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Small area estimation under a restriction 

Junyuan Wang, Wayne A. Fuller and Yongming Qu 1 

Abstract 

Small area prediction based on random effects, called EBLUP, is a procedure for constructing estimates for small 

geographical areas or small subpopulations using existing survey data. The total of the small area predictors is often forced 

to equal the direct survey estimate and such predictors are said to be calibrated. Several calibrated predictors are reviewed 

and a criterion that unifies the derivation of these calibrated predictors is presented. The predictor that is the unique best 

linear unbiased predictor under the criterion is derived and the mean square error of the calibrated predictors is discussed. 

Implicit in the imposition of the restriction is the possibility that the small area model is misspecified and the predictors are 

biased. Augmented models with one additional explanatory variable for which the usual small area predictors achieve the 

self-calibrated property are considered. Simulations demonstrate that calibrated predictors have slightly smaller bias 

compared to those of the usual EBLUP predictor. However, if the bias is a concern, a better approach is to use an augmented 

model with an added auxiliary variable that is a function of area size. In the simulation, the predictors based on the 

augmented model had smaller MSE than EBLUP when the incorrect model was used for prediction. Furthermore, there was 

a very small increase in MSE relative to EBLUP if the auxiliary variable was added to the correct model. 
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1. Introduction 
 

There are situations in which it is desirable to derive 

reliable estimators for small geographical areas or small 

subpopulations from existing survey data. However, sample 

sizes for the areas may be such that the usual survey 

estimators yield unacceptably large standard errors. This 

makes it reasonable to use a model-based estimator. See 

Rao (2003) for a complete discussion of small area 

estimation.  

A model for small area estimation is  

i i iy b′= + ,x ββββ  (1) 

, 1, ...,i i iY y e i n= + = ,  (2) 

where iy  are unobservable small area means, iY  are 

observable survey estimators, i
′x  are known vectors, ββββ  is 

the vector of regression parameters, ib  are independent and 

identically distributed random variables with ( ) 0iE b =  and 
2( ) ,i bV b = σ  and ie  are sampling errors with ( ) 0i iE e y| =  

and 2( )i i eiV e y| = σ .  Combining (1) and (2), we obtain  

, 1, , ,i i i iY b e i … n′= + + =x ββββ  (3) 

which is a special case of the mixed linear model.  

Assuming the variance components 2

bσ  and 2

eiσ  to be 

known, the best linear unbiased estimator of ββββ  is  

ɵ
11 1

1

2 2 1 2 2 1

1 1

( ) ( )
n n

b ei i i b ei i i
i i

Y

−− −

−  
− − 

 
  = =

′ ′ =  

 ′= σ + σ σ + σ ,  
∑ ∑

Yβ Σ Σβ Σ Σβ Σ Σβ Σ ΣX X X

x x x  (4)

 

where 1( , ..., ),n
′=X x x 1( , , ),nY … Y′ =Y  and Var ( )= =YΣΣΣΣ  

2 2 2 2

1diag ( , ..., ).b e b enσ + σ σ + σ  Furthermore, the best linear 

unbiased predictor (BLUP) of iy  is  

ɵ ɵ( ),H

i i i i iy Y′ ′= + γ −ɶ x xβ ββ ββ ββ β  (5) 

where  
2 2 1 2( )i b ei b

−γ = σ + σ σ .  (6) 

See Henderson (1963) and Rao (2003). When the variance 

components are unknown, we replace the variance 

components in (4) and (6) with estimators to obtain ˆ ,H

iy  the 

empirical BLUP or EBLUP.  

The survey estimator of the total of all survey areas is 

often judged to be of adequate precision. In such cases, the 

practitioner may prefer to use the design consistent 

estimator of the total and to require that the weighted sum of 

the small area predictors equal the design consistent 

estimator. Thus, it is desirable to have small area predictors 

ˆiy  that satisfy  

1 1

ˆ ,
n n

i i i i

i i

y Y
= =

ω = ω∑ ∑  (7) 

where iω  are sampling weights such that 1
n
i i iY=∑ ω  is a 

design consistent estimator of the total (or mean). A number 

of procedures have been suggested for constructing 

predictors to satisfy (7). Such procedures are often called 

“benchmarking” or “calibration”, e.g., Mantel, Singh and 

Barcau (1993) and You and Rao (2003).  

To review such procedures, let 1( , ..., )H H H

ny y ′=ɶ ɶ ɶy  

denote the BLUP predictor of 1( , ..., )ny y ′=y  defined in 

(5), where  
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ˆ ˆ,H = +ɶy X bββββ  (8) 

β̂βββ  and b̂  are any solutions to  

1 1 1

1 1 1 1
e e e

e e b e

− − −

− − − −
′ ′ ′     = ,     +   

Y
b Y

X X X X

X

Σ Σ ΣΣ Σ ΣΣ Σ ΣΣ Σ Σββββ
Σ Σ Σ ΣΣ Σ Σ ΣΣ Σ Σ ΣΣ Σ Σ Σ

 (9) 

2 ,b b n= σ IΣΣΣΣ  and 2 2

1diag ( , ..., ).e e en= σ σΣΣΣΣ  Equation (9) is 

called the mixed model equation. Finding a solution to a 

mixed model equation (9) is equivalent to finding a solution 

to the minimization problem  

1 1min {( ) ( ) }
,

e b
− −′ ′− − − − + .Y X b Y X b b b

b
β Σ β Σβ Σ β Σβ Σ β Σβ Σ β Σ

ββββ
 (10) 

Pfeffermann and Barnard (1991) proposed the modified 

predictor  

PB PB PBˆ ˆˆ ,= +y X bββββ  (11) 

where PBβ̂βββ  and PB
b̂  are any solutions to the minimization 

problem (10) with ββββ  and b  subject to the constraint  

1 1

( ) .
n n

i i i i i

i i

b Y
= =

′ω + = ω∑ ∑x ββββ  (12) 

This leads to the predictor  

PB 1

. . .
1

ˆ [Var ( )] cov( , )
n

H H

i i i j j
j

y y y y y Y y−

=

 
= + ω − , 

 
∑ɶ ɶ ɶ ɶ ɶ (13) 

where 1. ,Hn
i i iy y=∑= ωɶ ɶ

2

.cov( , )H

i i i eiy y = ω γ σ +ɶ ɶ  

1
ˆ(1 ) (1 ) ( ) ,n

j j i j i jV=∑ ′ω − γ − γ x xββββ  and .Var ( )y =ɶ  

1 .cov( ).Hn
i i iy y=∑ ω ,ɶ ɶ  

Isaki, Tsay and Fuller (2000) imposed the restriction by a 

procedure that, approximately, constructs the best predictors 

of 1n −  quantities that are uncorrelated with 1 .n
i i iY=∑ ω  

After some matrix operations, the Isaki-Tsay-Fuller (ITF) 

predictor can be rewritten as  

� �

ITF

1

2

1 1 1

ˆ ˆ

ˆVar ( ) Var ( )

H

i i

n n n
H

j j i i j j j j

j j j

y y

Y Y Y y

−

= = =

= +

   
ω ω ω − ω ,  

   
∑ ∑ ∑

 

(14)

 

where �Var ( )iY  is an estimator of 2 2 .b eiσ + σ  

Note that the Pfeffermann-Barnard (PB) predictor (13), 

and the ITF predictor (14) have the form  

1 1

ˆ ˆ ˆ
n n

i i i j j j j
j j

y y a Y y
= =

 
= + ω − ω , 

 
∑ ∑a  (15) 

where 1 1.n
i i ia=∑ ω =  In other words, we may consider 

imposing restriction (7) to be an adjustment problem. To 

make an adjusted predictor ˆ
iy
a  satisfy (7), the difference 

1 1 ˆn n
j jj j j jY y= =∑ ∑ω − ω  is allocated to small area predictor 

ˆ
iy  using .ia  

Using the unit level model, You and Rao (2002) 

proposed an estimator of ββββ  such that the resulting 

predictors satisfy (7). They called such predictors self-

calibrated. Applying their procedure to the area model (3), 

we have  

YR

YR
ˆˆ ˆˆ (1 ) ,i i i i iy Y ′= γ + − γ x ββββ  (16) 

where  

1

YR

1 1

ˆ ˆ ˆ(1 ) (1 )
n n

i i i i i i i i

i i

Y

−

= =

 ′= ω − γ ω − γ .  
∑ ∑x x xββββ  (17) 

Any predictor that has the self-calibrated property, such as 

the You and Rao (YR) predictor (16), is a predictor of the 

form (15) since the difference 1 1 ˆn n
j jj j j jY y= =∑ ∑ω − ω  is 

equal to zero.  

We will derive the “best” predictor of the form (15) in 

Section 2. The results will lead to a unifying view of several 

BLUP based predictors. In Section 3, we propose an 

alternative approach that has the self-calibrated property. 

We will briefly discuss the mean square error (MSE) in 

Section 4 and use simulation studies to compare the 

predictors in Section 5. Conclusions and discussion will be 

given in Section 6.  

 
2. “Best” linear unbiased predictor  

       under a restriction 
 

To find the “best” linear unbiased predictor for y  that 

satisfies restriction (7), we first assume the parameters for 

the variance components are known. According to Lemma 1 

of Pfeffermann and Barnard (1991), it is impossible to 

compare predictors that satisfy restriction (7) component-

by-component to find the best one. Therefore, some kind of 

overall criterion is required. A natural criterion is  

2

1

ˆ ˆ( ) ( )
n

i i i

i

Q E y y
=

= ϕ − ,∑a a
y  (18) 

where the , 1, ,i i … nϕ =  are a chosen set of positive 

weights.   
Theorem 1. Assume the random effects model  

, 1, , ,i i i iY b e i … n′= + + =x ββββ  

where the ib  have independent identical distributions with 

mean zero and variance 2,bσ  the ie  have independent 

distributions with mean zero and variance 2 ,eiσ  and 

1( , , )nb … b ′=b  is independent of 1( , ..., ) .ne e ′=e  

Assume 2

bσ  and 2

eiσ  are known, and ββββ  is unknown. Let H

iyɶ  

be the BLUP of iy  defined in (5). Let  
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1 1

ˆ ,
n n

H H
ii i j j j j

j j

y y Y ya
= =

 
= + ω − ω 

 
∑ ∑

⌣
⌣

ɶ ɶ
a  (19) 

where 1 2 1 1
1( )n

i i i i i ia
− − −

=∑= ϕ ω ϕ ω⌣  and iω  are the fixed 

weights of (7). Then 1
ˆ ˆ ˆ( , , )ny … y ′=
⌣ ⌣ ⌣
a a a
y  is the unique 

predictor among all linear unbiased predictors that satisfy 

(7) and minimize criterion (18).   
Proof: See Appendix A.   
Remark 1. When the variance components are unknown, we 

replace the variance components in (6) with suitable 

estimators to obtain the empirical BLUP or EBLUP, 

denoted by ˆ .H

iy  Thus, we have the modified predictor  

1 1

ˆ ˆ ˆ
n n

H H

i i i j j j j
j j

y y a Y y
= =

 = + ω − ω . 
 
∑ ∑

⌣ ⌣a  (20) 

 
Remark 2. The criterion (18) defines a “loss function”, 

where the choice of the weights iϕ  depends on the problem 

under consideration. For example, a statistician can decide 

to assign higher weights to “more important” areas and 

lower weights to “less important” areas. Often, iϕ  is 

function of the variance components. In some cases, one can 

choose iϕ  so that the derived predictors have certain 

desirable properties. For example, � 1[Var ( )]i iY
−ϕ =  gives 

the ITF predictors, which are BLUP (in the traditional 

sense) in the subspace that is orthogonal to 1( , ..., )n
′ω ω  in 

the space spanned by .Y   
Remark 3. If 1

.[cov( , )] ,H

i i iy y −ϕ = ω ɶ ɶ  where .y =ɶ  

1 ,Hn
j j jy=∑ ω ɶ  we have the predictor (13) derived by 

Pfeffermann and Barnard (1991). When � 1ˆ[Var ( )] ,
H

i jy
−ϕ =  

we have the predictor used by Battese, Harter, and Fuller 

(1988).  

 
3. An alternative way to impose the restriction 

 
We have discussed a family of predictors in which the 

total for the small area predictors is equal to the total of the 

direct survey estimates. Implicit in the imposition of 

restriction (7) is the possibility that the small area predictor 

of the total is biased due to a misspecified model (3). In 

practical applications, model misspecification is a valid 

concern since the true mechanism that generates Y  is 

unknown.  

A common misspecification occurs when the explanatory 

variables used in the model are not the same as the ones that 

generated .Y  Thus, the direction of the overall bias may not 

be the same as the direction of the bias for a particular small 

area. In this case, the predictors of form (15) may increase 

the bias for some small areas compared to the bias before 

adjustment. Mantel et al. (1993) concluded that “Generally 

the effect of benchmarking here is a slight improvement in 

the overall bias at the cost of some deterioration with respect 

to the other evaluation measures”.  

Since the bias is nonzero if there is nonzero correlation 

between iω  and ˆ( ),i iY y−  the bias can be reduced by 

including iω  in the model. That is, for a given model, one 

approach is to use the augmented model  

1 ,= + +Y X b eββββ  (21) 

where 1 ( , )=X X ωωωω  and 1( , ..., ) ,n
′= ω ωωωωω  to obtain the 

BLUP or EBLUP. With ωωωω  in the model, the adjustment 

needed to meet restriction (7) will often be much smaller 

than the adjustment for the model without .ωωωω  

Using an augmented model approach, we can go one step 

further and construct predictors that satisfy restriction (7). 

First, assume the variances 2

eiσ  are known. Note that  

ɵ

1 1 1

ˆ (1 ) ( )
n n n

H

j j j j i i i i
j j i

Y y Y
= = =

′ω − ω = ω − γ −∑ ∑ ∑ x ββββ  (22) 

and 2(1 )Var ( ) .i i i i eiYω − γ = ω σ  Using the theory of the 

linear model, we can show that the predictor constructed 

with the augmented model  

2 ,= + +Y X b eββββ  (23) 

where 2 ( , )e=X X ωωωω  and 2 2

1 1( , ..., ) ,e e n en
′= ω σ ω σωωωω  has 

the self-calibrated property when the generalized least 

squares (GLS) estimator of ββββ  is used. Note that this 

approach gives a predictor that is different than the You-Rao 

predictor (16).  

If the 2

eiσ  are unknown, we replace 2

eiσ  in eωωωω  with its 

estimator 2ˆ .eiσ  As long as the 2ˆ
eiσ  in eωωωω  is the same as the 

2ˆ
eiσ  used in constructing ,iγ  the predictors have the self-

calibrated property. If the 2

eiσ  has the form 2 ( ),e ifσ u  where 
2

eσ  is unknown, but iu  and ( )f .  are known, one can 

construct the variables for model (23) using e =ωωωω  

1 1( ( ), ..., ( ))n nf f ′ω ωu u  without estimating 2.eσ  For 

example, if 2 1 2,ei i em−σ = σ  the eωωωω  for model (23) is 
1 1

1( , ..., ) .i n nm m− − ′ω ω  

 
4. The MSE of the modified predictors 

 
One can show that any predictor of the form (15) can be 

written as  

ɵ1 ( ) ( )n

−= − − −ɶ
a

a ay Y C BC I Y XΓ βΓ βΓ βΓ β  (24) 

by letting ,=a aC A T  where  

( )1

1 1

1 2

1
,

( , , )

n

n n

n na … a

−

− −

−

′
= −

′= .

0
aA a I

a

 



32 Wang, Fuller and Qu: Small area estimation under a restriction 

 

 

Statistics Canada, Catalogue No. 12-001-X 

Therefore, the estimator for the variance of ɶ ay  defined in 

(14) proposed in Isaki et al. (2000) can be used to estimate 

the MSE of any predictor of the form (15). Often, the MSE 

of an adjusted predictor is close to the MSE of the predictor 

before the adjustment.  

The augmented model (23) has the self-calibrated 

property, thus the MSE can be estimated using the formula 

for usual EBLUP predictors.  

 
5. Simulation study 

 
5.1 Simulation setup  

To study the empirical properties of small area predictors 

described in Section 2 and 3, we use data designed to 

simulate a large national survey in which state estimates are 

of interest. Table 1 contains the approximate populations of 

the 50 states of the United States in the year 2000. The 

sample sizes im  given in the table are approximately 

proportional to the square roots of the state populations. 
 

Table 1  Population and sample sizes for the simulation  
 

 Population Sample  Population Sample  

State (in 1,000)  size ( im ) State  (in 1,000)  size ( im )  

1  33,640  58  26  4,000  20   

2  21,160  46  27  3,610  19   

3  19,360  44  28  3,240  18   

4  16,000  40  29  3,240  18   

5  12,250  35  30  2,890  17   

6  12,250  35  31  2,890  17   

7  11,560  34  32  2,560  16   

8  10,240  32  33  2,560  16   

9  8,410  29  34  2,250  15   

10  8,410  29  35  1,960  14   

11  7,840  28  36  1,690  13   

12  7,290  27  37  1,690  13   

13  6,250  25  38  1,690  13   

14  6,250  25  39  1,210  11   

15  5,760  24  40  1,210  11   

16  5,760  24  41  1,210  11   

17  5,760  24  42  1,210  11   

18  5,290  23  43  1,000  10   

19  5,290  23  44  810  9   

20  5,290  23  45  810  9   

21  4,840  22  46  810  9   

22  4,410  21  47  640  8   

23  4,410  21  48  640  8   

24  4,410  21  49  640  8   

25  4,000  20  50  490  7   

 

A total of 10,000 samples were generated. Each sample 

in the simulation study was composed of observations 

generated from model  

ij i i ijY b′= + + ε ,x ββββ  (25) 

where (1, ),i iz′ =x (6 0, 3 0),′= . .ββββ 0 2 0 2Pop Pop ,i iz . .= −  

Popi  is the population of state i  in millions, 0 2Pop .  is the 

mean of 0 2Pop ,i

. (0, 1),ib NI∼  and (0, 16).ij NIε ∼  The 

ib ’s and ije ’s are independent. The model for the state 

observations becomes  

,i i i iY b e′= + +x ββββ  (26) 

where 1
1

im
ji i ijY m Y−
=∑=  and 1

1 .im
ji i ije m−
=∑= ε  With the 

sample sizes given in Table 1, the iγ  defined in (6) is 0.784 

for the largest state (California) and 0.304 for the smallest 

state (Wyoming).  

To investigate the performance of five predictors, 

EBLUP, Pfeffermann-Bernard (PB), Isaki-Tsay-Fuller 

(ITF), You-Rao (YR), and augmented model (23) (AUG2), 

two estimation models were used. The first model is a 

misspecified model with 1i
′ =x  in the notation of (26). 

This model is called model (A). Correspondingly, the data 

generating model (26) with (1, )i iz′ =x  is called model 

(B).  

Following the method outlined in Wang and Fuller 

(2003), the estimator of 2

bσ  is  

2 2 0 5 2ˆˆ max{0 5[ ( )] , },b b bV .σ = . σ σɶ ɶ  (27) 

where  

50
2 2 2

OLS

1

50 ˆ( ) ,ˆ
50 eib i i i

i

c Y
k

=

 ′σ = − − σ −∑ɶ x ββββ  (28) 

{ }
50 2

2 2 2 2 2

OLS
1

50 ˆˆ ˆ( ) ( )
50b i i i ei b

i

V c Y
k

=

 ′σ = ,− − σ − σ −∑ɶ ɶx ββββ (29) 

0 5 1 0 550
1( ) ,ii i ic m m. − .

=∑= OLSβ̂βββ  is the ordinary least squares 

estimator of the regression coefficient of iY  on ,ix k  is the 

dimension of the vector ,ix
1 22 ,ˆ ei i im s−=σ  and 2

is =  
1 2

1( 1) ( )im
ji ij im Y Y−
=∑− −  is the sample variance of area .i  

The EBLUP predictor is  

GLS GLS
ˆ ˆˆˆ ( )i i i i iy Y′ ′= + γ − ,x xβ ββ ββ ββ β  (30) 

where  

2 2 1 2ˆ ˆ ˆ ˆ( ) ,i b ei b

−γ = σ + σ σ  (31) 

and  

1

2 2 1 12 2

GLS
1 1

ˆ ˆ( ) ( )ˆ ˆ
n n

b eib ei i i i i

i i

Y

−  
− − 

 
  = =

 ′= σ + σ +σ σ  
∑ ∑x x xββββ  (32) 

is the generalized least squares estimator of .ββββ  The 

restriction considered is 50 50
1 1ˆ ,i ii i i iy Y= =∑ ∑ω = ωa  where  

150

1

Pop Popi i i

i

−

=

 ω = . 
 
∑  (33) 

With EBLUP predictor, PB and ITF are derived using (13) 

and (14). The YR predictor is derived use (16) with ˆ
iγ  

defined in (31) and YRβ̂βββ  defined in (17). The AUG2 
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predictor is of the form (30) with 2(1, )ˆ eii i
′ = ω σx  under the 

augmented model (A) and 2(1, , )ˆ eii i iz′ = ω σx  under the 

augmented model (B).  

For each of the 10 predictors, the criterion  

50
2

1

ˆ ˆ( ) 0 02 ( )i i i

i

Q y y
=

= . ϕ −∑y  (34) 

was calculated, where 1 2 1( ) .i i i em− −ϕ = γ σ  Note that 1

i

−ϕ  is 

the variance of the predictor of iy  constructed with known 

parameters.  
 
5.2 Simulation results  

The estimator of 2

bσ  constructed under model (B) has a 

Monte Carlo mean of 1.001 with a standard deviation of 

0.386. When model (A) is used for estimation, the Monte 

Carlo mean of the estimator of 2

bσ  is 1.720 with a standard 

deviation of 0.521. The mean square of 3 iz  is 0.636. Thus, 

the estimation procedure using model (A) incorporates 

much of the fixed area effect of model (B) into the random 

effect. With a bigger 2ˆ ,bσ  the ˆ
iγ  is bigger and a higher 

proportion of iY  was used to construct the predictors, which 

partially offsets the impact of model misspecification. 

Under augmented model (A), the estimator of 2

bσ  is 1.197, 

i.e., a much smaller portion of the fixed area effect of model 

(B) is incorporated into the random effect.  

Table 2 contains some summary statistics for predictors 

based on 10,000 simulated samples. The empirical bias in 

ˆ( )i i iY y∑ω −  is zero for all predictors when model (B) or 

its augmented model is used because the prediction model 

matches the data-generating model. The difference 

ˆ( )i i iY y∑ω −  has a simulated standard deviation of 0.022 

for the usual EBLUP predictor. The standard deviations of 

ˆ( )i i iY y∑ω −  are 0 for the other four predictors because the 

predictors satisfy the restriction 50 50
1 1ˆ .i ii i i iy Y= =∑ ∑ω = ω  

 
Table 2 Monte Carlo properties of small area predictors 

(average of 10,000 samples generated by model B) 
 

Quantity EBLUP PB ITF YR AUG2 

 Predictor constructed under model (A) 

ˆ( )i i iY yω −∑  Mean -0.100 0.000 0.000 0.000 0.000 

(SD) (0.027) (0.000) (0.000) (0.000) (0.000) 

ˆ( )Q y  Mean 1.438 1.446 1.419 1.558 1.298 

 Predictor constructed under model (B) 

ˆ( )i i iY yω −∑  Mean -0.000 0.000 0.000 0.000 0.000 

(SD) (0.022) (0.000) (0.000) (0.000) (0.000) 

ˆ( )Q y  Mean 1.203 1.202 1.202 1.208 1.219 

 
Prediction based on model (A), or its augmented model, 

is biased because the data generation model (B) contains a 

function of the population size. The simulated mean of the 

weighted difference ˆ( )i i iAY y∑ω −  is -0.100, where ˆiAy  is 

the EBLUP predictor. The t-statistic for the weighted bias is 

-3.70. The simulated variance of the weighted mean of the 

predictions is  

50

1

ˆ 0 060i iA

i

V y
=

 ω = . . 
 
∑  

The estimated mean square error of the model (A) 

prediction of i iy∑ω  for data generated by model (B) is  

50 50
2

1 1

2

ˆ ˆMSE ( ) Bias

0 060 ( 0 100) 0 070

i iA i i iA
i i

y y V y
= =

   ω − = ω +   
   

= . + − . = . .

∑ ∑
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The variance of i iY∑ω  is  

50 50
2 2 1 2

1 1

( ) 0 0622i i i b i e

i i

V Y m
 
  −
 
 
 = =

ω = ω σ + σ = . .∑ ∑  (36) 

Thus, the use of i iY∑ω  as the estimator of i iy∑ω  is about 

12.5% more efficient than the predictor ˆi iAy∑ω  based on 

the model (A). Due to calibration, the MSE of the four 

predictors (PB, ITF, YR, and AUG2) of i iy∑ω  have the 

same MSE as the MSE of the directly estimated mean 

.i iY∑ω  The squared bias would be a much larger 

proportion of the mean square error if there were more small 

areas.  

The value of criterion Q  for EBLUP is 1.20 under model 

(B). Thus, estimation of the parameters increased the 

average variance of the predictors about 20% relative to the 

use of known parameters. If the predictions are made using 

the known 2 ,eiσ  the value of criterion Q  for EBLUP is 1.06. 

Therefore, estimation of 2ˆ
eiσ  contributes the most to the 

increase in the variability. Because the bias is zero when 

model (B) is used for estimation, the adjustments that the 

restricted predictors make are small. Consequently, the 

adjustment predictors give criteria values very similar to 

those of the unadjusted predictors. The YR predictors have 

slightly larger criterion values than the corresponding PB 

and ITF predictors because the YR predictor uses an 

inefficient estimator of .ββββ  Predictors based on the 

augmented model have slightly larger criterion value Q  

because the model has a redundant variable. The less than 

2% increase in Q  is on the order of 1,n−  which is the 

expected loss from adding an unnecessary parameter in a 

least square prediction.  

The value of criterion Q  for the EBLUP under model 

(A) is 1.438 compared to 1.203 for the EBLUP under model 

(B). This is the penalty due to the model misspecification. 

Among adjustment procedures based on model (A), the ITF 

procedure has the smallest value for .Q  There is little 

difference among the PB, ITF, and the EBLUP predictors. 

The Q  for the You-Rao procedure is about 8% larger than 

that for the EBLUP. The predictor based on the augmented 
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model has a Q  about 11% smaller than that of the EBLUP 

predictor. In a sense, the augmented model is less 

misspecified.  

The augmentation approach not only calibrates the small 

area predictors, it also reduces the bias at the area level 

when the model is misspecified. Tables 3 and 4 contain 

Monte Carlo properties of predictors for some selected 

areas. In the tables, the estimated biases are normalized by 
1 2 0 5( ) ,i i em− .γ σ  the square root of the MSE of the BLUP 

predictor with known parameters, and the estimated MSE’s 

are normalized by 1 2.i i em−γ σ  When the correct model (B) is 

used, the Monte Carlo bias at the individual area is close to 

zero. See Table 3. Also there is little difference in the 

MSE’s of the different procedures, with the augmented 

model having slightly (less than 2%) larger MSE. Again, 

Table 3 shows that the calibration process has little effect on 

the MSE of the area predictors in compared to the EBLUP 

predictor.  

 
Table 3 
Monte Carlo Properties of individual area predictors 
using versions of model (B) (10,000 samples generated 

by model B)  
 

State Quantity EBLUP PB ITF YR AUG2

Bias 0.011 0.012 0.012 0.013 0.011  
1 MSE 1.100 1.101 1.105 1.104 1.120  

Bias 0.000 0.001 0.001 0.002 0.001  
2 MSE 1.072 1.072 1.072 1.076 1.092  

Bias -0.001 -0.001 -0.001 -0.001 -0.001  
14 MSE 1.058 1.058 1.058 1.058 1.074  

Bias 0.015 0.015 0.015 0.015 0.018  
26 MSE 1.078 1.077 1.078 1.079 1.092  

Bias -0.005 -0.005 -0.005 -0.006 -0.003  
38 MSE 1.123 1.122 1.122 1.132 1.135  

Bias 0.012 0.012 0.012 0.009 0.014  
50 MSE 1.222 1.222 1.222 1.247 1.246  

 

If a misspecified model, such as model (A) is used, the 

bias in the sum of the EBLUP predictors as an estimator of 

the total is negative for the example because the states with 

a negative bias have large .iω  See Table 4. The adjustment 

procedures such as PB or ITF allocate the bias to all the 

small areas. Thus, the adjustment reduces the negative bias 

of area predictors with large negative bias and increases the 

positive bias of predictors with large positive bias. This 

results in a smaller MSE for larger states and a slightly 

larger MSE for smaller states. The YR predictor has larger 

bias than the ITF predictor. On the other hand, predictors 

constructed with 2ˆ(1, ),i i ei
′ = ω σx  i.e., the augmented model 

(A), are much superior to those constructed under model 

(A). The bias is reduced for areas, large or small.  
 

 

 

Table 4 
Monte Carlo Properties of individual area 
predictors using versions of model (A) (10,000 

samples generated by model B)  
 

State Quantity EBLUP PB ITF YR AUG2 

Bias -0.597 -0.225 -0.052 -0.473 -0.030  
1 MSE 1.471 1.165 1.130 1.331 1.139  

Bias -0.496 -0.227 -0.170 -0.358 -0.070  
2 MSE 1.330 1.134 1.115 1.207 1.124  

Bias -0.121 0.004 -0.031 0.055 -0.025  
14 MSE 1.100 1.085 1.086 1.089 1.105  

Bias 0.057 0.157 0.115 0.249 0.053  
26 MSE 1.126 1.148 1.136 1.188 1.132  

Bias 0.380 0.453 0.406 0.601 0.202  
38 MSE 1.340 1.405 1.361 1.571 1.233  

Bias 0.922 0.980 0.931 1.178 0.537  
50 MSE 2.196 2.316 2.215 2.767 1.577  

 
6. Conclusions 

 
In this paper, several calibrated predictors are reviewed. 

We offer a fresh look at the benchmarking restriction (7). 

Imposing the restriction is viewed as an adjustment problem 

and a criterion that unifies the derivation of calibrated 

predictors is presented. The criterion approach to the 

problem opens the door for consideration of other 

predictors.  

Implicit in the imposition of the restriction is the 

possibility that the small area model is misspecified and the 

predictors are biased. When the model is misspecified, the 

calibration adjustment only adjusts for the overall bias, not 

for the bias at the small area level. The augmented model 

approach leads to a self-calibrated predictor and reduces the 

bias at the small area level. Also, variance estimation for the 

externally calibrated predictors is relatively complex, while 

variance estimation for self-calibrated predictors is 

straightforward. In summary, if the bias is a concern, use of 

a self-calibrated augmented model is preferred to external 

calibration.  

 
7. Appendix 

 
Proof of Theorem 1: Let H

iyɶ  be the BLUP of iy  and let 

ˆ
iy  be any linear unbiased predictor of .iy  By standard 

results for BLUP (see, for example, Robinson (1991) and 

Harville (1976)), we have  

ˆcov( , ) 0 ifH H
i i j jy y y y i j− − = , ≠ ,ɶ ɶ  (A.1) 

for 1, ...,i n=  and 1, ..., .j n=  Let ˆ( )R ay  denote the 

collection of all linear unbiased predictors that satisfy (7). 

For any ˆ ˆ( ),R∈ ay y  by (A.1), we have  
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2 2 2ˆ ˆ{( ) } {( ) } {( ) }.H H

i i i i i iE y y E y y E y y− = − + −ɶ ɶ  (A.2) 

Therefore,  

2

1

2 2

1 1

ˆ ˆ( ) {( ) }

ˆ{( ) } {( ) }.

n

i i i
i

n n
H H

i i i i i i
i i

Q E y y

E y y E y y

=

= =

= ϕ −

= ϕ − + ϕ −

∑

∑ ∑ɶ ɶ

y

 

(A.3)

 

Since ŷ  satisfies (7), we have 1 1ˆn n
i ii i i iy Y= =∑ ∑ω = ω  and, 

for the ˆ
iy
⌣
a  defined in (19),  

1

1

ˆ ( )

ˆ( )

n
H H

i i i j j j
j

n
H H

i i j j j

j

y y a Y y

y a y y

=

=

 
= + ω − 

 

 
= + ω − . 

 

∑

∑

⌣ ⌣
ɶ ɶ

⌣
ɶ ɶ

a

 

By (A.1),  

2

1

2

1 1 1

2

2 2

1 1 1

ˆ ˆ( ) ( )

ˆ( )

{( ) } ( ) .

n

i i i i
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i i i i j j j j
i j j
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H H

ii i i j j j i
i j i

Q y E y y

E y y a y y

E y y E Y y a

=

= = =

= = =

= ϕ −

    = ϕ − + ω − ω   
    
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Since 1 2 1 1
1( )n

i i i i i ia
− − −

=∑= ϕ ω ϕ ω⌣  in (A.4), we have  

2

1

2 1

1 2

1 1
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Note that  

2

1 1 1

2

1

ˆ( )

,

n n n
H

j j j j k j k
j j k

n

i i
i

E y y g g

g

= = =
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 
 
 
 =
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∑
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 (A.6)

 

where 2 0.5ˆ{ [( ) ]} .H
j j jg E y y= − ɶ  By Cauchy’s inequality,  

2

1 2 2

1 1 1

1 2 2

1 1

ˆ{( ) }

n n n

j j i i i i

j i i

n n
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(A.7)

 

Combining (A.3), (A.5), (A.6), and (A.7), we have 

ˆˆ( ) ( ).iQ y Q≤
⌣
a y  

To show the uniqueness of ˆ ,iy
⌣
a  we need to check when 

the inequalities (A.6) and (A.7) become equalities. 

Inequality (A.6) becomes an equality if and only if  

0 1
1 1ˆ ˆ( )H H

j j j jy y c c y y− = + −ɶ ɶ  (A.8) 

for some constants 0
jc  and 1, 2, , .jc j … n=  Inequality 

(A.7) becomes an equality if and only if  

1 2 2 1 2 2
0,i i j j j j i iv g v g

− −ϕ ω − ω ϕ =  (A.9) 

or, equivalently,  

2 2 2 2 2 2ˆ ˆ{( ) } {( ) }H H
i i i i j j j jE y y v E y y− −ϕ ω − = ω − .ɶ ɶ  (A.10) 

Also,  

1 1

ˆ .
n n

i i i i

i i

y Y
= =

ω = ω∑ ∑  (A.11) 

Combining (A.8), (A.10), and (A.11), we have that the 

equality holds if and only if ˆ ˆ .j iy y=
⌣
a

 Thus, we have 

shown that ˆ
iy
⌣
a

 is the unique linear unbiased predictor that 

satisfies (7) and minimizes criterion (18).  
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