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Small area estimation
of general indicators in off-census years

William Acero, Isabel Molina and J. Miguel Marin!

Abstract

We propose small area estimators of general indicators in off-census years, which avoid the use of deprecated
census microdata, but are nearly optimal in census years. The procedure is based on replacing the obsolete census
file with a larger unit-level survey that adequately covers the areas of interest and contains the values of useful
auxiliary variables. However, the minimal data requirement of the proposed method is a single survey with
microdata on the target variable and suitable auxiliary variables for the period of interest. We also develop an
estimator of the mean squared error (MSE) that accounts for the uncertainty introduced by the large survey used
to replace the census of auxiliary information. Our empirical results indicate that the proposed predictors perform
clearly better than the alternative predictors when census data are outdated, and are very close to optimal ones
when census data are correct. They also illustrate that the proposed total MSE estimator corrects for the bias of
purely model-based MSE estimators that do not account for the large survey uncertainty.

Key Words: Empirical best predictor; General indicators; Mean squared error; Off-census years; Unit-level survey data.

1. Introduction

Mixed models are often used in small area estimation, because they allow us to “borrow strength” from
all the areas, while preserving the specificity of each area by the inclusion of random effects for the areas in
the model. Optimal (or “best”) predictors for the target area indicators are then obtained by minimising the
mean squared error under the model. Since the best predictors depend on the unknown model parameters,
these parameters are then replaced by estimates based on sample data, yielding empirical best (EB)

predictors. For a good review of small area estimation under mixed models, see e.g. Jiang and Lahiri (2006).

Special cases of mixed models are linear mixed models (LMMSs) and generalised linear mixed models
(GLMMs). Under the LMM with random area effects proposed by Battese, Harter and Fuller (1988) and
assuming normality, Molina and Rao (2010) obtained EB predictors of general area indicators and illustrated
the procedure to estimate poverty and/or inequality indicators defined in terms of a single monetary measure
of welfare. The model is assumed for a general one-to-one transformation (such as a logarithm) of the
welfare measure. Under the same model, the EB predictor obtained by Molina and Rao (2010) is much more
efficient than the ELL estimator by Elbers, Lanjouw and Lanjouw (2003), especially when the areas of
interest exhibit strong individual effects. To estimate the MSEs of the EB predictors under the model by
Battese et al. (1988), Molina and Rao (2010) proposed using the parametric bootstrap procedure for finite

populations introduced by Gonzalez-Manteiga, Lombardia, Molina, Morales and Santamaria (2008).
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When mixed models are specified at the unit level, empirical best prediction requires a unit-level survey
in which the target variable and several auxiliary variables are observed and a contemporaneous census that
contains microdata on the same auxiliary variables. Empirical best prediction additionally requires the
identification of the survey units in the census file, which is not always feasible. To avoid this step, a small
variation of the EB predictor, called Census EB (CEB), was developed, and the bootstrap procedure was
extended for the estimation of the MSE (Molina, 2019). Under the LMM of Battese et al. (1988), a further
extension of the CEB estimator was proposed by Corral, Molina and Nguyen (2020) to include
heteroskedasticity and survey weights, similarly to the pseudo-EB procedure of Guadarrama, Molina and
Rao (2018) and using survey-weighted estimators of variance components as in Van der Weide (2014). This
extended Census pseudo-EB procedure has been implemented within the World Bank methodology for
poverty mapping. Examples of application of the original EB procedure of Molina and Rao (2010) to poverty
estimation using survey and census microdata can be seen, e.g., in Molina and Rao (2010), Molina and
Martin (2018), Molina (2019), and Molina and Garcia-Portugués (2019).

As already said, empirical best prediction requires a census of the auxiliary variables considered to be
included in the survey as well. Sometimes, instead of the required census, a larger survey is available that
adequately covers all target areas. This survey contains common auxiliary variables with the original smaller
survey in which the target variable is observed. Moreover, even in countries where the census is still
conducted, the last census could be outdated in off-census years, yielding biased EB predictors. Several
approaches have been proposed to address this problem. Area-level models, such as the Fay-Herriot (FH)
model introduced by Fay and Herriot (1979), use only aggregated auxiliary information (such as means),
which could be taken from the last census. If no updated census data are available, a larger survey could be
used to obtain estimates of the area aggregates for each auxiliary variable. However, the error in these
estimators should be taken into account. Ybarra and Lohr (2008) proposed a small area predictor that
accounts for measurement error in the auxiliary information of the FH model. This method requires
knowledge of the true MSEs of the estimators of the aggregated auxiliary information (or their variance, if

they are unbiased), for each area.

Area-level models reduce the rich unit-level information from the survey to area aggregates. Moreover,
they require finding appropriate models for each different indicator of interest and for each aggregation level
where estimates are desired. If several indicators are of interest, it might be difficult to find aggregated

auxiliary variables that are linearly related to all of the target indicators.

An alternative approach is to consider only aggregated auxiliary information in a model with a response
variable specified at the unit level. This leads to the so-called unit-context models, applied, for example, by
Masaki, Newhouse, Silwal, Bedada and Engstrom (2022) using EB prediction and by Cuong (2012) using
the ELL approach. Corral, Himelein, McGee and Molina (2021) compared different approaches to estimate
poverty indicators in model-based and design-based simulation experiments, using the Mexican Intercensal
Survey as a census. The simulation results showed a clear bias for the estimators obtained under unit-context

models.
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We address the estimation of general indicators under general two-stage models, when census data on
the auxiliary variables are either obsolete or not available. The model includes the LMM of Battese et al.
(1988) and generalised linear mixed models such as the logistic linear mixed model studied by Jiang and
Lahiri (2001), although the procedure is extensible to more complex models. Instead of a census with
microdata on the auxiliary variables, we consider that a secondary larger survey, with unit-level values of
the auxiliary variables, is available, whose area sample sizes are at least as large as those in the original
survey containing the target variable. The two surveys are supposed to be contemporaneous. We introduce
a procedure that fits the model to the smaller survey data and then uses the EB approach to predict using the
values of the auxiliary variables in the secondary survey. A similar approach is followed by Sen and Lahiri
(2025) in a logistic linear mixed model to estimate the US presidential election results in 2016 for the 50

states and the District of Columbia.

A special case of our procedure is when only the survey containing the target variable is available. Our
simulation experiments illustrate that, even in that case, the proposed estimators still perform sensibly better
than the usual direct design-based estimators in terms of bias and MSE under the model and the sampling
design. On the other hand, the best special case is when the secondary survey is actually a census, in which

case our procedure provides the usual CEB predictors.

Sen and Lahiri (2025) proposed a bootstrap method to estimate the purely model MSE, without
accounting for the uncertainty arising from the use of the secondary survey. We propose estimators of the
total MSE, which correct the model MSE estimators by adding the design uncertainty from the secondary

survey. Our simulation results indicate that this correction is necessary.

The paper is organised as follows. Section 2 introduces the two-level model and defines the target
indicators. Section 3 reviews the Empirical Best (EB) predictor of a general additive indicator and describes
the bias arising from the use of an obsolete census when estimating area means. Section 4 introduces the
new predictor that addresses the limitations of the EB procedure with outdated census data, avoiding the
loss of information due to the aggregation of area-level models and the bias induced by unit-context models.
The new predictor considers a secondary, larger probabilistic survey as a more timely source of auxiliary
data when such a survey is available, although its availability is not strictly required. Section 5 introduces
an estimator of the total MSE reflecting the two sources of variability inherent in the proposed predictor,
namely model-based variability and design-based variability arising from the secondary survey. Section 6
empirically compares the performance of different predictors and MSE estimators. Section 7 applies the
proposed method to the estimation of poverty rates by departments crossed with self-reported ethnicity in

Colombia. Finally, concluding remarks are provided in Section 8.

2. Model and target area indicators

We consider a finite population U of size N, divided into D subpopulations, called domains or areas,

u,,...,U,, of sizes N,...,N,. Let y, denote the value of the target variable and x, a vector with p
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auxiliary variables, for the unit i within the area d, for i=1,...,N,, and u, a random effect of the area d,
d =1,...,D. The ideas of this paper are rather general and may be applied to much more complex models,
but for simplicity of exposition, we consider a two-level model of the form

ind

Yarltg ~ [ia[ug:%y,00), i=1,..,N,,

iid
u, ~ f,(u;30,), d=1,..D, (2.1)

see, e.g. Pfeffermann and Sverchkov (2007). In the above model, 8 =(0!,0}) € ® c R" is a vector of
unknown model parameters. This two-level model includes several of the models used for small-area

estimation, although our results apply to more general models.
A special case of this model, obtained by taking f, and f, as normal distributions, is the well-known
nested error (NER) linear regression model proposed by Battese et al. (1988),

fid
_ oot 2
Ya = XgP+u, +e,,u, ~ N(,0,),

iid

e, ~ N(0,02), i=1,..,N,,d=1,....D, (2.2)

/]

where u, and e, are all independent, B is a vector of unknown regression coefficients of dimension p,
2 2 : : 2 2
and o, >0 and o, >0 are unknown variances. In this model, 8, = (p’,0.)', 0, = 0, and, therefore, the

number of parameters is k= p + 2.

Generalised linear mixed models are special cases of the two-level model (2.1), when f, is taken from
the natural exponential family. For example, when y, €{0,1}, the usual logistic linear mixed model is
obtained by taking £, as N(0,0.) again, and f,(y, |u,,x,.B)= p}(1-p,) ", for

exp(xyB +u,)
1+ exp(x,B+u,)’

i=1,...N, d=1,...,D.

di
In this paper, we wish to estimate general indicators, assumed to have the additive form

Ny
5, = LZ% d=1,...,D, (2.3)
Nd i=1
where o, = h(y,) is a given measurable function of y,. A simple indicator of the form (2.3) is the mean

of the area &, =Y,, where i(y,)=y,, forall i and d.

A common case is when we wish to estimate the area mean Z, of a variable of interest Z taking values,
z,,i=1,...,N,, butthe two-level model (2.2) is assumed for a one-to-one monotonic increasing transfor-
mation of those values, y, =g(z,), i=1,...,N,. In that case, h(y,)=g ' (y,), forall i and d. Special
indicators of interest, which have the form (2.3), are the Foster-Greer-Thorbecke (FGT) poverty indicators.
They are defined in terms of a welfare variable taking values, z,, and a prespecified poverty line z. For
a >0, the FGT indicator is
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Fa,d =

1 &f(z-z,Y

—z[z Zd’j I(z, <z), d=1,....D. (2.4)
N, T z

For a =0, the result is the poverty rate of area d; for o =1, we obtain the poverty gap in the area. If the
two-level model (2.1) is assumed for y, =g(z,), where g(-) is a one-to-one monotonic increasing

transformation, then in this case

z—g (v, ‘ .
S, = h(y,) = [%J (v, <g(z), i=l..,N,,d=1,....D.

To estimate &, d =1,...,D, asample s cU is supposed to be drawn from the target population, where
both the target variable and the auxiliary variables are observed. The sample is supposed to be stratified by
areas; that is, a sample s, of size n, with 0<n, <N, is supposed to be drawn independently from each
area U, and we denote by ¢, =U, —s,, the complement of the sample of size N, —n,, d =1,...,D. Then

§s=s5U---Us, is the overall sample, of size n = 25:1 n, > D. The data from the sample s are

{(Vy>Xy)ri€s, d=1,...,D}. 2.5)

We assume that sample selection bias is absent, in which case sample measurements follow the same two-
level model in (2.1).

3. Empirical best predictor

Let y, = (V- Yan, )" be the vector with the values of the target variable for the units in area d,
d=1,...,D, and let y=(y},...,¥},,)" be the population vector. Each area vector may be partitioned into two
subvectors, one corresponding to the sample units and the other to the out-of-sample units, such as y, =
(¥%,¥%)'s d =1,...,D, and the overall sample vector is then y, = (y},,...,¥},) - The best predictor of &, is
the predictor & , that minimises the model-based MSE defined as MSEy(é'~ )= E, [(5~ , — 0, )*], and is given
by

~ 1 ~

5; = E, (5,1¥4) = N—(Z@ﬁ +25j} 3.1
d \_i€s, iecy

where 62 = E[h(y,)|Y,], i=1,...,N,. The best predictor depends on 0, which is unknown in practice;

that is, Sf = S‘f (0). Fitting the two-level model (2.1) to the survey data (2.5), we obtain a consistent

estimator © of @ as D — . The empirical best (EB) predictor of 0, is obtained by inserting this estimator

into the best predictor (3.1); that is, taking 52* = 5%(0), i=1,...,N,, we calculate

5% = 55(0) = NL(Z@,.+Z$§BJ. (3.2)

d \ies, iecy

Under the NER model with normality of area effects and errors as in (2.2), the distribution of y, |y,

is also Normal. For the area mean &, =7, the EB predictor using the weighted least squares estimator of
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B equals the EBLUP of Yd obtained by Battese et al. (1988). Molina and Rao (2010) applied the same

model to the estimation of general indicators &

d»

proposing a Monte Carlo simulation procedure to
approximate the EB predictor, as well as a parametric bootstrap procedure to estimate the MSE under that
model. Cho, Guadarrama-Sanz, Molina, Eideh and Berg (2024) extended the procedures of Molina and Rao

(2010) to the case of informative selection.

The best predictor of §, given in (3.1) requires identifying the survey units s, in the census file, and
this is rarely feasible. An alternative that avoids this step and is becoming popular in practical applications
is the census best (CB) predictor, defined for ¢, as follows

5 = 5. (3.3)

Similarly, plugging a consistent estimator  into the CB predictor (3.3), we obtain the Census EB (CEB)
predictor of &,, given by

R A 1 e,
o = 6.7(0) = —> o5 (3.4)
Nd i=1
When the sampling fraction f, =n, /N, is negligible, the CEB predictor is approximately equal to the EB
predictor of §, given in (3.2).
Except for the case of area means, the above EB and CEB predictors require a census with microdata C

on the auxiliary variables for each population unit, which is supposed to be contemporaneous with the survey

and measured without error, and denoted here as
C = {x,;i=1,...,N,,d=1,...,D}. 3.5)

However, in some countries, no census is conducted anymore. In most countries, what is called the “census”
is actually a large survey, case that we consider in the next section. In the best case, a census is conducted
every 5 or 10 years, and hence, in off-census years, the available census values might be completely out-
dated.

For simplicity of exposition, we illustrate the bias arising from using outdated census data when the area

counts N,, d =1,...,D, have not changed. Then, we denote the set of outdated census data as

C’ = {;i=1,...,N,,d=1,...,D}. (3.6)

Let 6% =5 (@) be the best predictor of &, obtained using C° and let 5% =5 () be the
corresponding CEB. Note that @ is obtained based on the survey data (2.5), and therefore is not affected by
the outdated census values. However, all unit predictions 5 % i=1,...,N,, and therefore the CEB pre-
dictor 55 based on C°, can be severely biased.

For the special case 0, = Yd, the CB predictor obtained under the NER model using the correct census

data C is given by
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D AN ) G7)
where
2
lo} 1 1
= __y =_— s X, T — ) X,
Va 0'5"'0}2/”(1 Ya n, [_;dydz d " [EZYJ d

On the other hand, the CB predictor of ¥, based on the outdated census data C° is

Y = (X)) B+7.(7, —XB), (3.8)

where X, =N(;IZZ‘; x%,. We define the vector of changes that the outdated census vectors X, have

suffered, compared with the (unavailable) correct census vectors x,,, as

b, = x,-x}, i=L,...,N,,d=1,...D.

1

The positive/negative elements in the vector b, indicate an understatement/overstatement of the correspon-
ding elements in x, when using those of X;;. The next result provides the model bias and the model MSE
of ZCB” arising from the use of outdated census values, in terms of the mean vector of changes for the area,
b, = N;IZj\i’lb 4 The proof'is given in Section A of the appendix.
Proposition 1. Under the NER model (2.2), it holds that

(i) The bias of ZCBO given in (3.8) is B, (ZCB”) =-b'.

(ii) The MSE of Y% given in (3.8) is MSE, (Y<*) = MSE, (V") + (bB)’, where

= o’ o’
MSE,(Y,") = y,—~+(1-2y,)—=.
n, N,

The result (ii) clearly indicates that MSEY(ZCB") > MSEy(ZCB ). That result suggests that, more
generally, 5:1@3 ’ is biased, obviously affecting its MSE, and, depending on the magnitude of the errors b,
i=1,...,N,, and the area sample size n,, the CB predictor ZCB” could be even less efficient than a direct
estimator of ¢, based on the survey data (2.5), which avoids making any model assumption. Moreover,
when estimating the MSE using C?, we will underestimate this MSE, obtaining misleading efficiency gains
with respect to direct or other estimators. In Section 4, we propose an estimator for a general additive
indicator ¢, that avoids using outdated census data. Moreover, in Section 5, we propose an estimator of the

total MSE of the proposed estimator.

4. Survey empirical best predictor

In this section, we consider the case in which census microdata on the auxiliary variables (3.5) are not
available or not useful. Instead, we assume that the same auxiliary variables are observed in an alternative

survey sample s), with sample size n, satisfying n, <n), <N,, for d =1,...,D. Letnow s' =5/ U---Us)
D

be the overall sample of this larger survey of size n' = zd:l

n,. We denote the data corresponding to the

larger survey s’ as
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{x,,i€s,,d=1,...,D}. 4.1)

Here, we replace the outdated census auxiliary data C° with the auxiliary data (4.1) from the survey sample
s'. Let 7/, >0 be the inclusion probability of unit i in s’ and W, :(ﬂ{;i)_l the corresponding survey
weight. Instead of the CB predictor 5~dCB ’ based on the outdated census C°, we propose to use the survey
best (SB) predictor of J,, defined as

~ 1 ~
50 = — > w54, (4.2)
wy. iesy
where w), = Z[GS, w),. Again, in practice, 0 is unknown and therefore the SB predictor depends on it, that
is, 5;3 = 5‘;3 (0). Let 0 be a consistent estimator of @ obtained by fitting the two-level model (2.1) to the
data (2.5) from the survey s. Changing @ by 0 in the SB predictor 0, we obtain the survey EB predictor
(SEB), that is,
. o A 1 .
0" = 0, (®) = — > w05 (4.3)
d- ies)
The area sample size r', is supposed to be large enough, so that 55 can be a good estimator of 5 based
on the correct census C. In the following, we provide a simple procedure to determine whether #) is large

enough in practice.

As 7', increases, the SEB predictor 55 is a design-consistent estimator of 5**, which in turn is
approximately equal to the BP when the sampling fraction f, is negligible. Moreover, if w/, = N,, which
occurs under self-weighted sampling within the areas, the SEB predictor is unbiased for the CEB predictor

under the sampling design of s’, that is,
E (85 = 5. (4.4)

Even if the sampling design does not satisfy w/, = N,, the ratio bias of S;EB is negligible for large n).

Since we consider surveys with n) large, (4.4) holds approximately.

In practice, we may wish to check whether a given survey containing the desired auxiliary information
is satisfactory. For this purpose, we determine the minimum sample size n; , such that the relative error of
5‘553 as an estimator of SdCEB is lower than a pre-specified value ¢,, with a given large probability 1 -,
for ¢ €(0,1). Applying standard results under simple random sampling without replacement (SRS) and

assuming normality for the SEB predictor, n:, reduces to

« kN, , ov
n, = ——%, k,=z,,—, 4.5
d 1+kd d al2 502 ( )

where z_,, is the « /2 critical point of the standard normal distribution and cv, is the CV of (55,

b

i=1,...,N,}. We may estimate cv, with the survey data {52%;ies’}; e.g, by

A A 2
e
~ ng—1 iesy ( di ng iesy i

CVa = |5‘SEB | 5
d
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and then take 7, =k,N, / (1+k,), for l:td =z /zc~vj / € . For complex designs, we may also incorporate the
design effect of 5‘553 obtained from s’ following Kish (1965), taking the desired sample size as 7, =
i1, deff, (), where deff, (55™) = V(55 |y)/ Vs (55 1y).

If the sample size of the observed area is 1), > 7, then 55 estimates 5°* with the desired precision
and probability. For areas where 1, <n/, <17, the SEB predictor may be less precise than desired; however,
these areas may still be included in the analysis with caution. If n, <n,, then we set s, =s, and use the

auxiliary data from s,,.

The simulation experiment of Section 6 shows that the SEB predictor is nearly the same as the EB
predictor when the large survey s’ covers adequately all the small areas of interest, and performs much
better than the usual direct estimator, even if only the small survey s is available; see Section C of the

appendix.

5. Estimation of total mean squared error

The uncertainty of the EB predictor is typically assessed with the MSE under the model (referred to as
the model MSE), because the design-based MSE estimators available in the literature are often highly
unstable (Rao, Rubin-Bleuer and Estevao, 2018; Stefan and Hidiroglou, 2021). The stability of model MSE
estimators (Molina and Strzalkowska-Kominiak, 2019) makes them the preferred uncertainty measures to
supplement model-based small area estimators. In this paper, we address the case in which the correct census
C of auxiliary data is not available. As a consequence, the usual MSE estimators used for the EB/CEB
predictors, such as those based on bootstrap procedures (Molina and Rao, 2010), cannot be applied. How-

ever, using C° would clearly underestimate the true MSE.

Moreover, the uncertainty of the SEB predictor (4.3) is clearly affected by the sampling design and the
area sample sizes of the large survey n,, d =1,...,D. Hence, we find it sensible to account for both sources

of uncertainty, namely model uncertainty and design uncertainty due to s’. As a consequence, we focus on
the total MSE of the SEB predictor, defined as MSET(SC,SEB )= E(y’s,)[(gdsw -5,

Let us define the vector of Hajek estimators of the mean vector X, = N’ ZZ”I x, based on the sample
s"as X, =(w,)" Zies, W, X,. When estimating an area mean &, =Y, under the NER model (2.2), the SB

predictor Z,SB is given by
5= XyB+y, (5, %P (5.)

The next result provides the total bias of the SB predictor (5.1), defined as B, (ZSB )= E(y’s')(ZSB ~Y,), as
well as the total MSE. The proof'is given in Section A of the appendix.
Proposition 2. Under the NER model (2.2), it holds that

(i) The total bias of ZSB given in (5.1) is B, (ZSB) = B’By():(dg), where BS,():(ds') = Es'():(ds,) -X, is

the bias of X . under the sampling design of s'.
(ii) The total MSE of ZSB givenin (5.1) is
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36 Acero, Molina and Marin: Small area estimation of general indicators in off-census years

MSE, (Y") = MSE,(Y"*)+B'E,[(X,, —X,) (X, =X, ) 1B.

If w) =N, holds, then B, ():( ) =0, resulting in a zero total bias for ZSB. In general, since the sample
size n), is supposed to be large, the ratio bias of the Hajek estimator X 4 1s negligible by the consistency of

the Hajek estimator, under general conditions. Consequently, the total bias of Z,SB for Z, will be negligible.

Concerning the total MSE of ZSB , MSE, (Z,SB ), it is composed of two terms. The first term is the model
MSE of the nearly optimal CB predictor ZCB with known X +» which reflects the model error in y, and
the area effects u,. The second term is purely due to the error in estimating X , from the auxiliary sample
s', which Vanishes if X & )_( (perfect auxiliary information). The decomposition shows that any
1naccuracy in X + inflates the total MSE additively. However, for n/, large, by the consistency of the Haj ek

estimator X to X as n), increases, the total MSE reduces to the model MSE of the CB predictor Y, Y.

Proposition 2 shows how the uncertainty due to the use of auxiliary information from s" affects the total
MSE of §°* in the case of estimating the area means &, = Y,. For more general indicators &,, we obtain a
different decomposition of the total MSE of S;EB that allows us to find an appropriate estimator based on
s". Note that the SEB predictor 5 > is actually the EB predictor of

= — z W, 0, (5.2)

Wd iesy

But (5.2) can substantially differ from ¢, if n, is not sufficiently large. For the case w), = N,, the next
result decomposes the total MSE of S;EB in the total MSE of ngB as EB predictor of &), and other terms
that reflect the uncertainty of & as an estimator of &, based on s'. The proof can be found in Section A of

the appendix.

Proposition 3. Let 5;53 be the predictor of 6, given in (4.3). If w, = N,, then the total MSE of S;EB is
given by

MSE, (85%)=E, {Ey (857 s,y |s']} +E,[2Cov (87, 6} 1¥)- V(&) 1Y) | (5.3)

According to Proposition 3, the total MSE of ) 8 (5.3) is composed of three terms: the first term is the
model uncertainty of 5553 as a predictor of 9 (the HT estimator from s'), averaged over the possible
samples s'. The second term adjusts the total MSE for the correlation between the predictor SjEB and the
HT estimator based on s, &). If 5;53 is positively correlated with o), this term increases the total MSE;
if negatively correlated, it decreases it. The third term is the negative of the design variance of 0, averaged
over the model. This term appears because J), is itself a random estimator of J,; it is subtracted to prevent
double counting of its variability. In general, (5.3) shows that the total error is not simply the sum of the
MSE of the model and the design variance of &/ : the interaction between 57 and & through their

covariance is also involved.

Based on Proposition 3, an estimator of the total MSE of the SEB predictor can be obtained by removing

the outer expectation in the first term of (5.3), replacing Cov, (5,8 |y) and V,(5)|y) with their
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corresponding design-based estimators based on s’, and finally estimating the model expectation based on

s . This approach leads to the total MSE estimator
mse (85) = £,[(5]" =) |s'|+ £, | 2Cove (5, 6} I9)=V(85} 1¥) | (5.4)
To estimate the required covariance and variance, if w, = N,, we may use, respectively

' ' ' SEB
Taiy — il g Oy 5dj

Covy (85,5, |y) = —ZZ

'
d iesy jesy ﬂ’-dij ﬂ-diﬂ'-dj
A T, — T, 8,0,
' dij di’" dj di~ dj
Vo5 ly) = ZZ —,
d iesy jesy ﬂ’-dzl ﬂdiﬂ‘-a_'i

where 7;; denotes the second-order inclusion probability of units i and j in s}, see e.g. Sérndal, Swensson
and Wretman (1992, page 170).

Under special two-level models and target indicators J,, analytical estimators of the form (5.4) might
be obtained, for example, following asymptotic arguments. Specifically, if we estimate area means o, =
Y, = NJIZ;V:‘: v, we have 8, =Y = N;lzl_esbw:ﬁ y, and &5 = ZSEB = N;lzm&w;,. 752, Then, the first

term on the right-hand side of (5.4) is an estimator of

B[ -T2 15 | = 5 23wl B, [ G4 -2 G5 -]

d iesy jesy
For the remaining terms in (5.4), we get
—_— s — 71- ; 71. lﬂ E [y l y ]
Ey [COVS'(Y;ISEB,YQ,’ | Y):| = ZZ dij di’tdj di Vdj ,
d iesy jesy ﬂdy ﬂ.diﬂ-dj
(Y Ty = Ty EVayy]
E[Pn] = L3y Tu a5 ady]
d iesy jesy ﬂ-dy ﬂdiﬂ-dj

where, for the NER model (2.2), we have

_ 2 2 .
E[yy;] = o, +o. +B'x,.x,;B, i,jes,.

This expectation may be estimated by replacing the unknown P, 0'5 and Gf with the corresponding
estimators obtained by fitting the NER model (2.2) to the data from the sample s. The expectations
E[y Ph ydj] and E, [( P -y ( ﬁij - »,4)] may be approximated analytically for large number of areas D
and then estimated afterwards, using the same arguments as in Prasad and Rao (1990), Das, Jiang and Rao
(2004) or Baillo and Molina (2009).

For general additive indicators J,, we propose a parametric bootstrap method similar to the one used
by Molina and Rao (2010), which is applicable (or extendable) to very general models and guarantees a
strictly positive result.

Note that, when #) is large enough, the error due to s may be regarded as negligible. In that case, the

first term on the right-hand side of (5.4) alone, which is strictly positive, may be used as an estimator of the
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total MSE. Nevertheless, in practice, for some area d, n, might not be as large as desired, leading to a non-
negligible bias of this naive estimator. In the simulation experiments in Section 6, where ) is moderate,
the second term on the right-hand side of (5.4) becomes necessary. We consider a parametric bootstrap
method that yields both the mentioned naive MSE estimator, as well as a corrected total MSE estimator
based on (5.4).

Parametric bootstrap for the estimation of the total MSE of the SEB predictor:
1. Model fitting: Fit the two-level model (2.1) to the survey unit-level data (2.5), obtaining a

consistent estimator 8 = (6!,0")" of =(0/,0,)" as the number of areas D —» .

2. Generation of bootstrap values for the ](cizrge sample: Using 0 from Step 1 as the “true” value of
0, generate bootstrap area effects u; ~ f,(u,; 62), d=1,...,D. Now using (4.1) and u;, d=

1,...,D, generate bootstrap response values for the units in 5" as

VR %0, iesh,d=1,....D.
Compute then ) = (w) )™ Zies;w"ﬁ S5, for 5, =h(y';), i € s}, and the bootstrap version of the
design-based variance estimator, ¥ =V.(57).

3. Generation of bootstrap values for the small sample: Using the same bootstrap area effects u:
from Step 2, generate

Vo < Sy |u;,xdi,él), ies,,d=1,...,D.

4. Bootstrap model fitting and estimation: Fit the two-level model (2.1) to the bootstrap sample data
{y,,i€s,,d=1,..,D} from Step 3 and obtain the bootstrap EB predictors 5" of &,,ies".
Then, compute the bootstrap SEB predictor

B = S

d. ies)

Calculate the bootstrap version of the design-based covariance estimator as

*

Covy = Covy (855,67,

5. Bootstrap total MSE estimators: We consider two different bootstrap estimators of the total MSE.

The first is a naive estimator, given by
MSE;.,,(5) = E.[ (5™ =o))" . (5.5)
Correct now (5.5) for the error of &/ as an estimator of &, based on s’, taking

MSE;. (5;") = MSE;

T,na

(55)+ E, [2@3 - V} (5.6)

A drawback of the corrected MSE estimator (5.6) is that it can take a negative value. To avoid

this situation, we define the corrected positive MSE estimator as follows:
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) MSE, (85*), if MSE, (55)>0,
MSE, ,(6,") = rel ! ) rel N ) (5.7)

’ MSE,,, (6;"), if MSE, (5;"")<0.
Note that the expectation E,. in these bootstrap estimators is taken with respect to the distribution
of the bootstrap population vector y * used in Step 2 and 3 given s’ and s, and also given the

auxiliary data (4.1) from the large survey and the sample data (2.5).

In practice, (5.5) and (5.6) are approximated by Monte Carlo (MC) simulation: repeat Steps 2-4 for
O . .
b=1,...,B, with B large. Let 5:°"", 5", Cov, , and V. denote the results of replicate 5. The MC

approximation to the naive estimator is then
SEB _ 13 SSEB*(b) 1*(b) 2
msey.,, (577) = — Y (87 —o; ") . (5.8)
B S
Similarly, the MC approximation of the corrected estimator is obtained as

mse; (5553) = mse

(6”;“’)+;3 Z(cho\v " —1?;“’)). (5.9)

b=1

T,na

Finally, we take the MC approximation to the corrected positive MSE estimator

ey {mser’c(dfm), if mse,,(55%%)>0, 510

mse, , (65""), otherwise.

For the case of small area proportions under a logistic linear mixed model, Sen and Lahiri (2025)
proposed (5.8) as an estimator of the model MSE, E| [(5‘5‘% -95,) ] The simulation studies of Section 6
illustrate the potential bias of (5.8) as an estimator of the total MSE when 7/, is not very large, and how the

corrected positive estimator (5.10) reduces this bias.

Finally, if @ is model-consistent as D —> o and COVS'(ngB

,0y) and VS,(é’C}) are design-consistent for
Cov,(55,5)) and V,(5)), respectively, as ), — oo, then mse T,C(S;EB) in (5.9) should be consistent for

the true value MSE , (55%), under the joint distribution of (y,s"), as B — o, D — oo, and n), — oo

6. Simulation experiments

This section describes an MC simulation experiment designed to compare the properties of several
predictors of area poverty rates and gaps. Specifically, we compare the following predictors for each target

indicator &, e {F, ,,F} ,}:

1. Direct estimator 5D1R =(w,) z

ies, d’

2. EBLUP based on the FH model that uses aggregated auxiliary data X’ = N, z ’x; obtained

from the outdated census C°, denoted &7
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3. EB predictor based on the NER model that uses the outdated census C°, 553 ’;
4. SEB predictor based on the NER model, 5.

We consider a similar setup as in Molina and Rao (2010), with a population composed of D = 80 areas,
with N, = 2,500 units in each area d =1...,D. We consider two continuous auxiliary variables, X, q= 1,2,
.~ Gamma(k 1) with k,=1+5d /D, k,, =2,4,=2,t,=3,i=1,...,N,,
d=1,...,D. The correct census C isthen (3.5), with x, = (l,x,’d,.,xzqd,)’, i=1,...,N,, d=1,...,D. We take
the model parameters = (3, 0.03, -0.04), o> = 0.15%, and &~ = 0.5%

with values generated as x

The sample s is drawn by SRS independently of each area d, with area sample sizes n, = 25 for
1<d <30, n, =50 for 31 <d < 60 and n, = 75 for 61 <d < 80. The larger sample s' is drawn inde-

pendently of s with the same sampling design, but with area sample sizes n, =10n,, d =1,...,D.

Using an outdating parameter A<[0,1], where Ax 100 may be interpreted as a percent relative

decrease/increase of the x, , - values, an outdated census C° is now created as follows

x,4(1-4), i=1,...,N,,d =1,...,15,31,...,45,75,...,80;

q,di -

x, 1+ A), i=1,...,N,,d =16,...,30,46,...,74.

We perform simulations based on the joint distribution of the model and the design. Then, in each MC

)y — ¢,,(D (£) ) ¢
=1 e Va ""’yDND)

from the NER model in (2.2) and take the income values as zflf) =exp (y;f)), i=1,...,N,,d=1,...,D. The

replicate out of L = 1,000, we generate a population vector of log-incomes y

poverty line is taken as z = 12, which is roughly 0.6 times the median of a preliminary population of z -
values generated as described above. From the population data generated, the true values of each area

" are drawn independently. Using

indicator &) € {F,,, F';)} are calculated. Then, samples s'” and s
sample data from s and s"”, we compute the values of the estimators 5%, 5110 5E(") and 55,
The vector of model parameters 0= (ﬁ’,of,of)’ was estimated using the sample s by the restricted
maximum likelihood method in each of the L replicates. The performance of an estimator $d is evaluated

in terms of relative bias (RB) and relative root MSE (RRMSE) for each area, obtained as

\/EIZ[L:I (5‘;@) _5;0)2
—1 L ()
L ZZZIé‘d

L a(r )
2.0 =6
1 L (0)
L Z/::l 5d

. L' .
RB(5,) = , RRMSE(S,) =

where 5},/ ) is the corresponding estimate of 5;” in the /-th replicate. Additionally, we computed averages
across areas of absolute RB (ARB) and RRMSE,

. D . - D .
ARB = DY |RB(5,)|, RRMSE = D) RRMSE(J,).
d=1

d=1
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Figure 6.1 displays the percent RB (left) and RRMSE (right) of the four estimators of the poverty gap,
namely 57 (labelled DIR), 57" (labelled FH), 5% (labelled EB), and 55 (labelled SEB), for each area
d=1,...,D onthe x-axis, sorted by increasing order of the sample size n,, for A = 0.2. This figure shows
a substantial bias for the two estimators obtained by ignoring that the census is outdated, EB and FH.
However, SEB predictors appear to be essentially unbiased, similar to direct estimators. The plot on the
right shows a very large RRMSE for direct and FH estimators, even though the reasons are the small area
sample size for the former and high bias for the latter. The RRMSESs of the EB predictors based on C° are
not as large, although they are clearly biased, but SEB shows systematically lower RRMSEs, and the

efficiency gains of SEB with respect to EB are larger for areas with the smaller sample sizes.

The analogous results when the census auxiliary data are not outdated (4 =0) are shown in Figure 6.2.
In this case, only FH appears to be biased, because its bias is actually caused by non-linearity problems,
since the data are generated at the unit level, and the target indicators J, are not linearly related to the area
means of the auxiliary variables. In the plot on the right, we can see that the proposed SEB predictor

performs almost the same as the nearly optimal EB predictor.

Figure 6.1 Percent RB and RRMSE of DIR, FH, EB, and SEB estimators of poverty gap F, , for each area d,
with outdating parameter A = 0.2 and n, =10n,
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Note: Direct (DIR); empirical best (EB); Fay-Herriot (FH); relative bias (RB); relative root mean squared error (RRMSE); survey empirical best
(SEB).
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Figure 6.2 Percent RB and RRMSE of DIR, FH, EB, and SEB estimators of poverty gap F, , for each area d,
with outdating parameter 4 = 0 and n, =10n,
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Note: giéeg; (DIR); empirical best (EB); Fay-Herriot (FH); relative bias (RB); relative root mean squared error (RRMSE); survey empirical best

Averages over areas of ARB and RRMSE for the estimators of the poverty gap are reported in Table 6.1,
for each value of A4 in percentage. This table again shows the large bias of the FH estimator for all values
of A. It also shows the optimal behaviour of EB in terms of ARB and RRMSE when the census is correct
(4 =0), followed very closely by SEB. However, the average ARB of EB increases as A increases, causing
an increase in its average RRMSE as well, in contrast to SEB, which is not affected by the change of A. For
the poverty rate £ ,, all the conclusions are basically the same; see Figures B.2 and B.1 and Table B.1 of
the appendix (Section B). Hence, SEB based on a larger survey s’, arises as a competitive alternative

estimator in the off-census years.

Table 6.1
Average over areas of absolute relative bias and relative root mean squared error of DIR, FH, EB, and SEB

estimators of poverty gap F,, by 4, for n, =10n,

ARB (%) RRMSE (%)
Indicator A (%) 5"1)11? 5"FH 5"58 5"358 5"1)11? 5"FH 5"58 é’:SEB
a 1 d d a a d d
0 0.89 16.25 0.62 0.63 39.17 37.73 22.35 22.66
F 10 0.89 16.25 3.99 0.63 39.17 37.76 22.76 22.66
b 20 0.89 16.25 7.84 0.63 39.17 37.81 23.91 22.66
30 0.89 16.29 11.71 0.63 39.17 37.88 25.68 22.66
Note:  Absolute relative bias (ARB); direct (DIR); empirical best (EB); Fay-Herriot (FH); relative root mean squared error (RRMSE); survey

empirical best (SEB).

We now analyse the changes in the above results if only the small survey s was available. For this, we
repeated the simulation experiment by setting s'=s for the SEB predictor. Figure C.4 in Appendix C
presents the results for the poverty gap F| , when the census is actually correct (1 =0), but we still apply
the SEB predictor. As expected, the EB predictor based on the correct census outperforms all other

Statistics Canada, Catalogue No. 12-001-X



Survey Methodology, June 2026 43

estimators. However, the efficiency loss of SEB compared to EB is not great. Note that if the correct census
was not available, then EB would not be computable and still SEB based only on the small sample s
performs better than DIR and FH, even if the latter is based on the correct census data. In contrast, when
census data are obsolete, as shown in Figure C.3 of the same appendix, SEB based on s alone does not lose
so much in terms of RRMSE compared to EB, but remains approximately unbiased. The same conclusions

hold for the poverty rate F,, as reported in Table C.1 and Figures C.2 and C.1 in the same appendix.

Regarding different values of the outdating parameter 2 when s’ =, similar conclusions are drawn by
looking at the average results in Table C.2 in Appendix C. This table shows that as the outdating parameter
A increases, EB estimator becomes more biased, while SEB based solely on s remains a good alternative,

slightly less efficient but clearly less biased than EB with outdated census data.

In a new simulation experiment, we now analyse the performance of the estimators of the total MSE of
the SEB predictor defined in Section 5, namely mse ;,,, (SjEB) and mse (5:?53) given in (5.8) and (5.10),
respectively. The true total MSE of the SEB predictor of the poverty gap was previously approximated using
L=10,000 MC replicates. Then, we calculate the empirical expectation of the bootstrap MSE estimators
using B = 500 replicates for each of the L = 500 MC simulations.

Figure 6.3 shows, for the poverty gap, the MC averages of the two bootstrap MSE estimators and the
MC total MSE of SEB. This figure shows that the naive bootstrap MSE estimator (labelled as “T, na”)
systematically overestimates the true MSE, and the overestimation is greater for areas with the smallest
sample sizes. The corrected positive MSE estimator (labelled as “T, cp”) reduces this bias to a large extent,
appearing close to the empirical total MSE values. Note that the latter may be slightly affected by MC error,

so we expect them to become smoother for larger number of MC replicates.

Figure 6.3 True total MSE of the SEB predictor of poverty gap, F, ,, and empirical expectations of mse
ra(G; ") and mse . (5;°") obtained with B = 500, for each area, for n, =10n,

—&@— MSE Tcp —Jll— Tna

ﬁl\mf\ A
™ VA
\/\j\f\ \ /\\"

0.

w

MSE x 1,000
o
N

RL

Area
Note: Mean squared error (MSE); survey empirical best (SEB).
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These results suggest that, even for rather large »), (in our simulations, the minimum sample size is n), =
250), the second term in the corrected MSE estimator (5.9), which accounts for the error of &) as the
estimator of 8, based on s, is still necessary. Conclusions are valid for all values of A, as the SEB predictor

does not use the outdated census.

We also remark that in these simulations, the corrected MSE estimator mse ., (S;EB) given in (5.9) was

always positive, so the correction to make it positive was never applied.

7. Poverty mapping in Colombia

As primary data source s, we consider the September 2023 Colombian Integrated Household Survey (in
Spanish, Gran Encuesta Integrada de Hogares, GEIH), which is a monthly national household survey
conducted by the National Administrative Department of Statistics (DANE in Spanish). This survey collects
a wide range of socioeconomic information from households and individuals. One of the main objectives of
the GEIH is to measure labour force indicators, but it also provides microdata on income, useful to produce
monthly estimates of poverty and inequality indicators, such as poverty rate and gap. The sample is drawn
using a two-stage design. In the first stage, a sample of municipalities is drawn with probability proportional
to size (PPS) sampling. In the second stage, clusters of 10 households are drawn by systematic sampling.
For urban areas, the GEIH final sample size was 45,749 individuals. Our objective is to estimate poverty
rates and gaps for each of the 24 Colombian departments, crossed with ethnic self-recognition: in Spanish,
Indigena (IND), Negro/Mulato (NM), Gitano/Raizal/Palenquero (GRP), and none of the previous (NIN).
Some ethnicities are not represented in the realized sample of some departments. Since this paper does not
cover purely synthetic estimation, the number of areas is here the D = 85 crossings with sample. At least

32 of these target areas have a sample size n, < 10, which means that SAE techniques are required.

As a secondary data source s’, we consider the Survey on Life Conditions (in Spanish, Encuesta de
Calidad de Vida, ECV), also conducted by the DANE. This survey quantifies and characterises the living
conditions of households in Colombia and includes variables related to housing (wall and floor materials,
and access to public, private, and communal services), individuals (education, health, childcare, use of
information and communication technologies) and households (ownership of goods and perceptions about
living conditions within the home, among others). Unlike GEIH, ECV is conducted annually. The sampling
design is very similar to that of the GEIH, but includes slightly different stratification, particularly focusing
on the conditions of households. Although the ECV also collects microdata on income, its design and
frequency do not allow for a detailed analysis of monetary poverty in the short term. The ECV shares
auxiliary information with the GEIH, such as education level, monthly payments for social insurance, and
income derived from social assistance programs. The sample size of the 2023 ECV for the common areas

with the GEIH is 148,688, making it a suitable larger survey s’ for our purposes.

We first compare the observed domain sample sizes of the ECV n) with the desired sample sizes 7).,
d=1,...,D, determined by setting the maximum relative error ¢, = 0.03 with confidence 1—-a = 0.95.

Taking a common coefficient of variation cv, =cv, = 0.1, d =1,...,D, we obtain 26 areas with observed
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sample size n), smaller than the desired size n)., as shown in Table 7.1. In these 26 areas, the precision of

the SEB predictor may be lower than expected.

Table 7.1
Number of areas with observed ECV sample sizes n), smaller or greater than the desired sample size 7,, for
& =0.03and 1-a = 0.95

Case min(n}) max (1) # areas
n, < i, 2 0 26
W, > R 43 7,638 59

Note:  Encuesta de Calidad de Vida (ECV).

We exclude from our analysis 25 of the 26 areas where 1, < ﬁ; , and retain only one area with n, = 28,
for which we set s, =s,. Among the 59 areas with n), > fz:,, one area had n, <n,, for which we also set
sh=s,.

The GEIH survey collects per capita income z,, i=1,...,n,,d =1,...,D, measured in thousands of
Colombian pesos (COP/1,000), calculated following the standard procedure established by DANE. We fit
the NER model with y, =log(z, + k) as response variable, taking k£ = 65 to achieve positive values.
Common auxiliary variables in the GEIH and ECV surveys are gender (man/woman), affiliation to social
security (yes/no), amount paid to social security (in thousands of COP, also transformed with logarithmic
shift), and education level (classified into 10 categories). The poverty line (in thousands of COP) varies by
geographical location and is also provided by DANE in the GEIH microdata.

After fitting this initial model, we performed model diagnostics. As can be seen at the bottom of
Figure 7.1 (A), the normal QQ-plot of predicted area effects u#, shows two outlying areas. A normal QQ-

plot of residuals é, =y, —x',p — i, also shows heavier tails according to Figure 7.1 (B).

Figure 7.1 Normal QQ-plots of (A) predicted area effects and (B) unit-level residuals from initial model
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To avoid bias in the estimated poverty rates for these outlying areas (Magdalena - NM and Huila - NIN),
we introduced in the model a fixed effect for these two areas and another fixed effect for the 20 outlying
individuals with the smallest estimated residuals é,. After adding these two fixed effects, the resulting
Normal QQ-plot of #, shows no outlying areas anymore, according to Figure 7.2 (A) and a mild deviation
from normality at the tails of the unit-level residuals, see Figure 7.2 (B). Since the individuals in the ECV
are different, this fixed effect was set to zero for the ECV.

Figure 7.2 Normal QQ-plots of (A) predicted area effects and (B) unit-level residuals from working model
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Since the estimated counts N , of the two surveys differ, we applied linear calibration (Deville and
Sirndal, 1992) to the GEIH survey weights w,,, so that the calibrated weights w/; satisfy Ziesdwi = ](7‘;,
for N’ = Zies;{ W

Given that no serious deviation from the working model is found, direct expansion estimates I:“(fi,m based
on calibrated weights and SEB estimates 1:“0“?53 of poverty rates were obtained by using that model.
Figure 7.3 plots the resulting estimates for each domain on the x axis, with the domains sorted in ascending
order according to the sample size n,. A secondary vertical axis displays the ratio of domain sample sizes
between the ECV and GEIH surveys, n), / n,. The figure shows a similar trend for both estimates, although
the direct estimates appear to be very unstable for areas with smaller sample sizes. For areas with larger

sample sizes, the two types of estimates agree to a large extent.

In the domains corresponding to departments Huila and Antioquia crossed with indigenous ethnicity
(IND), with GEIH sample sizes 2 and 3, respectively, the direct estimates of the poverty rate turn out to be
zero, results that are unlikely to be true. In contrast, the ECV sample sizes are 40 and 29 times greater,
respectively, yielding much more reasonable nonzero SEB estimates of poverty rates. The results for the

poverty gap F|, show very similar patterns; see Figures D.1 and D.2 of the appendix, Section D.
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Figure 7.3 DIR and SEB estimates of poverty rate F, ,, with areas sorted in ascending order of GEIH sample
size n,
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Note: Direct (DIR); Encuesta de Calidad de Vida (ECV); Gran Encuesta Integrada de Hogares (GEIH); Gitano/Raizal/Palenquero (GRP);
Indigena (IND); Negro/Mulato (NM); survey empirical best (SEB).

Concerning efficiency, Figure 7.4 displays estimated CVs for each domain, sorted in ascending order of
sample size n,, where the CVs of the DIR and SEB estimators are actually the estimated RRMSEs (as
percentages), computed for SEB using the corrected positive parametric bootstrap estimate of the total MSE
given in (5.10), with B = 1,000 bootstrap replicates. As in our simulation experiments, the corrected

SEB

estimator mse r,c(ﬁo, . ) was again positive for all domains, making the correction for positivity of mse

Tep (1:“(553) unnecessary. This also held for the SEB predictor of the poverty gap in all domains.

Figure 7.4 illustrates the reduction in CV achieved by SEB compared to the direct estimator, which is
substantial for domains with smaller sample sizes. We can see that, as the sample size of the domain n,

increases, their estimated CVs become closer.

See also that for some domains, such as Cordoba-IND, with a small sample size (n, = 23), the estimated
CV of the direct estimator deviates from the general trend, which should increase as the area sample size
decreases. This departure from the expected pattern suggests that the CV estimate corresponding to the
direct estimator for Cordoba-IND may be unreliable. Moreover, in areas with zero direct estimator, such as
Huila-IND and Antioquia-IND, it was not possible to estimate the CV of the direct estimator. In contrast,
the SEB predictor yields a non-zero estimated poverty rate, along with an associated estimated CV, offering

more informative and plausible results for these domains with small sample sizes.
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Figure 7.4 Estimated CVs of DIR and SEB estimators of the poverty rate F, ,, with areas sorted in ascending
order of GEIH sample size n,
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Note:  Coefficient of variation (CV); direct (DIR); Gran Encuesta Integrada de Hogares (GEIH); Gitano/Raizal/Palenquero (GRP); Indigena
(IND); Negro/Mulato (NM); survey empirical best (SEB).

8. Conclusions

This paper proposes small area estimators for additive indicators in off-census years when a current
census is either not available or outdated. The proposed survey EB predictor (SEB) requires a larger
secondary survey s', which adequately covers all areas appearing in the current survey s and shares some
auxiliary variables with it. In the worst case, the SEB predictor can be computed using only the current
survey s, in which case the SEB predictor still outperforms the usual direct expansion estimator. On the
other hand, the SEB predictor tends to the census EB predictor (CEB) when the area sample size n), is large,

which is approximately optimal if the sampling fraction f, is negligible, and the correct census is available.

Our simulation results suggest that the SEB predictor remains unbiased and is not affected by outdated
census microdata, a situation that produces a bias in the EB predictor. Furthermore, our positive corrected
total MSE estimator mse ;, (ngB) performs clearly better than the naive model-based MSE bootstrap

: SSEB
estimator mse ,,,(0; ), whose performance decreases for small 7).

The proposed procedure integrates data from samples s and s'. This data integration approach may be
applied even if the larger sample s’ is a nonprobability survey. As noted in Sen and Lahiri (2025), this is
possible through the use of constructed weights, such as those proposed by Chen, Li and Wu (2020), which
adjust for selection bias and align the nonprobability sample with the target population. This approach
allows the combined analysis to benefit from the broader coverage of s' while maintaining the inferential

validity provided by the probability sample s.

The proposed SEB predictor is not designed to address the issue of informative sampling in the sample
s. However, it can be extended by using the Pseudo-EB predictor introduced by Guadarrama et al. (2018)
or the EB predictor under informative sampling developed by Cho et al. (2024).
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The proposed SEB predictor can also be extended to more complex indicators, as well as to more
sophisticated parametric or semiparametric linear mixed models (see, e.g., Arias-Salazar, Gutiérrez,
Guerrero-Gomez, Mancero, Rojas-Perilla and Zhang, 2025; Bikauskaite, Molina and Morales, 2022;
Bugallo, Esteban, Hobza, Morales and Pérez, 2024; Chambers, Salvati and Tzavidis, 2015).

Finally, we remark that the SEB predictor and its total MSE estimators rely on a parametric model. This
means that all the underlying model assumptions should be properly verified using model diagnostics, and,

in case of finding clear model departures, the model should be changed.
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Appendix

A. Proofs of results

Proof of Proposition 1: Let g, =n,'» | e, and E, = N;lzfg e, From the NER model,

ies,

Y, =X'B+u, +E,.

Hence, the prediction error for the outdated-census predictor is

V-, = (XY B+ 7, (7, -5 [ Xp+u, + E, ]
= 7,5, —XiB) — (u, + E,) +(X; -X,)'B
v, (u, +e,)—(u, +Ed)—5i,ﬁ.

Taking expectations under the model and using E(u,)=E(e,)=E (E ;) =0 gives
By (ZJCBO) = - Bi}Ba

proving (i).
For (ii), note that

ZCB{J_Z{ —_ (?dCB_Yd)_BtdB

Since 5;[3 is constant under the model,

VX, -Y,) = V,X, " -1).

Thus,
MSE (Y,*) = MSE (¥,") +(b,B)’.

It remains to compute MSE | (ZCE ). Observe that,
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YdCB _Zz =y, (u, +e,)—(u, +Ed):(7d -Du, +7,¢, _Ed‘

Under the model, we have

2 2
_ o, = o, _ =, _ O
I/y(ud) = Gj, I/y(eg’) = > Vy(Ed) = N > COVy(ed,Ed) -
n, d
and u, is independent of the error terms. Therefore,
- ol o o
MSE (Y,) = (y,-1)0. +y] ==+ —= -2y, —=.
Y& = a-Do, 4, TN, TN

Rearranging the terms and noting that o (1-y,)=y,0. / n,, we obtain the desired result.

Proof of Proposition 2: (i) Under the NER model, the CB predictor of Yd is given by
Y = XiB+ 7,5, - %)
On the other hand, the SB predictor under the same model is given by

v = (X, B+7,(5, ~X.B)
= (ids')tﬁ +7,00, _i;'}) + X;B - X;B
= Y;dCB _(Xd _ids’)tﬁ'

The prediction error of the SB predictor I?dSB is then
=Y, = -1, (X, - X, ) B

Taking expectation with respect to y given s, we obtain the model bias of Z,SB,

By(ZSB |S') Ey(YdCB _Yd |S')_(id _ids')tﬁ

()_(ds’ - )_(d )t ﬁ

Taking the expectation of (A.2) with respect to s’, we obtain the total bias.
B,(T) = B'B.(X,).
(i1) Now, taking the model variance of the prediction error (A.1), we obtain
LI =T,18) = (" -, |s)=MSE, (¥ |
The MSE model of ZSB is then
V(0 =T, |50+ BI (7 |s')
MSE, (1% | ') +[(X,, — X,)' BT"-

MSE, (7" | ")

A S

N,

(A.1)

(A.2)

(A.3)

(A4)

Finally, taking expectation with respect to s’, and noting that ZCB does not depend on s', we obtain the

total MSE
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MSE, () = MSE,(Y,*)+B'E,[(X,, - X,) (X, —X,)'1B.

Proof of Proposition 3: Note that, when w/), =N, 0, = N;Zies,w;i 0, 1s a Horvitz-Thompson estimator
of §,=N, IZZ"I d,;, which is unbiased under the sampling design s". First, subtracting and adding &), we
decompose the total MSE of 55 as follows.

MSE, (55) = B[ (5] = 8))" |+ By [(5] 57 ] As)
+ 2E,,, [(3553 ~38,)(3; =4, )]-

By the law of iterated expectations and making use of the fact that £,(J), |y)=9,, the second term on the
right-hand side of (A.5) becomes

Epo[@ =6 = E[7.(5; 19)]. (A.6)
Using the same results, the cross-product term in (A.5) can be written as

E(y,s') [(S;EB - 5;;) (5; - 5d):|

E [E (558 1Y)~ 8,E, (35 | y)~ E (5] |y)+ 2] A

E,[Cov,(5;",5,|y) =V, (5, |y)]-

The result then follows by replacing (A.6) and (A.7) in (A.5), and again using the law of iterated

expectations in the first term.

B. Simulation results with larger survey: poverty rate

Figure B.1 Percent RB and RRMSE of DIR, FH, EB, and SEB estimators of poverty rate F,, for each area
d, for 2= 0.2 and n), =10n,
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Note: Direct (DIR); empirical best (EB); Fay-Herriot (FH); relative bias (RB); relative root mean squared error (RRMSE); survey empirical best
(SEB).
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Figure B.2 Percent RB and RRMSE of DIR, FH, EB, and SEB estimators of poverty rate F,, for each area
d, for A= 0and n, =10n,
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Note: Direct (DIR); empirical best (EB); Fay-Herriot (FH); relative bias (RB); relative root mean squared error (RRMSE); survey empirical best
(SEB).

Figure B.3 % True total MSE of the SEB predictor of poverty rate F,, for each area d, and empirical
expectations of naive and corrected positive bootstrap MSE estimators obtained with B = 500
bootstrap replicates, for n, =10n,
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Note:  Mean squared error (MSE); survey empirical best (SEB).
Table B.1

Average over areas of absolute relative bias and relative root mean squared error for DIR, FH, EB, and SEB
estimators of poverty rate F,, by A, for n; =10n,

ARB (%) RRMSE (%)
Indicator A (%) Sdl)m édFH §A‘IEB 3;53 Sdl)m édFH §A‘IEB 5";‘58
0 0.73 6.56 0.49 0.50 30.81 26.20 17.77 17.97
F 10 0.73 6.53 2.31 0.50 30.81 26.21 17.96 17.97
0.d 20 0.73 6.53 4.50 0.50 30.81 26.25 18.50 17.97
30 0.73 6.56 6.72 0.50 30.81 26.32 19.34 17.97
Note:  Absolute relative bias (ARB); direct (DIR); empirical best (EB); Fay-Herriot (FH); relative root mean squared error (RRMSE); survey

empirical best (SEB).
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C. Results without larger survey

Figure C.1 Percent RB and RRMSE of DIR, FH, EB, and SEB estimators of poverty rate F,, for each area
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Direct (DIR); empirical best (EB); Fay-Herriot (FH); relative bias (RB); relative root mean squared error (RRMSE); survey empirical best
(SEB).

Figure C.2 Percent RB and RRMSE of DIR, FH, EB, and SEB estimators of poverty rate F,, for each area

Note:

d, when A=0and s'=s
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Direct (DIR); empirical best (EB); Fay-Herriot (FH); relative bias (RB); relative root mean squared error (RRMSE); survey empirical best
(SEB).
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Figure C.3 Percent RB and RRMSE of DIR, FH, EB, and SEB estimators of poverty gap F, , for each area d,
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Direct (DIR); empirical best (EB); Fay-Herriot (FH); relative bias (RB); relative root mean squared error (RRMSE); survey empirical best
(SEB).

Figure C.4 Percent RB and RRMSE of DIR, FH, EB, and SEB estimators of poverty gap F, , for each area d,
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Direct (DIR); empirical best (EB); Fay-Herriot (FH); relative bias (RB); relative root mean squared error (RRMSE); survey empirical best
(SEB).
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Table C.1

55

Average over areas of absolute relative bias and relative root mean squared error for DIR, FH, EB, and SEB

estimators of poverty rate, F, ,, by 4, for s’ =5

ARB (%) RRMSE (%)
Indicator | A (%) S S s g 3P® s o8 538
0 0.73 6.56 0.49 0.49 30.81 26.20 17.77 19.83
F 10 0.73 6.53 2.31 0.49 30.81 26.21 17.96 19.83
0.d 20 0.73 6.53 4.50 0.49 30.81 26.25 18.50 19.83
30 0.73 6.56 6.72 0.49 30.81 26.32 19.34 19.83
Note:  Absolute relative bias (ARB); direct (DIR); empirical best (EB); Fay-Herriot (FH); relative root mean squared error (RRMSE); survey
empirical best (SEB).
Table C.2

Average over areas of absolute relative bias and relative root mean squared error of DIR, FH, EB, and SEB

estimators of poverty gap F, ,, by 4, for s"=s

ARB (%) RRMSE (%)
Indicator A (%) 5‘1)11( 6’=FH é’iEB 5"SEB 5‘1)11( 6’=FH é’iEB 6’5SEB
d d d d d d d d
0 0.89 16.25 0.62 0.62 39.17 37.73 22.35 25.61
F, 10 0.89 16.25 3.99 0.62 39.17 37.76 22.76 25.61
' 20 0.89 16.25 7.84 0.62 39.17 37.81 23.91 25.61
30 0.89 16.29 11.71 0.62 39.17 37.88 25.68 25.61
Note:  Absolute relative bias (ARB); direct (DIR); empirical best (EB); Fay-Herriot (FH); relative root mean squared error (RRMSE); survey

empirical best (SEB).

D. Additional application results

Figure D.1 DIR and SEB estimators of the poverty gap F, ,, with areas sorted in ascending order of GEIH

sample size n,
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Note: Direct (DIR); Encuesta de Calidad de Vida (ECV); Gran Encuesta Integrada de Hogares (GEIH); Gitano/Raizal/Palenquero (GRP);

Indigena (IND); Negro/Mulato (NM); survey empirical best (SEB).
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Figure D.2 Estimated CVs for the DIR and SEB estimators of the poverty gap F, ,, with areas sorted in
ascending order of GEIH sample size n,
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Note:  Coefficient of variation (CV); direct (DIR); Gran Encuesta Integrada de Hogares (GEIH); Gitano/Raizal/Palenquero (GRP); Indigena

(IND); Negro/Mulato (NM); survey empirical best (SEB).
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