hand, mse(é?f‘): g, (aj) =¢.y, . Rivest and Bellmonte (2000) studied the relative performance
of msep(éa) and mse(éa) in estimating MSEp(éB) for the special case of ¢, =/ . They calculated the

ratio of average MSE of mse, éiB to the average MSE of mse, (éB) where the average is over the small
areas i. This ratio reduces to R= (zp2 +2waf)/aj which is greater than 1 if Uf/(,[/ <24. When
shrinking is not light, i.e., when y, is small, mse(éf’) performs much better than mse, (éB) For example,

if y=1 or 0’/ =1, wehave R=3.

45  Comparison of M SE estimators

Datta, Rao and Smith (2001) conducted a simulation study of the relative bias of MSE estimators studied in
Section 4.2. They considered a simple model: 67 s N(té?i,(,ai)andé’i s N(O,l),i =1...,mand m=1530, and
two patterns for ¢, : (a) moderate variation over i:0.7t00.3; (b) large variation over i:4.0t00.1. They
generated 10,000 samples for each pattern of ¢, and m. For the pattern (a), the MSE estimators based on

FH, ML, REML and PR are comparable in terms of relative bias, but FH performed well over all
combinations of m and ¢, -patterns. These results strongly suggest that the FH-based MSE estimator is

robust over ¢, -patterns while the FH-based estimator, éEB , maintains good efficiency.

5. HIERARCHRICAL BAYES (HB) METHOD

A disadvantage of 6% is that the weight j, can take zero value in which case 8% reduces to the

regression synthetic estimator ziT[Ai. Thus, the direct estimators, 8, receive zero weight even when the

sample size in some areas is not small. This difficulty was encountered in using a state model to produce
EB state estimates of poor school-age children in U.S.A. (National Research Council, 2000). The HB
method avoids this difficulty by producing positive weights in all cases. Moreover, the HB approach is
straight forward, inferences are "exact” and complex problems can be handled using recently developed

Monte Carlo Markov Chain (MCMC) methods. A prior distribution on the model parameters 6 = (BT O’ )T



is specified and inferences are based on the posterior distribution f (49i |§); in particular 4 is estimated by

the posterior mean E(«S’i |6) and its precision is measured by the posterior variance V (Hi |§) given by (4.17).

MCMC methods are used to generate simulated samples {6\"....,6%; j =1,..., 3} from the joint posterior
distribution f(9|(§). For the basic area level model, simulated samples can be readily generated from the
conditional distributions B|9,af,§,e|[i,af,é and JV’Z|B,0,6 using Gibbs sampling. We have

): %ZJ:Q(” g0 (5.1)

and

vigp)=23 (69 -6"F . (52)

More efficient estimators (in terms of reduced simulation error) can aso be obtained. HB estimate of Y,
and its posterior variance can aso be readily obtained from (5.1) and (5.2) by changing 61“) to
g-l(gi(i)) =y,
Bell (1999) applied the HB approach to the state model mentioned above, using improper (diffuse) priors
on g and o?: f(B) = constant and f(af) = constant (0<av2 <oo). He obtained HB estimates with
positive weightsin all cases.

Recently, Yong and Rao (2001) applied the HB approach to handle unmatched sampling and linking
models and applied it to Canadian census undercount estimation. In this application, ¢, = census count,

u, = number missing and y, is a post-enumeration survey estimator of u, with known variance & . The
sampling model is given by vy |u, s N(ui,fi) and the linking model is given by

6 = Iog{ui /(ui +C, } s N(ZIB,JVZ). Note that the basic area-level model uses matched sampling and linking

models, but the assumption EP[HJ=9. may not be valid if small area sample size is small, where

§ =1odfy ly +c ). |

The HB approach is attractive but caution should be exercised when using MCMC methods (see e.g., Rao
(1999)). For example, the Gibbs sampler could lead to seemingly reasonable inferences about a
nonexistent posterior distribution. This happens when the posterior distribution is improper and yet al the
Gibbs conditional distributions are proper (Hobert and Casella, 1996). Another difficulty with MCMC is
that the convergence diagnostic tools can fail to detect the sort of convergence failure they were designed to
identify (Cowles and Carlin, 1996).
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