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ABSTRACT

In practice, we do not always have a list of the desired collection units. Instead we may have a list of different units
that are somehow related to the collection units. We therefore have two related populations, U* and U®, and we want
to produce an estimate for U®. Unfortunately, we only have a sampling frame for U, One solution is to select a
sample " from U” and produce an estimate for U® using the existing relationship between the two populations. This
may be referred to asindirect sampling. To assign a selection probability, or an estimation weight, to the survey units,
Lavallée (1995) developed the generalized weight share method (GWSM). The GWSM produces an estimation
weight that basically constitutes an average of the sampling weights of the unitsin sample s*.

With indirect sampling, there can be total non-response in sample s* from U*, or in the units selected to be surveyed
in U8, i.e., in the collection units. Since the unitsin population U® are surveyed by cluster, there are two types of total
non-response associated with U®: cluster non-response and unit non-response. With indirect sampling, there is aso
relationship non-response. This type of non-response is associated with the situation where it is impossible to
determine whether a given unit of U® is related to a unit of U*, which presents serious estimation problems in the
application of the GWSM.
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1. INTRODUCTION

To select samples for social or economic surveys, it isuseful to have sampling frames, i.e., lists of units that
are intended to represent the target populations. Unfortunately, we do not always have alist of the desired
collection units but rather a list of different units that are somehow related to the collection units. Thus we
have two related populations, U” and U®, and we want to produce an estimate for UB. Yet we only have a
sampling frame for U”. One solution is to select asample s* from U* and produce an estimate for U® using
the existing relationship between the two populations. This may be referred to as indirect sampling.

Estimating a total (or an average) for a target population U® of clusters using a sample selected from
population U”, which is somehow related to the target population, can be a major challenge, especially if the
relationships between the units of the two populations are not one to one. The problem is due chiefly to the
difficulty of assigning a selection probability, or an estimation weight, to the units surveyed in the target
population. The generalized weight share method (GWSM) was developed to solve this type of estimation
problem.

The GWSM provides an estimation weight for each unit surveyed in target population U®. This estimation
weight basically constitutes an average of the sampling weights of the units in sample s*. Lavallée (1995)
first introduced the GWSM to deal with the problem of cross-sectional weighting of longitudinal household
surveys. The GWSM is a generalization of the weight share method described by Ernst (1989).
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2. DESCRIPTION

Following a particular sample design, we select a sample s* containing nf* units from population U”
consisting of M” units. Let 77} be the selection probability of unit j, where 72> 0 for al units j OU*. In
addition, target population U® contains M units. This population is divided into N clusters, where cluster i
contains M2 units. It is assumed that there is a relationship (or a correspondence) between units j of
population U* and units k of clusters i of population UB. That relationship is identified by an indicator
variable |, where |, =1 if there is a relationship between unit jOyU* and unit ikOU®, and 0
otherwise. Note that there may be cases where there is no relationship between a unit j of population U* and
units k of clusters i of population U%, i.e,, L#= Zihilz:':‘iljyik =0. On the other hand, there may be zero,
one or more than one relationship for a unit k of cluster i of population U®; that is, it is possible to have

Lizzillj,ik:Q L; =1, oreven L >1 for units ik OU ® . However, for usto use the GWSM and for the

GWSM to be unbiased, we must satisfy the following constraint: each cluster i of U® must have at least one
. . . . A _NOMEmA

relationship with aunit j of U” i.e, L’ ‘Zkzlzjzllj,ik >0.

For each unit j selected in s, we identify units ik of U that have a non-zero relationship with j, i.e., | ik=1.

If L? =0 for a unit j of " there is smply no unit of U® identified by that unit j, which affects the
effectiveness of sample s™ but introduces no bias. For each unit ik identified, it is assumed that a list of the
M units of cluster i containing that unit can be made. Each cluster i represents, then, by itself, a

population U® where U® = ULUF .Let QP bethe set of n clustersidentified by units j Os*.

An important constraint on the survey (or measurement) process is that all units belonging to the same
cluster must be considered. In other words, if a unit is selected for the sample, then all units in the cluster
containing the unit selected will be surveyed. This constraint arises frequently in surveys for two reasons: (i)

for economy and (ii) because of the need to produce estimates for the clusters. Thus, al units k of clusters
M A

i0QP are surveyed where we are measuring variable Y, and the number of relationships Lj, = 21:1 Lk

between each unit ik and population U*.

For target population U®, we want to estimate the total Y& = 3N, y M7 Y, - In applying the GWSM, we want
to assign an estimation weight \, to each unit k of surveyed cluster i. To estimate the total Y® for target

population UB, then, we can use the estimator
n M2

\ :ZZ\Nikyik (2.1

i=1 k=1
where n isthe number of clusters surveyed and wy, isthe weight assigned to unit k of cluster i.

Stepsin the GWSM:
Step 1: For each unit k of clustersi in Q°, we calculate the initial weight w, = Z:-\Azilj,iktj [ ?,
where t=1if j Os?, and 0 if not. Note that a unit ik that has no relationship with any

unit j in U automatically has an initial weight of zero.
Step 2: For each unit k of clusters i in Q®, we obtain the total number of relationships

L> = Z?A::I i - This quantity is the number of relationships between the units of U* and

unit k of cluster i of population U®. Hence, the quantity L= yM/ L2 isthe total number
of relationshipsin cluster i.



Step 3: We calculate the final weight w,= M, w, /L® .
Step 4: Last, weset w, =w; forall kOUS.

Because the estimation weights produced by the GWSM are the same for all M units in each cluster i,
estimator (21) can written in teems of clusters aone. Thus we  have

Y= S Wk = Y W i = Y WY where Y, =3y
3. BIASAND VARIANCE

To compute the bias and variance of estimator Y® , we use the theorem described below.

Theorem: Duality of form of Y® in relation to U” and U®
Let z=Y;/L} foral kOUP. Weset Z;= Zf;Zghvik zx . Hence, the estimator Y® given in
(2.1) can aso be written in the form

N MAt.
ve=y ti (3.1)
L

Estimator Y® can thus be written as a function of either units ik of U® or units j of U”. We note that
estimator Y® issi mply a Horvitz-Thompson estimator with variable of interest Z;. This observation leads us
to two important corollaries: (i) estimator Y® is unbiased for the purposes of estimating Y, and (i) the
formula for the variance of estimator Y® is that of a Horvitz-Thompson estimator with variable Z. This

variance is given in Sarndal, Swensson and Wretman (1992) and elsewhere. Proofs of the theorem and its
corollaries can be found in Lavallée (2001).

4. NON-RESPONSE

In censuses and sample surveys alike, non-response is inevitable. It is the subject of countless publications.
There are sizable, though hardly comprehensive, bibliographies in, for example, Droesbeke and Lavallée
(1996), Hedges and Olkin (1983), and Bogestrom, Larsson and Lyberg (1983). Since the topic is so broad,
we will confine our remarks to total non-response, as opposed to partial non-response. As the GWSM
generates estimation weights, we will focus on the adjustment of those weights for total non-response.

4.1 Types of non-response

With indirect sampling, there can be total non-response in sample s* from U, or in the units selected to be
surveyed in U, i.e, in the collection units. Since the units in population U® are surveyed by cluster, there
are two types of total non-response associated with cluster sampling (direct or indirect): cluster non-
response and unit non-response. Cluster non-response refers to situations where none of the units in the
cluster responded to the survey. Unit non-response is a kind of total non-response in which one or more
units in the cluster, but not al units, did not respond. With indirect sampling, there is also another form of
non-response; relationship non-response. This type of non-response is associated with the situation where it
isimpossible to determine whether a unit j of U” isrelated to a unit ik of U,

4.2 Response probabilities

The concept of response probability is very useful in adjusting estimates for total non-response. In a general
context, let J, beanindicator variable that takes a value of 1 if unit k answers the survey questions, and O if

not. It is generally assumed that this variable has a Bernoulli distribution with probability ¢, . In other
words, it is assumed that each individua k in the survey population has a certain probability ¢ of



responding to the survey, i.e. In addition, for two unitsk and k',

" P(unit k responds | s) = P(J, =1|s) = ¢,
the indicator variables J, and O, are deemed to be independent. This implies that the joint probability of
response ¢4, for these two units is given by @, = P(9, =1,0, =1|s) = P(5, =1|s)P(J, =1|s) = ¢4 @, .
The independence between the indicator variables J of two units k and k' follows from the assumption

that the choice made by unit k to respond or not will have no bearing on the choice made by unit k'. Lastly,
we have E(J, |S) = P(J, =1|s)=¢, and Var(J, |s) =@ (1—-@.) .

To estimate the response probabilities ¢ , we often use a model. A model frequently used in practice

(Sérndal, Swensson and Wretman, 1992) is the uniform model within homogeneous response groups
(HRGs); that is,

@y = E(0y |9) = B, (4.1)
where g=1,...,Q, where Q is the number of HRGs and 3, is afixed effect (or factor) to be estimated. The
parameter S, isin fact the expected probability of response in group g. With this mode!, we assume that all

units in the same HRG have the same probability of response. The HRGs can be formed by a single factor
or by a combination or two or more factors.

To estimate @y » we can use the weighted maximum likelihood (or pseudo-maximum likelihood) method

with weights set at 1/ 77, . The estimator derived from model (4.1) is given by the weighted response rate;
that is,

&qk = Rq = n =

> lm N
where n, is the number of unitsin the sample belonging to HRG g, and n, , is the number of respondent
unitsin this group.

g N
L _ 4.2)

4.3 Treatment of non-responsein ch

Non-response in sample s is a classic case of non-response. This type of non-response is covered in most

books on sampling theory. In the theorem in section 3, we saw that the estimator Y® produced by the
GWSM can be written in the form of a Horvitz-Thompson estimator that is a function of units j of s
Hence, non-response in <" is treated as we would treat non-response in the situation where we selected
sample s to produce an estimate of a quantity related to population U*.

It is assumed that a subset s* of m* units of sample s* answered the survey questions. Let QP be the set

of n, clustersidentified by units j0s”. We survey all units k of clusters i [] QrB, the variable of interest
beingy.

In applying the GWSM, we normally want to assign an estimation weight Wik to each unit k of surveyed
cluster i. To estimate the total Y2 for target population U®, then, we can use estimator (2.1), which was
constructed on the assumption that there is no non-response in sample s* On the basis of the theorem in
section 3, we can rewrite estimator (2.1) as (3.1), which is a function of units j of . Since we have only

subsample s of the respondent units, we have to use an estimator that has been corrected for non-response.
To that end, we can use the following estimator:
- M2 oA w7
A e
]
=yt Emg 4.3)



where ¢JA is the response probability of unit j. Indicator variable JjA =1 if unit j of s responds, and O if
not. Using the theorem in section 3, we can show that estimator (4.3) is unbiased.

To apply the GWSM with an adjustment for non-response in s, we need only replace 1/ 7 with 1/ 7z'g*
in step 1 of the GWSM (see section 2). After applying the non-response-adjusted GWSM, we obtain
estimation weight wy"~* , which is used in the estimator

R n M2

YNAB = ZZVVi’I\:RAyik (4.4)

i=1 k=1

In practice, estimator Y™ is useful only if the value of the response probabilities @ is known for all
unitsj of s*. Sincethe (plA are probably unknown, we want to estimate them so that we can use one of the
following forms:

2 r 7 2 n_M?
YNAB =N Tl or YRR = Wy, (4.5)
=t ﬂJA(OJA = é ik ik

where the weight W\™ is obtained by replacing ¢ with ¢*. To obtain ¢", we can use model (4.1), which
in this case takes the form (aqﬁ‘ = ﬁqA . In view of the estimator based on this model, we use the response rate

R = (X 1/ ) (X 74) . Thus we have

m

2 w7 Q Y Mz [t .

yree =y S oyt °“( j‘;ll/ng) (4.6)
R A= ijfllng

A . . . .
where m, is the number of unitsin sample s* belonging to HRG ¢, and m’fq is the number of respondent

unitsin this group. If we look at estimator (4.6), we see that it is nothing more than a ratio estimator in two-
phase sampling. Sérndal, Swensson and Wretman (1992) present a proof that estimator (4.6) is
asymptotically unbiased, under the conditions of model (4.1). The formula for the variance of estimator
(4.6) isgivenin Lavallée (2001).

4.4 Treatment of cluster non-response

To address cluster non-response, we start with the situation where we select a sample s* of nf* units, asin
section 4.3. Thistime, however, we assume that al n* units in the sample answered the survey questions. In

carrying out the survey process, we attempt to survey al unitskin clustersi of Q® . Unfortunately, for some
entire clusters, we are unable to obtain any data. Thisis cluster non-response. We assume that there are no

clusters in which only anon-null subset of units responded. Let QF be the set of N, respondent clusters.

Let O_iB be an indicator variable that takes avalue of 1 if cluster i answers the survey questions, and O if not.

B
As in section 4.2, it is assumed that each cluster i in U® has a certain probability @ of responding to the

survey, i.e. In addition, for two clusters i and i', the

' P(cluster i responds | Q®) = P(J° =1|Q°) = ®?"
indicator variables J° et &7 are deemed to be independent.



In applying the GWSM, we want to assign an estimation weight WiERG to each unit k of respondent cluster
i. To estimate the total Y? for target population U®, then, we can use the estimator

~ L M‘B -
yNRe® = ZZWiERGyik = ZJiBZW'ERG Yi @D
i=1 k=1 i=1

To obtain the weight w"® from the GWSM, we use the response probability @ for each cluster i 1QP.
Then we need only replace w, with w /®? in step 4 of the GWSM given in section 2.

In practice, we want to estimate the known probabilities ® for al clustersiin QF so that we can use the
estimator

Ve =33 ey, (48
i=1 k=1

where Wi =w, /®? . To obtain 2, we can follow the example of estimator (4.2). In this case, model
(4.1) takestheform ®¢ = B . If we use this model, we define &;; asfollows:

an k ?.Wq'k - l\h,\fq (49)
Z _1Zk q1‘quk M qB

where W, ik is the estimation weight provided by the GWSM (assuming non-response is zero) for unitsk in

B — pB
Cin—Rq

clustersi belonging to HRG g. With (4.9), the estimator YNRG B glven by (4.8) becomes

YNRGB ZZ i_z Z Z i Vaik (4.10)

i=1 k 1 g=1 M q i=1
We can look at estimator (4.10) as a ratio eti mar[or in two-phase sampling. As in the case of non-response

in s*, we can show that estimator (4.10) is asymptotically unbiased under the conditions of model (4.1). The
formulafor the variance of estimator (4.10) isgiven in Lavallée (2001).

4.5 Treatment of unit non-response

To address unit non-response, we start with the situation where we select a sample s of nf* units. We
assumethat all " unitsin s™* answered the survey questions. For each unit j in s*, we identify units ik of U®

that have | i =1. In carrying out the survey process, we attempt to survey all units k in clusters i of Q°,
Unfortunately, for some units in the identified clusters, we are unable to obtain any data. This is unit non-
response. We assume here that we have a response for at least one unit in each cluster i in Q°. Let Sfi be

the set of respondent unitsin identified cluster i, and let M7 > 0 be the size of that set.

Let J(I)k

not. We assume that each unit k in clusters i of U® has a probability {p(iB)k of responding to the survey, i.e.,

be an indicator variable that takes a value of 1 if cluster i answers the survey questions, and O if

P(unit k Oi responds| Q%) = (3%, =1]Q°) = ¢f,. In addition, for two units k and k' of cluster i, or of

two different clusters, the indicator variables J;), and J;), are deemed to be independent.

(iYk

NRU

In applying the GWSM, we want to assign an estimation wei ght to each respondent unit k of cluster i
in Q°. To estimate the total Y® for target populatlon U®, then, we can use the estimator
YRS = zzW.’:RU Yik = ZZQ?)kWNRU Yik (4.11)
i=1 k=1 i=1 k=1



Weight w,™ can be obtained by drawing a parallel with two-stage indirect sampling (Lavallée, 2001). In
other words, we can look at the unit non-response process as the selection of a sample s” of M7 units
obtained from the M unitsin each cluster i of Q. Thus, we obtain W)™ =w;, /g5, for al the ks

wherei=1,...,n, and w, isthe estimation weight provided by the GWSM (assuming zero non-response).

B
In practice, we can estimate the probabilities % s that we can use the estimator
N n
Joe =3y, (@12)
i=1 k=1

where W™ =w /(é?)k . To obtain &{%k , We can use an approach that involves considering each set SrB,i of
respondent units separately. Then the response probabilities are estimated within each cluster i. With this so-
called individual approach, model (4.1) takes the form (p(f;i)k = ﬂqﬁ‘, and the HRGs are then defined within

each cluster i. We define (Z(ii)k asfollows:
B

- Mr i
P =Ry = Mg (4.13)
qi
where M$ =M P and M2, =M ? for iOq. With (4.13), the estimator YNRUB given by (4.12) becomes

yhRUe = ZZ Vi = ZZ X (4.14)

i=1 k=1 (I)k g=1i=1 rq| k=1
This estimator is nothing more than aratio estimator within each PSU under two-stage sampling. Estimator

YANRU,B

is asymptotically unbiased for estimating Y2, under the conditions of model (4.1). The formula for
the variance of estimator (4.14) is given in Lavallée (2001). In addition to the individual approach, Lavallée

(2001) describes a so-called “aggregate” approach, which consists in considering the set s° = U.n qsfi of
respondent units as awhole.

4.6 Treatment of relationship non-response

To address the treatment of relationship non-response, we start with the situation where we select a sample
$* of nf* units. In carrying out the survey process, for each unit j in s*, we identify units ik of U® that have

Ij,ik=1. We assume that we can identify all relationships |;; associated with each unit j de s*. For each

B
identified unit ik, we assume that we can make alist of the M units of cluster i containing that unit. We

survey al unitskin clustersi of Q° Although we can measure the variable of interest y for all M® unitsin
each cluster i of QF, for some units k, relationship non-response prevents us from determining whether
there is a relationship between those units k and a unit j of U”. In other words, for some units k of a cluster
i0Q®, itisimpossible to determine whether |, =1 or |, =0

Let L, bethe total number of relationships found between cluster i and population U*. Notethat L?, < LP.

In addition, because we are assuming that we can identify all relationships | ; ;. associated with each unit j
of &, we have L%, >0 for al clustersi in Q°. By using only the total number L?; of relationships found,

we overestimate the total Y2, However, in contrast to the other types of non-response discussed above, there
seems to be no “miracle” solution to the problem of relationship non-response. One possible approach is to

try to model the quantity L® using auxiliary variables. With the resulting estimate I:iB , We can construct the
estimator



:NRLB W tJ S LJI
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I“:':‘il ik - Estimator (4.15) follows from the theorem discussed in section 3. We can show that

where L;; =>°

estimator Y8 s asymptotically unbiased. The unbiased nature of this estimator depends, however, on the
unbiased nature of the estimator of L?. In practice, it is not easy to obtain an unbiased estimator of L.

Ardilly and e Blanc (2000) encountered a relationship non-response problem when they used the GWSM to
weight a survey of homeless persons. They suggested making an assumption of regularity to impute some

relationships I, to 1, whichisactually the same as modelling the quantity L.

Another possible solution to the overestimation problem is benchmarking. While it offers an attractive
solution to the relationship non-response problem, it depends on the availability of auxiliary variables x;;
correlated with the variable of interest 'y, , which is not always the case in practice. The best solution is still to

measure L® exactly or, failing that, to obtain an estimate L® that is as close as possibleto L?.
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