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Estimation methods on multiple sampling frames in two-
stage sampling designs

Guillaume Chauvet and Guyléne Tandeau de Marsac’

Abstract

When studying a finite population, it is sometimes necessary to select samples from several sampling frames in
order to represent all individuals. Here we are interested in the scenario where two samples are selected using a
two-stage design, with common first-stage selection. We apply the Hartley (1962), Bankier (1986) and Kalton
and Anderson (1986) methods, and we show that these methods can be applied conditional on first-stage
selection. We also compare the performance of several estimators as part of a simulation study. Our results
suggest that the estimator should be chosen carefully when there are multiple sampling frames, and that a
simple estimator is sometimes preferable, even if it uses only part of the information collected.

Key Words: Expansion survey; Hansen-Hurwitz estimator; Horvitz-Thompson estimator; Two-stage sampling.

1 Introduction

When studying a finite population, sometimes no sampling frame covers that population completely,
and it is necessary to select samples from two or more sampling frames in order to represent all
individuals. Many methods of estimation on multiple sampling frames have been proposed to pool these
samples (Hartley 1962; Bankier 1986; Kalton and Anderson 1986; Mecatti 2007; Rao and Wu 2010); see
also the review articles by Lohr (2009, 2011) and the referenced articles for a complete picture. Note that
the Mecatti method (2007) is inspired by the work of Lavallée (2002, 2007) on the Generalized Weight
Share Method. In Section 2, we present different estimation methods for multiple sampling frames.

In Section 3, we are interested in the scenario where two samples are selected using a two-stage design,
with common first-stage selection. This framework corresponds to INSEE expansion surveys: an initial
sample of dwellings is selected from the communes of the master sample (Bourdalle, Christine and Wilms
2000), and a second sample is selected and surveyed from the communes of the same master sample to
target a specific subpopulation. We have two survey measurements from two independent samples at the
second stage of the design. We apply estimation methods to multiple sampling frames to pool these two
samples. We show that the estimators examined can in this case be calculated conditional on the first stage
of selection, which simplifies calculation particularly for Hartley’s optimal estimator (1962). In Section 4,
we compare the performance of these estimators as part of a simulation study. We present our conclusion
in Section 5.
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2 Estimation for multiple sampling frames

A finite population U upon which is defined a variable of interest y of value y, for individual k is
considered. If a sample S is selected from U with inclusion probabilities 7, the estimator

Y :Zkesﬁk‘lyk proposed by Narain (1951) and Horvitz and Thompson (1952) is unbiased for total
Y = Zkeuyk if all probabilities 7z, are strictly positive.

We are interested in the scenario where the population is fully covered by two overlapping sampling
frames, U, and U,. We used Lohr’s (2011) notation, namely a=U, \U, the domain covered by U,

only; b=U;\U, the domain covered by U, only; ab=U, "U, the domain covered both by U, and

Ug. A sample S* is selected in U, with inclusion probabilities z,' >0. For any domain d cU,, the
: . , » : -1
sub-total Y, =" _y, is unbiasedly estimated by Y, = ZkesAdkAykl(k ed) with d=(7") . A sample
U, is selected in S® with inclusion probabilities 7> > 0. For any domain d cUg, the sub-total Y, is
unbiasedly estimated by Y7 =" S Odfyl(ked) with df =(7sz )_1. The objective is to combine the
B

samples S* and S® to get estimation Y as accurate as possible.

2.1 Hartley estimator
Hartley (1962) proposes the class of unbiased estimators
Y, =Y A+ oY + (1—49)\f£ +Y2, (2.1)
with @ one parameter to be determined. The choice @ =1/2 gives samples S* and S® the same weight

for the estimation on the intersection domain ab. Hartley (1962) proposes choosing the parameter that
minimizes the variance of \fg. This leads to

R (7 B o
which can be re-expressed as
0 - \% (Vaﬁ ) - Cov(\faﬁ Y2 ) - Cov(\faA,\faﬁ) 23
e v(¥4)+v(¥2) '
when the samples S* and S® are independent. As noted by Lohr (2007), the optimal coefficient Oy MAY

not be between 0 and 1 if a covariance term present in (2.3) is large. To simplify, let us assume that
Cov(\faﬁ,\ff) =0, which is the case if b and ab are used as strata in the selection of S®. Then 6, >1 if

and only if Cov(\f’*,\?aﬁ) <0. When S* is selected by simple random sampling, this will be the case, for
example, if in U, the low values of the variable y are concentrated in the domain ab.

In practice, the variance and covariance terms are unknown and must be replaced by estimators, which
introduces additional variability. Another disadvantage is that the optimal parameter depends on the
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variable of interest considered. If optimal estimators are calculated for different variables of interest,
estimations may be internally inconsistent (Lohr 2011).

2.2 Kalton and Anderson estimator

A more general class of estimators is obtained by noting that total Y can be re-expressed as

Y=Y, + Zekyk + Z(l—ek)yk +Y,,

keab keab
with 6, a coefficient specific to the individual k. Kalton and Anderson (1986) propose the choice
6, =(d}+d? )71 d?, which leads to the estimator
YAKA = deAmlfyk + Zdl?kayk (2.4)
kes? kes®

with on one hand m =1 if kea and m} =6, if keab, and on the other hand m? =1 if keb and
m; =1-6, if k eab. The estimation weights are the same regardless of the variable of interest, which

guarantees internal consistency of the estimations; on the other hand, the Kalton and Anderson estimator
is less effective than Hartley’s optimal estimator for a given variable of interest. Note that it is a Hansen-
Hurwitz (1943) type estimator, which can be re-expressed as Y,, = Zkeu [Wk / E(Wk ):| y, nhoting

W, =1(k eS*)+1(k €S®) the number of times when unit k is selected in the pooled sample S* U S®.

In particular this gives EW, ) = 7, + 7.

2.3 Bankier estimator

Bankier (1986) proposes using a Horvitz-Thompson type estimator, calculating the inclusion
probabilities in the pooled sample.

m" =P(keS*US®)=xl+ 7l —Pr(kes" ns®).

If the samples S* and S°® are independent, we get z" =z + 7. — zz} and the estimator

~

1
V= 3 L=y ey > X, w m——_ (2.5)

HT A B
keshust Ty keshna Tk kesBnb T ke(s*US®)nab O O

3 Estimation with common first-stage selection

Here we are interested in the case of two samples selected using a two-stage design, with common
first-stage selection. Population U is partitioned to obtain a population U, = {ul,...,uM} of M primary

sampling units. In the first stage, a sample S, of primary sampling units (PSU) is selected, with a
selection probability 7, for a PSU u,. In the second stage, in each primary sampling unit u, €S,, the
following is selected: a sample S/ in u”* =u NU,, with a (conditional) selection probability 7rkA“ >0 for
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keu®; asample S° in uf =u; "U,, with a (conditional) selection probability 7, >0 for unit k eu?.

We make the following hypotheses, which are common for two-stage selection: the second stage of
selection in the primary sampling unit u, depends only on i; between two primary sampling units

U, #u; €S,, the samples S and SjA (respectively, S° and SjB) are conditionally independent to S,
(property of independence). We also assume that within each primary sampling unit u, €S,, the sub-
samples S and S? are conditionally independent to S,.

For a domain d, cU,, the sub-total Y, is estimated by Y/ =3 d.YS with d,=(z,)" the

sampling weight of the primary sampling unit u;, \fd’f,i => _dayd(ked,) the estimator of the sub-

kesf
total Y, ,=> _yJl(ked,) over d,nu, and d =(;zk‘|‘i )71 the sampling weight of k in u®. For a
domain d, U, the sub-total Y, is estimated by Y, = Zuiesld”\fdji with Y7, = Y esedavid(ked,)
the estimator of the sub-total Y, ; and d =(7Z'13i )71 the sampling weight of k in u®. This yields in

particular the estimators

74 = 30,74, where V4, = T daya(k <), 61
U €S, keS

YA = Zd,i\fb’j where \fb’j = de’*ﬁykl(k eb), (3.2)
U; €8, keSh

YE=3d, Y2 where Y2, = Y d2y,1(k ab). (3.3)
Ui €S, kESiB

3.1 Hartley estimator

The Hartley estimator given in (2.1) may be re-expressed as

YA@ = ZdnYAe,i (3.4)

u; €S,

with Y,, =YA + 6V +(1-6)Y2

ab,i ab,i

unit u,. We get E(\fe S, ) = Ziesld,iYi, then

v(@):v(Zd,iYi} EV(Y,]S,). (3.5)

i€,

+\fb?i the Hartley estimator of sub-total Y; over unit primary sampling

In (3.5), the first term of the right member does not depend on . Hartley’s optimal estimator can,
therefore, be calculated by minimizing the second term only. This gives:

EV (Y2 S, )+ ECov(Y2. Y, [S, )~ ECov(Y, V1S, )

o EV(Ya IS, )+EV(V21S))

optS,

, (3.6)

which can be estimated by
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A~ A~

P (Y2 )+ Cov (Y2, ¥,?)—Cov(¥,",Y,)
e V(Ya)+V(¥S)

(3.7)
by replacing each variance and covariance term with an unbiased estimator conditional on the first stage.

3.2 Kalton and Anderson estimator

A

With the sample design considered, we get d,' =d,d,; for any unit k e u/

and d; =d,dg forany

unit k eu®. Therefore, the Kalton and Anderson estimator given in (2.4) can be re-expressed as

YAKA = Zd IiYAKA,i (3.8)

ieS,
with Yy, = D e dimi Y+ dgmgy, the Kalton and Anderson estimator of the sub-total Y;, where
1 ifkeanu, 1 ifkebnu,

A _ B
My = i

A B

Ay +dy;

B _— A
and mg = dy;

ifk cabAu., e
© ' d2 +de

ifkcabu,

3.3 Bankier estimator

With the sampling design considered, we get 7, = 7, (7} + 7 — 7y ) for any k eu,. Therefore,

the Bankier estimator given in (2.5) can be re-expressed as

Yir = zdliYAHT,i (3.9)

ieS,
with Y, =D sruse (Vi/mi ) the Bankier estimator for the sub-total Y, and = =7 if kea,
ﬂfliT = ﬂfli if k eb, ﬂ'ﬂiT = ﬂﬁi +7Z'E“ —ﬁlﬁiﬂ'ﬁi if k eab.

Each of the three estimators examined is obtained by applying the estimation method PSU by PSU,
conditional on the first stage. This result is particularly attractive for Hartley’s optimal method, since the
optimal coefficient estimator given in (3.7) only requires variance estimators conditional on the first stage.

4 Simulation study

We are using artificial populations proposed by Saigo (2010). We generate two populations, each
containing M =200 primary sampling units grouped in H =4 strata U,, of size M, =50. Each primary
sampling unit u,; contains N, =100 secondary units. In each population, we generate for each primary
sampling unit u,; U, :

My =ty + OV (4.1)
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where the values 4, and o, are those used by Saigo (2010). The term o makes it possible to control
dispersion between the primary sampling units. The v,, are iid, generated according to a standard normal
distribution N(0,1). For each unit k eu,;, we then generate the value y, according to the model

Yo = Hni T {P_l (1- P)}O-S Vi (4.2)

where the v, are iid, generated according to standard normal distribution. The variance term in the model
(4.2) can give an intra-cluster correlation coefficient approximately equal to p. In particular, the larger
the p coefficient, the less the values Yy, are dispersed in the primary sampling units. We use p =0.2 for
population 1 and p =0.5 for population 2, which reflects less dispersion of the variable y in population
2. The sampling frame U, corresponds to all secondary units, and the corresponding part of u, is
us =u,, of size N2 =N,. For each secondary unit k, a value u, is generated according to uniform
distribution over [0,1]. The sampling frame U corresponds to the secondary units k such that u, <0.5,
and the corresponding part of u,; is u> =u, NU, of size N>. This gives, therefore, the situation where
ab=U, and b=(. The framework selected in the simulations is the one used in the INSEE household
surveys, with expansion to target a specific sub-population. For these surveys, a sample S, of communes
(or groups of communes) is first selected in the first stage. A sub-sample S of dwellings is then selected
ineach u, €S,; the pooled sample S* = UuieS, S/ represents the entire population of dwellings U, =U.

A second sub-sample S° of dwellings is then selected from within a sub-population of each u, €S,, in
order to target a specific sub-population U (for example, dwellings located in a Sensitive Urban Area);
the pooled sample S°® = Uu s S? represents only the targeted sub-population U,.

In each of the two populations created, several samplings are taken concurrently; Table 4.1 presents for
each population the eight possible combinations of sample sizes per stratum in the first and second stage,
as well as the values g, and o,. In the first stage, we select independently in each stratum U, : either a

sample S, of m, =5 primary sampling units by simple random sampling; or a sample S, of m, =25
primary sampling units by simple random sampling. In the second stage, we select in each u, €S, :
either a sample S/} of size n; =10 by simple random sampling in u/; or a sample S/ of size n/ =40
by simple random sampling in u’. In the second stage, we also select in each u,; €S,, : either a sample
SE of size n° =5 by simple random sampling in u’; or a sample S° of size n° =20 by simple random

-1 -1
sampling in u’. Also we note f/ :(N,ﬁ) n: and f?° =(N,f§) ng the sampling rates in u’ and u?.

Table 4.1
Parameters used in each stratum to generate both populations and select samples
Sample Sizes Parameters
per Stratum Stratum 1 Stratum 2 Stratum 3 Stratum 4
my, i's Ny Hy Op, Hy Oy Hy Oy Hy Op,
Population1 5o0r25 100r40 5or20 200 20 150 15 120 12 100 10
Population2 5o0r25 100r40 5or 20 200 10 150 7.5 120 6 100 5
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For each sample, Hartley’s estimator given in (3.4) is calculated with either 6 =1/2 (HARTL), or for
value of @ the optimal coefficient estimator given in (3.7) (HART2), with

V(Y“af;)=i[%} 5 (N:;)zm,;(‘—,fh?l)z{ykl(keab)—zb;s,@}z,

Up; €Sy hi —+) keSi

(g ) 2 ) i S e )

Uni €S keSp

afieiz)-3 ] e

Upi €Sy M \ M —

> {vl(kea)-7,, f{vi(keab)-7, .},

keSh

noting Y,, the average of variable ykl(k ed) on a subset V cU. For each sample, the Kalton and

Anderson estimator (KALT) given in (3.8) is also calculated, as well as the Bankier estimator (BANK)

given in (3.9), and the Horvitz-Thompson estimator Y* based on the single sample S* (HTA). The

sampling procedure is repeated 10,000 times. To measure the bias of an estimator Y, we calculate its

relative Monte Carlo bias

Eve (Y)-Y
Y

RByc (Y)= x100

with E,, (\?)z(l/lO,OOO)ZifO(V(b), and \f(b) the value of estimator Y for sample b. To measure the

variability of Y, we calculate its Monte Carlo mean square error

R 10,000 ,
MSE, (¥ )= 10’2 0 bz; (Y _Y)Z.

The results are given in Table 4.2. As emphasized by a referee, the performances of the HTA estimator
do not depend on the sample size n® chosen. For consistency, Table 4.2 indicates the results obtained in
the simulations with n> =5 only. For identical sample sizes m, and identical n/, the same results are
reported in the case n> = 20.

All estimators are virtually unbiased. The HART2 estimator gives better results in terms of mean
squared error, as could be expected. The HTA estimator gives almost equivalent results. This result is
explained by the fact that the optimal coefficient is near 1 (in the simulations, éopt is between 0.80 and
1.06), and that in this case, the formula (2.1) shows that the HART2 and HTA estimators are very close:
In the appendix we present some general conditions under which this property is approximately checked.
Of the three estimators, HARTL yields the best results, with a mean square error lower than or equivalent

to that of KALT and BANK in 11 out of 16 cases.
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Table 4.2
Relative bias and mean squared error of five estimators

HART1 HART2 KALT BANK HTA
Pop. m, nrf} nﬁ RB MSE RB MSE RB MSE RB MSE RB MSE

(%) x10° (%) x10° (%) x10° (%) x10° (%) x10°

1 5 10 5 0.05 7.76 0.01 5.70 0.05 7.79 0.06 8.56 0.04 5.75
1 5 10 20 0.01 757 -0.05 557 003 1136 0.04 1275 0.04 5.75
1 5 40 5 0.01 501 -0.02 451 -0.02 457 -002 481 -0.02 452
1 5 40 20 0.00 465 -0.01 433 0.00 4.66 0.00 522 -0.02 452
1 25 10 5 -0.03 119 -002 078 -0.03 120 -0.02 134 -001 0.78
1 25 10 20 -0.01 1.17 0.00 0.78 -0.03 194 -003 222 -001 0.78
1 25 40 5 0.00 0.62 0.01 0.51 0.00 0.52 0.00 0.57 0.01 0.51
1 25 40 20 0.02 0.58 0.01 0.51 0.02 0.58 0.02 0.68 0.01 0.51
2 5 10 5 0.00 3.59 0.01 1.15 0.00 3.56 0.02 4.38 0.01 1.15
2 5 10 20 0.00 3.60 -0.02 1.15 0.00 7.38 0.00 8.76 0.01 1.15
2 5 40 5 0.00 1.48 0.01 1.07 0.00 1.13 0.01 1.35 0.01 1.07
2 5 40 20 0.00 149 -0.01 1.09 0.00 1.49 0.00 2.03 0.01 1.07
2 25 10 5 0.00 0.63 0.00 0.14 0.00 0.63 0.00 0.78 0.00 0.14
2 25 10 20 0.00 0.62 0.00 0.13 0.00 1.38 0.00 1.67 0.00 0.14
2 25 40 5 0.00 0.20 0.00 0.12 0.00 0.13 0.00 0.18 0.00 0.12
2 25 40 20 0.00 0.20 0.00 0.12 0.00 0.20 0.01 0.31 0.00 0.12

For each estimator, all other things being equal, the mean square error is lower in population 2 than in
population 1. This result comes from the fact that the variance due to the first-stage selection, which is the
same for each estimator and is

V(Zd.m} i_Mﬁ[i—Mi]Sium, (43)

ies, h

. . . . . . 2 _ -1 — 2 . . 2
is larger in population 1: the dispersion term S7,, =(M, -1) zuéu (Yi _Yum) increases with o, and,

to a lesser degree, increases when p decreases. The mean square error decreases for each estimator when
the number m, of primary sampling units selected in each stratum increases, since in this case the
common variance term given in (4.3) decreases. Similarly, the mean square error decreases for each
estimator when n” increases, since in this case the variance due to the second stage of selection decreases.
For the HART1 and HART2 estimators, the mean square error is stable when n® increases, and more
surprisingly for the KALT and BANK estimators the mean square error increases when n® increases. This
somewhat counterintuitive result is due to the convergence of two facts. On one hand, the contribution of
sample S® to the variance due to the second stage of selection is low: the increase of n® may reduce this
variance, but even in this case, overall reduction of the variance is marginal. On the other hand, with the
KALT and BANK estimators, the contribution of sample S* to the variance due to the second stage of
selection increases when n® increases.

In the case of KALT, the estimator can be re-expressed

- H M -
Yia = Z_h ZYKA,i

h=t My ics,,

with
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1 ifkeanu,,

1
=——>ymiy, +——r and m) = 9 44
Yiai ZS: ki Yk fhiA+fhineZSiByk Kli ﬁ ifkeabnu,. 49
hi hi

In (4.4), the dispersion of the variable mk’}i (and therefore, that of mk‘}i y,) increases when the factor
fA (fhf+ fh?) moves away from 1. This factor is near 1 when f,° is small compared to f* (and

therefore, if n® is small compared to n*), but moves away from 1 when n® increases. Note that the
variance (conditional on S,) of the second term of VKAJ is equal to

NB
(fA fBZyk ] ( rﬁ‘)erﬁ ( I) Suz
hi hi keS?

2 hi
(Nhlnhl + Nhlnhl)
. -1 2 . . . .
with SUZhBi :(N,ﬁ —1) Zkeuh (yk Ve ) . This variance does not necessarily decrease when n’ increases.

For example, one of the cases considered in the simulations corresponds to N/ =100, NS ~50 and

. 2 .
n;: =40. In this case, the term n (NfI -n )/(Nh,nhI + Nh,nh,) attains its maximum value for n> =11.

In the case of BANK, the estimator can be re-expressed

T = e 3,

mh ieSy,
with
fA ifkca
i — yk hi ’
Y, . = 2k and z7T = 4.5
i keS,‘%SF”SJ o {f A+ fE(1- 1)) ifkea. (4.9)

In (4.5), dispersion of the variable ;" increases when the factor f,° (1— fh’i*) increases. This factor is

close to 0 when n® (and, therefore, ) is low, but increases when n’ increases.

5 Conclusion

We examined the Hartley (1962), Kalton and Anderson (1986) and Bankier (1986) estimators to pool
the samples resulting from two survey waves. More particularly, we studied the case where the first
sample represents the entire population (completely representative sample), while the second represents
only a part (partially representative sample). Within the framework considered in the simulations (also see
the Appendix for a more general framework), using the partially representative sample did not improve
accuracy: if its size increases, the accuracy of the estimators in the Hartley class remains stable or
improves slightly, while the accuracy of the Kalton and Anderson and Bankier estimators is worsened.
Hartley’s optimal estimator itself, although more complex to calculate, offers accuracy that is only slightly
improved as compared to the classic Horvitz-Thompson estimator calculated on the fully representative
sample. Although our simulation study is limited, the results suggest that the estimator should be chosen
carefully when there are multiple survey frames, and that a simple estimator is sometimes preferable, even
if it uses only part of the information collected.
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Appendix

Al. Comparison of Hartley’s optimal estimator and the Horvitz-Thompson
estimator

Let us take the framework and notations from Section 4: samples S* and S°® are selected using a two-

stage frame with common first stage selection. Stratified simple random sampling is used at the first stage,
and simple random sampling in each primary sampling unit at the second stage. The sampling frame U,

corresponds to the entire population, while the sampling frame U, covers only part of the population.
With Hartley’s optimal estimator, the formula (3.6) gives

EV (Y2 S, )-ECov(Y, V21S,)
EV(YalS, )+ EV(Va1S)

optls, ~

After some calculation, we get

Y
1 fh? NhE:—l , Nﬁ(Nhi—Nrﬁ_):(L)qui) , (A1)

o i A ug +
h=t My u. <0, Ny Ny —1 ™ Npy (Nhi

21— 4 Nfﬁ(yuf, (Nhiyuhi _N'?iyuu?.)

Z (Nhi) A‘hl Nhi(Nhi _1)

with 5, = (N)* 2, e Ty = (NE) 2,y and S =(N3-1) "2, (-9, )

The Horvitz-Thompson estimator based on the single sample S* and Hartley’s optimal estimator agree
if the coefficient 6, is equal to 1, which is the case if EV (\fa’g|S,)=—EC0V(\?aA,\?a’Q|S,). This

opt|S,

condition will be verified in particular if in (A.1) the terms between the brackets agree for each primary
sampling unit u,;,. We get therefore 6, ~1 if

Nhi(Nf?i _1) S + (Nh‘_N’E)VUEi

Ui

N'?' Vufi(Nhiyuhi _NIEVUB) Nhiyum _N’?iyu,ﬁ

hi

vV u, eU, ~1. (A2)

Let us suppose that the mean value of y is approximately the same in the frames U, and U, for each
primary sampling unit, i.e. that V u, eU, VuhB- ~Yy, - Then, the condition (A.2) will be verified

Ui

approximately if ¥ u, €U, cv’ iscloseto 0, with cv, = [S% /VB.
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In summary, the Horvitz-Thompson estimator based on the single sample S* and Hartley’s optimal
estimator will be close if within each primary sampling unit u,, : (a) there is not much difference in the

mean value of y between the two bases, and (b) the variable y has low dispersion within u®. In the

simulations, the condition (a) is approximately met since the distribution of individuals between the
sampling frames U, and U, is completely random; the condition (b) is approximately met with values of

cvuza varying from 0.02 to 0.10 for population 1, and from 0.001 to 0.005 for population 2.
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