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Weighted Estimation in Multilevel Ordinal and Binary
Modelsin the Presence of Informative
Sampling Designs

Leonard Grilli and Monica Pratesi *

Abstract

Multilevel models are often fitted to survey data gathered with a complex multistage sampling design. However, if such a
design isinformative, in the sense that the inclusion probabilities depend on the response variable even after conditioning on
the covariates, then standard maximum likelihood estimators are biased. In this paper, following the Pseudo Maximum
Likelihood (PML) approach of Skinner (1989), we propose a probability-weighted estimation procedure for multilevel
ordina and binary models which eiminates the bias generated by the informativeness of the design. The reciprocals of the
inclusion probabilities at each sampling stage are used to weight the log-likelihood function and the weighted estimators
obtained in this way are tested by means of a smulation study for the simple case of a binary random intercept model with
and without covariates. The variance estimators are obtained by a bootstrap procedure. The maximization of the weighted
log-likelihood of the mode is done by the MLMIXED procedure of the SAS, which is based on adaptive Gaussian
quadrature. Also the bootstrap estimation of variances isimplemented in the SAS environment.

Key Words: Informative design; Multilevel ordinal model; Multistage sampling; Pseudo Maximum Likelihood;

Weighting.

1. Introduction

Multilevel models for ordina responses, including binary
responses as a specia case, are frequently used in many
areas of research for modeling hierarchically clustered
populations. In fact, both in human and biological sciences,
the dstatus or the response of a subject may often be
classified in two categories or in a set of ordered categories
(ordinal or graded scale). At the same time, subjects are
observed clustered in groups (e.g., schools, firms, clinics,
geographica areas). The hierarchical population structure is
often also employed to design multistage sampling schemes,
with unequal selection probabilities at some or dl the stages
of the sampling process. In the multilevel analysis of survey
data, complex sampling schemes are often ignored even if
they may cause the violation of the basc assumptions
underlying multilevel models. In fact, in complex sampling
designs both the subjects and the clusters at dl levels could
be selected with probabilities that, even conditionally on the
covariates, do depend on the response varigble; in other
words, the sampling design might be informative.

For data that are clustered and obtained by multistage
informative designs, proposals for fitting multilevel models
have been formulated mainly for the case of continuous
response variables. In particular, Pfeffermann, Skinner,
Holmes, Goldstein and Rasbash (1998) propose probability-
weighting procedures of first and second level units that
adjust for the effect of an informative design on the

estimation in two-level models with a continuous response
variable. The method, known as Pseudo Maximum
Likelihood (PML), conssts in writing down a closed form
expression for the census likelihood, estimating the log-
likeihood function and then maximizing the estimated
function numerically. The method needs the sampling
weights for the sampled elements and clusters at dl levels.
The authors also develop appropriate ‘ sandwich’ estimators
for the variances of the estimators.

The work of Pfeffermann et al. (1988) is mainly
concerned with the implementation of the PML principlein
the IGLS (lterative Generalised Least Squares) agorithm
(Goldstein 1986), which is suitable for linear multilevel
models. The probability-weighted IGLS agorithm is
available in the widespread package MLwiN (Rashbash,
Browne, Goldstein, Yang, Plewis, Hedy, Woodhouse and
Draper 1999). However, the extension to nonlinear models
is not trivial. For the nonlinear case the developers of
MLwiN implemented a weighting procedure that paralels
the one used for linear models with some ad hoc solution for
the level 1 variaion: for example, for binary responses the
subject-level  weights are included in the binomid
denominator. The proposed method is straightforward to
implement, but its properties have not been investigated yet.
Moreover Renard and Molenberghs (2002) report the case
of an gpplication where the aforementioned algorithm for
weighting in multilevel binary models did non converge or
yielded implausible results.
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The smulation study which we will use to judge the
performance of the PML estimators will closdly follow the
lines of Pfeffermann et al. (1988), since they use a similar
gpproach for the linear modd, so that some interesting
comparisons are possible. However, when making the
comparisonsit should aways kept in mind that, while in the
two-linear model the two variance components can be
estimated separately, in the two-level binary modedl only a
ratio of the two variance components is estimable, as
discussed further on.

A recent paper which deds with the estimation of
variance components is Korn and Graubard (2003), whose
work is motivated by the substantial bias showed in small
samples by severa weighted edtimators of variance
components proposed to adjust for informative designs
(Graubard and Korn 1996). Though the topic is same, the
work of Korn and Graubard is different from ours in many
respects. a) As Pfeffermann et al. (1998), they consider only
the linear multilevel modd. b) In the context of the linear
multilevel model, they focus on unbiased estimation of the
variance components in small samples: in fact they propose
some estimators for the variance components and only
sketch how to derive similar estimators for the linear model
with covariates, but without testing their performance.
Anyway, the extension to nonlinear multilevel modelsis not
trivid. ¢) The main estimators proposed by Korn and
Graubard (2003), which are in closed form, showed good
performance even in small samples. However they rely on
the pairwise joint incluson probabilities. When such
probabilities are not available, which is often the case in
practice, the authors propose a variant whose bias is
subgtantial when the number of sampled clusters is
moderate (33 in their smulation plan). In contrast, the PML
method adopted in our work do not require joint inclusion
probabilities. d) The informative design used by Korn and
Graubard (2003) for their smulation study is quite different
from ours:. in fact, in their design the undersampling of the
units depends on whether the modd’s random errors are
greater than a certain threshold in absolute vaue, while in
our design the criterion depends on whether the random
errors are high or low. Therefore a comparison of the results
isdifficult.

The wide use of nonlinear multilevel models in many
fields of application urges for a generd and reliable
weighted estimation method, which should be both effective
and simple to implement, preferably in the framework of a
standard statistical software. The present paper represents a
contribution in this direction.

It is worth to note that the PML method we exploit is
quite genera, so it can be applied to awide range of models.
In the paper the focus is on models for ordina and binary
responses, since they are very common and can be
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represented as a linear mode for the latent response
endowed with a set of thresholds (see section 2), facilitating
the comparison with the existing results for the linear model.
However the description of the PML approach is absolutely
general and the edtimation technique based on the
NLMIXED procedure of SAS (reported in Appendix A) is
easy to generaize.

The structure of the paper is as follows. Basic definitions
for the multilevel ordinal modd are out in section 2, while
in section 3 the general PML approach is described, along
with some details for fitting the mode using SAS
NLMIXED. In section 4 the properties of the various
edimators for the random intercept binary modd are
evaluated by a smulation study. Section 5 concludes with
somefinal remarks.

2. TheMultilevel Ordinal Modd

In order to ease the comparison with the results
concerning the linear model (Pfeffermann et al. 1998; Korn
and Graubard 2003), it is useful to write the ordinal model
in terms of a latent linear model endowed with a set of
thresholds. Suppose that an observed ordinal response
varidble Y, with k=1,2,..,K leves is generated,
through a set of thresholds, by a latent continuous variable
Y following a variance component model (Hedeker and
Gibbons 1994):

Y, =B'X; +ou; +g, )

with i=1,2, ..., N; elementary units (subjects) for the "
cduster (j=1,2,..,M). In (1) X iS a covariate vector
and B is the corresponding vector of dopes; the random
variables g; and u; arethe disturbances, respectively at the
first (subject) and second (cluster) level; and ®? is the
second level variance component.

For the disturbances of model (1) we make the standard
assumptions, i.e, a) the g;'sae iid with zero mean and
unknown variance ¢%; b) the u;’s are Gaussian iid with
zero mean and unit variance; ¢) the g;’'s and u;’s are
mutually independent.

Note that mode (1) leads to the simplest case of a
multilevel ordinal model, with just two levels and a single
random effect on the intercept; the extension to three or
more levels and to multiple random effects is straight
forward in principle (Gibbons and Hedeker 1997), but the
complications in the formulae suggest to consider only the
smplest case, which is sufficient for the discussion of the
main conceptual issues.

The observed ordinal variable Y is linked to the latent
one Y through the following rel ationship:

{Y;, =k} {7 <Y~ij <Y}
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where the thresholds satisfy —eo=7y, <7y, <..<7y,; <
Yk =+eo. Therefore, conditiona on u;, the model
probability for subject i of cluster j is

P(Y; =k[u;) =P (74 <Y~ij <Y lu;)
= P(YNij <Yy )_P(YNij <Yea 1U;)s (2
with
P(YNij SYk|uj )=P(g; <7, _[B/Xij +ou]|u;)

= F(%"—[%B’xij +% u, D

=F (Yo —[Box;y +oqu; ), ©)

where F (-) isthe digtribution function of the standardized
first level error term ¢, /o. All the model parameters are
defined in terms of the unknown o, the standard deviation
of the first level error term, so only the ratios of the model
parameters to the standard deviation of the first level error
term are identifiable; we use the notation , to indicate that
the latent mode parameter y is in ¢ units, i.e,
y,=vy/c. Notethat F(-) isaso the inverse of the link
function of the ordina modd: for example, the standard
Gaussian distribution function yields the ordina probit
model.

As for identification, if B, includes the intercept, the
estimable thresholds are K —2; 0 it is customary to set
Y.1 = 0. Alternatively, if the intercept is fixed to zero all
the K —1 thresholds are estimable.

Now let 0 denote the vector of all estimable parameters,
which  include @, and K-2 thresholds
{Yor - k=2, ..., K=1} (v, is fixed to zero to insure
identifiability). The conditional likelihood for subject i of
cluster j is

Ly (01u)=TT [PCY; =klu)l™, @

K
k=1

where P(Y,; =k|u;) isdefined by (2) and (3), while d;, is
the indicator function for the event {Y; =k}. Then the
marginal likelihood for cluster j is

L ©O=[=T] 4 ©lweud,

where ¢ isthe standard Gaussian density function. Finaly,
the overal margind likelihood is

L(0) =1_M‘[ L, (9). ©)

=1
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3. Probability-Weighted Estimation

3.1 Pseudo Maximum Likelihood (PML) Estimators

Suppose that the whole population of M clusters (level
2 units) with N; elementary units (subjects or level 1 units)
per cluster is not observed; instead the following two-stage
sampling schemeis used:
— first stage: m clusters are sdlected with inclusion
probabilities 7t; (j =1, .., M);
— second stager n; elementary units are selected within
the " sdected duster with probabilities
m; (i=1,..,N;).

The conditional sample incluson probabilities are then

When the sampling mechanism is informative, i.e., the
n; and/or the m;; depend on the model disturbances and
hence on the response variable, the maximum likelihood
estimator of the parameters of the multilevel ordina model
defined in section 2 may be serioudy biased.

A dandard solution to this problem is provided by the
Pseudo Maximum Likelihood (PML) approach (Skinner
1989). However in the context of multilevel models the
implementation of the PML approach is complicated by the
fact that the population log-likelihood is not a simple sum of
elementary unit contributions, but rather a function of sums
across level 2 and level 1 units. This can be seen by writing
thelogarithm of the likelihood (5) as follows:

logL(0)=
> log j_f{exp{zilog L (OIU)H o(u)du. (6)
j=1 i=1

A design consistent estimate of the population log-
likelihood (6) can be obtained applying the Horvitz-
Thompson principle, i.e., replacing each sum over the level
2 population units j by a sample sum weighted by
w; =1/7t; and each sum over the level 1 units i by a
samplesumweighted by w; =1/, :

logL(0) =
iwjlogj.j{exp{iw“log L, (e|u)H o(uydu, ()
i i

where ¥ ° denotes asum over sample units.

Note that inserting the weights in the log-likelihood
implies the use of a design consistent estimator of the
population score function. In fact, the population score
function U (0) =0/001logL (0) can bewritten as
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Ijexp{_zjloguj }cp (u)d

where L; =L; (0|u), whose corresponding Horvitz-
Thompson estimator U (0) is

Jonfgnim]

s {z il aelogl-u}(p(u)du
> w, , ©)

T [Cen{Swloat, fo () a

ft{exp{%'og L H{NZ;BIOQ L }(p (u)du

, (8

=

which equals the score obtained by differentiating the
probability-weighted loglikelihood (7).

Under mild conditions, the solution @, to the
estimating equations U (8) = 0 is design consistent for the
finite population maximum likelihood estimator & which,
in turn, is modd-consgtent for the super-population
parameter 0: therefore 0, isaconsistent estimator of 0
with respect to the mixed design-mode distribution
(Pfeffermann 1993).

Note that general probability-weighted estimators for
nonlinear multileve models can adso be devised by
weighting suitable estimating functions, as in the work of
Singh, Folsom and Vaish (2002) in the context of small area
estimation.

The implementation of the PML approach requires the
knowledge of the inclusion probabilities at both levels.
Using only second level weights or only first level weights
may be insufficient or may even worsen the situation, as
shown by our simulations.

3.2 Scaling the Weights

A controversid issue discussed in Pfeffermann et al.
(1998) and Korn and Graubard (2003) is the scaling of the
weights to obtain estimators with little bias even in small
samples. Obvioudly, scaling is not relevant for the level 2
weights, since from (7) and (9) it is clear that multiplying
the w; s by a constant does not change the PML estimates
(it simply inflates the information matrix by that constant).
On the contrary, scaling the level 1 weights may have
important effects on the small sample behavior of the PML
estimator. In the smulation study discussed in section 4 we
present the results for the following type of scaling (named
‘scaling method 2' in Pfeffermann et al. 1998):

\Nscaled '|l ’ (10)

1]
W
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where W, = (X?w,;)/n;, o that, for the j™ cluster, the
sum of thescaled weights equals the cluster sample size n;.
In the present paper we do not wish to discuss the relative
merits of the various scaling methods, so we limit our
smulations to scaed weights (10), which have an intuitive
meaning and showed good performance in the study of
Pfeffermann et al. (1998), athough they may yied a
substantial bias with certain designs, as discussed in Korn
and Graubard (2003). The topic will be broached again in
section 4.

3.3 Estimation Technique

The maximization of the weighted log-likelihood (7)
involves the computation of several integrals which do not
have a closed-form solution, so a numerical approximation
technique is required. When the dimensinality of the
integrals is low, a smple and very accurate technique is
Gaussian quadrature, which is based on a summation over
an appropriate set of points. The NLMIXED procedure of
SAS (SAS Indtitute 1999) is a general procedure for fitting
nonlinear random effects models using adaptive Gaussian
quadrature. Various optimization techniques are available to
cary out the maximization; the default, used in the
simulations of section 4, is a dud quasi-Newton algorithm,
where dual means that the upgrading concerns the Cholesky
factor of an approximate Hessian (SAS Institute 1999).

Though the NLMIXED procedure does not include an
option for PML estimation, it is still possible to insert the
weights in the likelihood, using different tricks for level 1
and level 2 weights, as explained in Appendix A.

3.4 Variance Estimation

In sandard maximum likelihood the estimation of the
covariance matrix of the estimators is obtained by inverting
the information matrix. However this conventional
estimator is not appropriate when using the PML method
since it does not take into account the variability stemming
from the sampling design. To get a more reliable covariance
matrix Skinner (1989) proposed the use of a robust
‘sandwich’  estimator, which is employed adso by
Pfeffermann et al. (1998).

As noted in section 3.3, the NLMIXED procedure of
SASadlowsto fit the model with the PML approach, but the
estimated covariance matrix, which is obtained by inverting
the information matrix, is likely to be miseading in order to
gppreciate the actua variability of PML estimators. In the
SAS framework the derivation of ‘sandwich’ estimators is
not trivia. However, a simple and effective solution,
requiring a bit of programming, is to empirically estimate
the variance through the bootstrap technique for finite
populations (Sarndal, Swensson and Wretman 1992), which
consigs of the following steps. @) using the sample data, an
artificial finite population is constructed, assumed to mimic
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the real population; b) a series of independent bootstrap
samples is drawn from the artificial finite population and for
each bootstrap sample an estimate of the target parameter is
caculated; ¢) the bootstrap variance estimate is obtained as
the variance of the observed distribution of the bootstrap
estimates.

The artificia finite population can be generated in the
following way: i) for the j™ sampled cluster, each of the
n; sampled elementary units is replicated w; times,
rounding the weight to the nearest integer, obtaining an
artificia cluster of about N; eementary units; ii) each of
the m artificia clustersisreplicated w; times, rounding the
weight to the nearest integer, obtaining an artificial
population of aout M clusters. Then the samples are
selected from the artificial population in the following way:
i) m clusters are resampled with probability proportiona to
m; ; i) for the i™ resampled cluster, n; eementary units
are resampled with probability proportional to m; ;.

When the sampling fraction m/ M is low, most of the
variance is due to the sampling of the clusters, so the
bootstrap procedure described above could be simplified by
omitting the steps concerning the elementary units, i.e.,, step
i) in the congtruction of the artificial population and step ii)
in the resampling process.

A smpler resampling technique for variance estimation,
considered by Korn and Graubard (2003), is the jackknife.
In the case of clustered designs the technique entails the
caculation of the variance from the set of point estimates
obtained by deleting one cluster at a time, though the
performance of the jackknife with correlated data is not
dways satisfactory (Shao and Tu 1995). In our simulation
study the jackknife variance estimator seems unreliable, so
it isnot used. Further research is needed to fully evaluate the
potentiaities of the jackknife by testing some suitable
modifications of the technique.

4. Simulation Study

4.1 Design of Experiment

The experiment reflects the two-stage scheme assumed
for the observed variables: firgt, the finite population values
are generated from the adequate superpopulation model
(stage 1) and then an informative or non-informative sample
is selected from the finite population (stage I1), with one
sample per population. The two-stage selection scheme was
repeated 1,000 times for each combination of sample size
and type of informativeness. In order to compare our results
with the ones obtained for the multilevel linear modd, the
experiment has been designed following the example of
Pfeffermann et al. (1998, section 7).
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The simulation study focused on a smple instance of the
model defined in section 2, namely the random intercept
probit binary model, which has only two categories for the
response variable (i.e, K=2) and one cluger-leve
Gaussian random error. To parallel the study of Pfeffermann
etal. (1988) the main simulation plan refers to the model
without covariates, but some additional simulations are
conducted to assess the performance of the estimatorsin the
model with one cluster-level covariate and one subject-level
covariate.

The vaues of the binary response variable Y, were
generated using the following two-stage scheme which
parallels the one of Pfeffermann et al. (1998):

— Stage |. Finite population vaues Y; (j=1,..,M;
i=1 .., N;) were obtaned by first generatirlg a
value from the superpopulation latent model Y; =
B+u; +g;, with u ~N(Qo®) ad g ~

N(0,6%), and then putting Y, =0 if ¥, <O or

Y; =1 if Y; >0 (recal that the binary model has

only one threshold which is set to zero to guarantee

identifiability). The latent model parameter values
employed in the smulation are B =0, ®* =0.2 and
6° =0.5, o that the parameters estimable from the
binary modd ae B,=B/c=0 ad o, =

®/c=0.632 (see expression (3)). The hierarchica
gructure of the population comprisess M =300
clusters, while the cluster sizes N; were determined
by N; =75exp(0;), with 0; generated from

N (0, »*), truncated below by —1.5m and above by

15w. Asaresult, in our population N; liesin the

range [38,147] with mean around 80.

— Stage Il. Once the finite population values were
obtained, we adopted one of the following sampling
schemes:

(@ Informative at both levels: first, m clusters were
sdected with probability proportiona to a
‘measure of size' X, i.e,m; =mX; /ZJM:lXj :
the measure X; was determined in the same way
as N; but with 0; replace by u;, the random
effect at level 2. The elementary unitsin the j™
sampled cluster were then partitioned into two
strata according to whether ¢; >0 or g; <0
and smple random samples of sizes 0.25n; and
0.75n; were selected from the respective strata
The dzes n, were either fixed, n =n, or
proportional to N; .

(b) Informative only at level 2: the scheme is the
same as the previous one, except that smple
random sampling was employed for the selection
of level 1 unitswithin each sampled cluster.

Statistics Canada, Catalogue No. 12-001-XPB



98 Grilli and Pratesi: Weighted Estimation in Multilevel Ordinal and Binary Models

(c) Non-informative: the scheme is the same as the
previous one, except that the size measure X
wasset equal to N;.

The smulation study included samples with m=35
clusters and varying numbers of eementary units. large
samples with fixed size n; =n, =38 and proportional
dlocation n; =0.4Nj, and small samples with fixed size
n; =n, =9 and proportiona alocation n; =0.1N; (mean
of about 9).

The smulation study was carried out entirely within the
SAS System (SAS Indtitute 1999), writing specific code
with the macro language. The models were fitted with the
NLMIXED procedure (see Appendix A), using 10—-point
adaptive Gaussian quadrature with a dua quasi-Newton
agorithm, which reached convergence in a few iterations.
As explained in appendix A, to avoid gross rounding errors
the level 2 weights were pre-multiplied by a factor
k =10,000 and the estimated covariance matrix was then
multiplied by the same factor.

4.2 Reaults

The results of the simulations are shown in Tables 1 and
2. For each sampling design the behavior of the point
estimators of the intercept B, and the second level standard
deviation o, is summarized by the mean and standard
deviation of their Monte Carlo sampling distribution. The
point estimators under study are the standard maximum
likelihood unweighted estimator and the following three
weighted version of it: @) cluster-level weighted: the weights
aeonly a level 2 (i.e, varying w;'s and constant w; 's);
b) unscaled fully weighted: the weights are a both levels
and the levd 1 weights are unscded; c) scaled fully
weighted: the weights are at both levels and the level 1
weights are scaled according to (10), i.e., ‘ scaing method 2'
of Pfeffermann et al. (1998).

Our results are shown and discussed according to the
following three scenarios: 1) Base scenario: the sampling
design is non-informative. In this Stuation al the basic
assumptions underlying the random intercept binary model
arefulfilled, so this case can be assumed as a benchmark for
judging the subsequent results. 2) Informative/Unweighted
scenario: the sampling design is informative, while the
edimator is unweighted. In this dtuation the basic
assumptions underlying the random intercept binary model
are violated because of the informativeness of the design
and no adjusment is used. 3) Informative/Weighted
scenario; the sampling design is informative and the
edimator is weighted. Also in this case the basic
assumptions underlying the random intercept binary model
are violated, but the weights are introduced as a tentative
adjustment for the bias of the standard estimator.
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4.2.1 BaseScenario

When the sampling design is non-informative the
gtandard maximum likelihood unweighted estimator is
asymptoticaly unbiased (Tables 1 and 2. rows 9-12,
column 1). However for small samples (n; =9 and
n; 0.1N;) there is an appreciable negative bias in the
estimation of .

If the weights are introduced when there is no need to
adjust for the effect of the design (Tables 1 and 2: rows
9-12, columns 2-4), we face a dight increase in the
variability of the edtimators, which is more pronounced
when the unscaled fully weighted estimator is used in small
samples. Note that, still in smal samples, the unscaled fully
weighted estimator of ; isupward biased.

4.2.2

The informativeness of the sampling design procedures
biased and unstable estimates. The bias is gill evident for
large samples (Tables 1 and 2 rows 1-8, column 1). The
conclusions are the same for both types of informative
designs, though the bias tends to have a different sign.
Moreover the informativeness of the design inflates the
variability of the standard estimator with respect to the base
scenario: in particular, when the design is informative at
both levels the standard error of the estimator of B, is
doubled.

4.2.3 Informative/Weighted Scenario
Estiamtion of .

The results in Table 1 show that, when the design is
informative, the weighted-based adjustment is effective in
removing the biasin the estimation of f3 .

Particularly, when the design is informative only at level
2 (Table 1: rows 5-8, columns 2-4) and the weights are
introduced only at this level (cluster-level weighted
egtimator), the bias in the estimation is corrected with no
important increase in the sampling variance. The result is
valid aso for fully weighted estimators (unscaled or scaled).
The bias correction works for small samplestoo.

When the design is informative a both levels (Table 1:
rows 1-4, columns 2-4) and the weights are introduced at
both levels (fully weighted estimators), the bias in the
estimation of 3, is corrected. Moreover, the fully weighted
edimators have smaller sampling variance than the
unweighted counterpart, except for the unscaled verson in
small samples. The scaled version is preferable especialy in
small samples. The scaled version is preferable especidly in
smal samples, since it dlows to achieve an unbiased
edimator with a substantial lower sampling variance. It
should be noted that when the design is informative at both
levels, the cluster-level weighted estimator is worse than the
standard unweighted estimator.

Informative/Unweighted Scenario



Survey Methodology, June 2004

Table

99

1

Simulation Means and Standard Deviations (in parenthesis) of Point Estimators of the Intercept
(true value 0, number of replicates 1,000)

Weighted estimators

Sampling design

Unweighted estimator

Cluster-level
weighted

Unscaled fully
weighted

Scaled fully
weighted

Informative at both levels
Fixed size n; =38

Prop. size n; =0.4N;
Fixedsize n; =9
Prop. size n; =0.1N;

Informative only at cluster level (level 2)
Fixed size n; =38

Prop. size n; =0.4N;
Fixedsize n; =9
Prop. size n; =0.1N;

Non-informative
Fixed size n; =38

Prop. size n; =0.4N;
Fixed size n; =9
Prop. size n; =0.1N;

~0.120 (0.212)
~0.163 (0.212)
—0.214 (0.204)
~0.164 (0.220)

0.281 (0.169)
0.274 (0.169)
0.274 (0.187)
0.269 (0.179)

0.000 (0.108)
0.003 (0.113)
—0.007 (0.108)
—0.002 (0.110)

—0.411 (0.202)

0.014 (0.193)

0.015 (0.188)

—0.453 (0.200) 0.018 (0.190) 0.021 (0.183)
~0512 (0.190)  —0.062 (0.258) 0.000 (0.185)
—0.450 (0.209)  —0.074 (0.294) 0.008 (0.203)

0.018 (0.168)
0.014 (0.178)

0.017 (0.170)
0.014 (0.182)

0.017 (0.169)
0.014 (0.181)

0.010 (0.195) 0.010 (0.212) 0.009 (0.196)
0.007 (0.179) 0.007 (0.203) 0.006 (0.182)
0.000 (0.114) 0.001 (0.115) 0.001 (0.115)
0.004 (0.120) 0.003 (0.123) 0.003 (0.122)

—0.009 (0.115)
—0.002 (0.114)

~0.010 (0.125)
~0.004 (0.132)

~0.010 (0.117)
—0.003 (0.117)

Table
Simulation Means and Standard Deviations (in parenthesis) of

2
Point Estimators of the Second Level Standard Deviation

(true value 0.632, number of replicates 1,000)

Weighted estimators

Cluster-level Unscaled fully Scaled fully
Sampling design Unweighted estimator weighted weighted weighted
Informative at both levels
Fixed size n; =38 0.671 (0.106) 0.638 (0.112) 0.637 (0.137) 0.604 (0.128)
Prop. size n; =0.4N; 0.673 (0.108) 0.636 (0.112) 0.645 (0.142) 0.592 (0.130)
Fixed sze n; =9 0.644 (0.145) 0.584 (0.172) 0.920 (0.289) 0.536 (0.222)
Prop. size n; =0.1N; 0.598 (0.164) 0.546 (0.183) 1.002 (0.317) 0.498 (0.242)

Informative only at cluster level (level 2)
Fixed size n; =38

Prop. size n; =0.4N;
Fixedsize n; =9
Prop. size n; =0.1N;

Non-informative
Fixed size n; =38

Prop. size n; =0.4N;
Fixedsize n; =9
Prop. size n; =0.1N;

0.595 (0.100)
0.582 (0.096)
0.547 (0.121)
0.538 (0.122)

0.611 (0.086)
0.609 (0.084)
0.561 (0.105)
0.551 (0.109)

0.596 (0.110)
0.582 (0.115)
0.548 (0.135)
0.535 (0.142)

0.612 (0.092)
0.606 (0.088)
0.561 (0.112)
0.546 (0.113)

0.605 (0.111)
0.603 (0.113)
0.671 (0.144)
0.696 (0.158)

0.621 (0.090)
0.626 (0.088)
0.685 (0.119)
0.703 (0.134)

0.601 (0.111)
0.59 (0.113)
0.563 (0.133)
0.551 (0.139)

0.617 (0.091)
0.618 (0.088)
0.575 (0.111)
0.559 (0.112)

Estimation of .

The resultsin Table 2, concerning o, are more difficult
to interpret (Table 2: rows 1-8, columns 2-4). First note that
aso in the base scenario the estimation of , is biased,
especidly in smal samples. Therefore the weight-based
adjustment should be judged as effective if it is able to
reproduce the same bias which is observed in the base

scenario. On these grounds the behavior of the scaled fully
weighted egtimator is satisfactory in nearly dl situations,
with the exception of the smal samples when the design is
informative at both levels. In that case there is aso a not
negligible number of replications which yielded a zero
edimate for o, (4.5% for the design with fixed size and 2%
for the design with proportional size). The unscaled fully
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weighted estimator does not suffer from the problem of null
estimates, but, apart from having a larger variance than the
scaled version, tends to overestimate ,, showing arelative
bias of about 50% in smal samples when the design is
informative at both levels. Note also that the scaled fully
weighted estimator outperforms the cluster-level weighted
estimator even when the design is informative only at level
2.

4.2.4 Additional Simulations Using the model with
Covariates

Some additional simulations were conducted to assess
the performance of the scaled fully weighted estimator in
the model with one cluster-level covariate and one subject-
level covariate. The model is the same used in the main
smulation plan, except for the inclusion of a covariate at
each hierarchical level. For each covariate the values are
generated from a standard Gaussian distribution, while the
corresponding regression coefficient isfixed to 0.1.

As shown by Tables 3 and 4, the scaled fully weighted
estimator is effective in removing the bias induced by the
informative design. Relative to the unweighted estimator the
sampling variance is higher, especidly for the subject-level
regression coefficient. Overdl, the peformance of the
weighted estimator is satisfactory.

Table3
Simulation Means and Standard Deviations (in parenthesis) of
Point Estimators of the Regression Coefficient of the Subject-
Level Covariate (true value 0.1, number of replicates 1,000)

Non
informative Informative at both levels
Scaled fully
Unweighted Unweighted weighted
Sampling design estimator estimator estimator

0.101 (0.028) 0.117 (0.040) 0.098 (0.050)
0.099 (0.026) 0.117 (0.043) 0.098 (0.052)
0.099 (0.055) 0.119 (0.083) 0.100 (0.104)
0.098 (0.056) 0.116 (0.089) 0.098 (0.107)

Fixed size n; =38
Prop. size nj =0.4N;
Fixed size n; =9

Prop. size n; =0.1N;

Table4
Simulation Means and Standard Deviations (in parenthesis) of
Point Estimators of the Regression Coefficient of the Cluster-Level
Covariate (true value 0.1, number of replicates 1,000)

Non
informative Informative at both levels
Scaled fully
Unweighted Unweighted  weighted
Sampling design estimator estimator estimator

0.096 (0.119) 0.117 (0.130) 0.102 (0.142)
0.102 (0.110) 0.106 (0.133) 0.106 (0.142)
0.094 (0.117) 0.116 (0.141) 0.105 (0.150)
0.094 (0.119) 0.115 (0.144) 0.095 (0.158)

Fixed size n; =38
Prop. size nj =0.4N;
Fixed size n; =9

Prop. size n; =0.1N;
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425 General Remarks

Our smulations showed that the PML approach is, in
most cases, a smple and effective strategy to deal with
informative sampling designs. The only requirement is the
knowledge of the incluson probabilities at every stage of
the sampling process (except when the informativeness does
not concern all the levels).

As for the regression parameters, the scaled version of
the fully weighted estimator showed good performance in
our smulations, achieving alow bias with a modest increase
in the sampling variance (in some cases the variance even
diminished). Even when weighting is superfluous, the loss
of efficiency due to the incluson of scaled weights is very
low.

While for the edtimation of the regression parameters
weighting seems to be aways effective, for the variance
component o, attention should be paid to the sample size:
in fact, weighting leads to satisfactory results only when the
cluster sizeishigh, i.e.,, when it allows a good representation
of the complex variance structure. However the sample size
is crucid in the estimation of ®, aso when dl the basic
assumptions of the multilevel ordina model are satisfied.

The differences induced by the type of clusters in the
sample, fixed or varidble size, are minimal, with equal sized
clusters leading to dightly better estimators; however, as
dready noted, the important differences are largely due to
the average size of the clustersin the sample.

The results of our smulation study confirm the findings
of Pfeffermann et al. (1998) on the random intercept linear
model: probability-weighted estimators are good for the
intercept, while some relevant bias remainsin the estimation
of the variance components when the sample is small. As
was to be expected, when passing from a linear to a
nonlinear model the performance of the estimators dightly
worsen, but the direction and importance of the bias in the
various cases are similar. Also the advantages of scaling are
confirmed.

The rise in the sampling variance due to the inclusion of
the weights often has a magnitude which isin line with the
results of Pfeffermann et al. (1998), though in some cases
we found a reduction in the sampling variance, notably for
the intercept when the weights are scaled and the design is
informative a both levels. An interesting difference with
respect to Pfeffermann et al. (1998) is the role of scding in
reducing the sampling variance: in this respect, scaing
seems to be more effective in the binary model than in the
linear model.

As dready noted, the criticd point in the random
intercept binary model is the estimation of the cluster-level
variance w,, which represents a difficult task also when the
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design is non-informative. Using the threshold formulation
outlined in section 2, o, isdefined as w/c, S0 estimation
of w,; involves the problems observed in the linear model
associated with estimation of the two variance components.
The smulations showed that the performance of the scaled
weighted estimator of ®, is not entirely satisfactory in the
case of small sample sizes. A possible way to improve the
performance of the estimator is the adoption of a different
scaling method. Korn and Graubard (2003) investigated the
issue of scaling in the context of the linear model and
warned that the scaling method here adopted (‘scaling
method 2' of Pfeffermann et al. 1998) may be badly biased
under some designs, even if the sample size of clusters and
sample sizes within the clusters are large. To get an idea of
the extent of the bias we performed a short simulation study
under the unfavorable scenario outlined by Korn and
Graubard (2003), namely a smple random sample of
clusters whose population sizes are dl equal, and a simple
random sample of individuals within each sampled cluster
that is of size 2m or m/2 for a fixed m, depending on
whether the observed variability of the individuals within
the clusters tends to be large or small, respectively. In this
case the scaled weights a subject level are al equd to 1, so
weighting becomes ineffective. As a consequence, in the
linear variance component modd the within variance will be
biased high. To see how this behavior extends to the random
intercept binary model we simulation 1,000 datasets with 80
clusters and cluster sizes of 36 or 9 depending on whether
the binomial variance of the responses of the cluster is over
or under the median, respectively. Under the same super
population model as in the main smulations, the simulation
means (and standard deviations) are —0.003 (0.098) for B
and 0.451 (0.144) for w,. The cluster-level variance is
heavily underestimated, though its value is not so far from
the worst case of the main smulations (0.498 under the
informative design with n; =0.1N; ). Therefore, it seems
unlikely to encounter situations where the bias is much
greater than aready shown by our smulations. Obvioudly, if
estimation of the variance componentsis of primary interest
it is important to improve the method, but this requires
further research.

4.2.6 Bootstrap Variance Estimation

The edimated covariance matrix of the parameter
estimates obtained by inversion of the information matrix,
yielded by default by the NLMIXED procedure, is not
reliable when using the weighted estimators to adjust for an
informative design. For example, the estimated standard
error of the scaled fully weighted estimator under the design
informative at both levels with n; = 0.4N; is0.109 for 3,
(compared with a Monte Carlo value of 0.183) and 0.089
for @, (compared with aMonte Carlo value of 0.130). For
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the other samling sizes smilar downward biases arise, so an
aternative variance estimator should be devised.

The bootstrap procedure described in section 3.4 has
been applied to estimate the sampling standard deviations of
the weighted point estimators of 3, and o,. We limited
the analysis to the scaled fully weighted estimator and to
designs that are informative a both levels. To save
computational resources we implemented a bootstrap
procedure which omits the steps concerning the elementary
units, i.e,, only the clusters are resampled. This procedure is
expected to produce sufficiently accurate results, given the
low sampling fraction (35/300) of the clusters (see section
34). Each smulaion comprises 1,000 replications. For
every replication the vaues of the response variable are
generated through the two-stage scheme described in
section 4.1 and 200 bootstrap samples are selected. Table 5
reports, for each parameter, the Monte Carlo standard error
of the sampling distribution of the scaled weighted estimator
on 1,000 replications of the complex design (see Tables 1
and 2), the corresponding average bootstrap estimate and the
relative bias.

Table5
Simulation Standard Deviations of the Scaled Weighted
Point Estimators of the Intercept and of the Second Level Standard
Deviation and Corresponding Bootstrap Estimates
(with 200 Bootstrap Samples Each) for Designs Informative
at Both Levels (1,000 Replicates for Each Design)

Bos Wg
Sampling design Inform. Simul. Boot. Relative Simul. Boot. Relative
Both levels sd. Estim. eror sd. Estim. error
Fixedsize n; = 38 0185 0175 —54% 0.124 0106 -14.5%
Prop. size n; =04N; 0183 0173 —55% 0140 0120 —7.9%

0.200 0.167 —16.5% 0.234 0.599
0.195 0.173 —11.3% 0.247 0.538

156.0%
117.8%

Fixedsize nj =9
Prop. size nj =0.1N;

Due to the extremely long computational time, we
limited our experiment to a specific bootstrap procedure
based on only 200 bootstrap samples. Further work is
needed to calibrate the number of bootstrap samples and to
explore possible variants of the method. Nonetheless, the
entries of Table 5 give some hints about the behavior of
bootstrap estimators.

The performance is better for the estimation of the sam-
pling standard deviation of the estimator of 3., rather than
of w,. Especidly for w, the sample size is the criticd
factor: for small cluster sizes(n; =9 and n; =0.1N; ) the
bootstrap estimate is completely unreliable. On the contrary
with large cluster sizes (n; =38 and n; =0.4N;) there
sults are quite good, since for both B, and ®,, the bootstrap
produces a dight underestimation of the true variance.
Note, however, that the bad performance of the variance
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esimator for ; is not as critical since Wald tests for
variance parameters are not generdly recommended in
ordinary situations anyway.

5. Final Remarks

The wide use of multilevel ordinal and binary modelsin
many fields of application has motivated our study on the
effects of complex sampling designs on the fitting of such
modéels. In the paper we showed, by means of simulations,
the bias induced by a two-stage complex sampling design
on the fitting of a smple random intercept binary model
when the clusters and/or the subjects are selected with
probabilities that depend on the model’ s random terms. The
simulation study also showed that in such situations the bias
can be reduced in an effective manner by the probability-
weighted estimation procedure (PML) described in the
paper, which is easily implemented in the SAS envi-
ronment. In particular, the scaled verson of the weighted
estimator achieved, for both fixed and random parameters, a
low bias with a modest increase in the sampling variance.
Even when weighting is superfluous, the loss of efficiency
dueto the inclusion of scaled weights seemsto be very low.

The application of the proposed methodology to redl life
examples requires an operationd strategy which depends on
the extent of the available information on the sampling
design. Two extreme cases can be envisaged: a) for each
stage of the sampling plan, the probabilities of inclusion and
the adjustments for poststratification and nonresponse are
exactly known; b) the information is limited to the fina
overal weights, which aso include adjustments for post-
gratification and nonresponse.

In case a) the weights can be cdculated at each sampling
stage as the reciprocals of the product of sample selection
probabilities and response probabilities given the sample
selection, with a further correction for a possible postrat-
ification. This is the idea behind the real life application
presented in Pfefferman et al. (1998).

In case b) the lack of information is critical, since, even
in the absence of nonresponse and poststratification, it is not
possible to disentangle the cluster-level and the (conditional)
subject-level weights, at least without strong assumptions.
Asaresult, weighted estimation cannot be performed.

Between the two extreme cases just outlined there are
many possible intermediate situations which require ad hoc
solutions. For example, a common case arises when the
researcher has access to the cluster-level incluson proba
bilities (7;) and to the final overall subject-level weights
(w; ), which aso include adjustments for postratification
and nonresponse. When the postdtratification and non-
response affect only the subject level, then the subject-level
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(conditional) weights can be caculated as w; =w; - ;.
Another more complex situation is described by Korn and
Graubard (2003).

A drawback of probability-weighted estimation is the
need for specia procedures to estimate the variability of the
esimators. In our application we adopted a bootstrap
technique, which is conceptudly simple and easy to pro-
gram, but requires some computational effort. Our limited
simulation study suggests that its performance is good only
for large sample cluster sizes, however more simulations
would be needed to fully understand the behavior of the
bootstrap estimator.

Another open question is the choice of the most effective
scaling method for reducing the bias of the estimator of the
variance components when the sasmple sizeis small.

The PML approach described in the paper is absolutely
general and the edtimation technique based on the
NLMIXED procedure of SASis easy to generdize to other
nonlinear models. Therefore it would be of interest to assess
the performance of the method in models other than the
random intercept binary model here considered.

Appendix A

We report the SAS code used for implementing the
probability-weighted (PML) estimators described in the
paper. The essentia part of the code is the NLMIXED
procedure of SAS, which is a general procedure for fitting
nonlinear random effects models using adaptive Gaussian
quadrature. Though the NLMIXED procedure does not
include an option for PML estimation, it is still possible to
insert the weights in the likelihood, using different tricks for
level 1 and leve 2 weights. To insert level 1 weightsiit is
necessary to exploit the option which alows to write down
the expression for the conditional likelihood of the model:
then one should smply trandate in SAS programming
Statements the expression w;; logL; (0|u) (see section
3.1). On the other hand, level 2 weights can be inserted in
the likelihood through the replicate Statement. Unfor-
tunately, this statement is limited to integer weights, so to
avoid gross gpproximations it is advisable to proceed as
follows: @) inflate dl the level 2 weights by an arbitrary
constant k (equal to 10,000 in our application); b) insert the
integer part of the inflated weights in the likelihood through
the replicate datement; ¢) multiply the estimated
covariance matrix by k by means of the cfactor option.
This trick relies on the fact that multiplying the level 2
weights by a constant has the only effect of inflating the
information matrix by that constant, leaving the estimates
unchanged. Anyway, when using the weighted estimation
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method to adjust for an informative design the estimated
covariance matrix of the parameter estimatesisnot religble.

In the following the SAS code is reported, where the
symbols/* and */ include the comments:

proc nlmixed data=dataname gpoints=10
cfactor=10,000;

/* cfactor is a constant multiplying the
estimated covariance matrix of the parameter
estimates */

parms b0=0 sd=0.5; /* initial values */
bounds sd >= 0;

eta=b0+randeff*sd;

if (yobs=1) then z=probnorm(eta) ;

else if (yobs=0) then z=1-probnorm(eta) ;

if (z >1le-8) then ll=log(z); else 11=-1el00;
/*to avoid numerical problems if z becomes
too small*/

11=11*wl 2;/*inclusion of level 1 weights */
model yobs~general (11) ;

random randeff ~normal (0,1) subject=j;

/* j 1s the cluster identifier */

replicate w2; /* inclusion of level 2 weights
(only integers) */

ods output ParameterEstimates=pe
ConvergenceStatus=cs;

run;
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