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Linearization Variance Estimatorsfor Survey Data

Abdellatif Demnati and J.N.K. Rao*

Abstract

In survey sampling, Taylor linearization is often used to obtain variance estimators for calibration estimators of totals and
nonlinear finite population (or census) parameters, such as ratios, regresson and correlaion coefficients, which can be
expressed as smooth functions of totals. Taylor linearization is generaly applicable to any sampling design, but it can lead
to multiple variance estimators that are asymptotically design unbiased under repeated sampling. The choice among the
variance estimators requires other considerations such as (i) approximate unbiasedness for the model variance of the
estimator under an assumed model, (ii) validity under a conditional repeated sampling framework. In this paper, a new
approach to deriving Taylor linearization variance estimators is proposed. It leads directly to a variance estimator which
satisfies the above considerations at least in a number of important cases. The method is applied to a variety of problems,
covering estimators of atotal as well as other estimators defined either explicitly or implicitly as solutions of estimating
equations. In particular, estimators of logistic regression parameters with calibration weights are studied. It leads to a new
variance estimator for a genera class of cdibration estimators that includes generdized raking ratio and generaized
regression estimators. The proposed method is extended to two-phase sampling to obtain a variance estimator that makes
fuller use of the first phase sample data compared to traditional linearization variance estimators.

Key Words. Calibration; Design weights; Estimating equations; Raking ratio estimator; Regression estimators; Two-

phase sampling.

1. Introduction

Taylor linearization is a popular method of variance
estimation for complex statistics such asratio and regression
estimators and logigtic regresson coefficient estimators. It
is generally applicable to any sampling design that permits
unbiased variance estimation for linear estimators, and it is
computationally simpler than a resampling method such as
the jackknife. However, it can lead to multiple variance
estimators that are asymptotically design unbiased under
repeated sampling. The choice among the variance esti-
mators, therefore, requires other considerations such as (i)
gpproximate unbiasedness for the model variance of the
estimator under an assumed model, (i) vaidity under a
conditiona repeated sampling framework. For example, in
the context of simple random sampling and the ratio
estimator, Y, = (y/X) X, of the population total Y, Royall
and Cumberland (1981) showed that a commonly used
linearization variance estimator, v, = N*(n™" -N™1)s?,
does not track the conditional variance of Y, given X,
unlike the jackknife variance estimator v,. Here y and X
are the sample means, X is the known population total of an
auxiliary variable x,s’ is the sample variance of the
residuals z =y, —(Y/X)% and (n,N) denote the
sample and population sizes. By linearizing the jackknife
variance estimator, v,, a different linearization variance
egimator, v, =(X/X)?v,, is obtained. This variance
estimator also tracks the conditional variance as well as the

unconditional variance, where X = X/N is the mean of
X. Asaresult, v, or v, may be preferred over v, . Yung
and Rao (1996) considered generalized regression and ratio-
adjusted post-stretified estimators under stratified multistage
sampling and obtained a jackknife linearization variance
estimator, v, by linearizing v,. Vdliant (1993) &lso
obtained v, for the ratio-adjusted post-stratified estimator
and conducted a simulation study to demonstrate that both
v, and v, posses good conditional properties given the
edimated post-sirata counts. Sérndal, Swensson  and
Wretman (1989) showed that v, is both asymptoticaly
design unbiased and approximately model unbiased in the
sense of E_ (v, )=V, (Yy), where E, denotes model
expectation and V_ (Y, ) isthe model variance of Y, under
a“raiomodd”: E, (Y, )=Bx%:k=1 .., N andthe y,’'s
ae independent with modd variance V(Y. )=
o’%.,6° >0. Thus, v, isagood choice from either the
design-based or the model-based perspective.

Binder (1996) presented an elegant “ cookbook™ approach
to Taylor linearization that leads directly to v, —type
linearization variance estimators. He applied the method to
smooth functions of esimated totas, g(Y,, ...,Y,),
generalized regression estimators and the Wilcoxon rank
sum satistic. To illustrate Binder’ s method, consider aratio
estimator

Yo =(YI X)X =RX,
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vyhere Y= A ()Y =Y(y), X=X, d (s)% =
Y (x) and the d, (s) arethe design weights with d, (s) =
0 if the population element k is not in the sample s, e.g.,
d,(s)=(/m,)a, (s) whee =, is the probability of
including the element k in the sample s, a, (s)=1 if
ke s, a (s)=0 other-wise, and Y. denotes summation
over the population elements. The weights are assumed to
provide a design unbiased etimator Y of Y, ie,
E(d,(s))=1 for k=1,..,N. Now take the totd
differential of Y to get

(dYgz) =(dR) X =§ [(dY) - R(dX)], 11
and replace dl the total differentiadsin (1.1) by deviations of
estimators from their respective population parameters, eg.,
dY,, ischangedto Y, —Y. Then (1.1) yields

Yo=Y, (95 - (Y-RX), (12

where

7 =2 (Y~ ). (13
X

The teem Y.d, (S)z, in (1.2) reduces to zero, but it is
retained for variance estimation. On the other hand, the last
term of (1.2) is ignored for variance estimation. Thus,
Y. —Y is represented as Y.d, (S)z =Y(z) for the pur-
pose of variance estimation. Denoting an unbiased variance
esimator of Y =Y(y) as v(y), Binder's variance eti-
mator of \?R is given by v(z). The linearization variance
estimator v(z), obtained from (1.3), agrees with v, for
smple random sampling and stratified multistage sampling
if the sample is treated as if the primary sampling units are
sampled with replacement. Note that the jackknife method
is not applicable generaly for any sampling design.

For the estimator 6 =g(Y,,...,Y, ) of asmooth function
to totals, 6=9g(Y,,...,Y,,), Binde’s (1996) method leads
to

0-0=Yd (5)z +...
with

(1.4

Z, (9g(a)/oa |._y ) Vi

i=1
where Y =(Y,, .., ¥.)" and a=(a,, ..., a,)". Itfollows
from (1.4) that the partial derivatives, dg(a)/da, ae
evaluated a Y to obtain z s, wheress in the standard
method (see eg., Andersson and Nordberg 1994) they are
evaluated a Y =(Y,, ..., Y,)" before getting z, and then
subgtituting estimates for the unknown components. For
example, for the ratio estimator Y, the term X /X
dissppears from z, in the standard procedure because
X /X becomes1when X isreplaced by X.

Statistics Canada, Catalogue No. 12-001-XPB

Although Binder's (1996) approach is smple and
attractive, a more rigorous and broadly applicable method is
needed. In section 2, we propose an dternative gpproach
that is theoreticaly justifiable and at the same time leads
directly to a v, —type variance estimator for general
designs. We apply the method, in section 3, to a variety of
problems, covering regresson cdibration estimators of a
total Y and other estimators defined either explicitly or
implicitly as solutions of estimating equations, eg.,
edtimators of logistic regresson parameters with design
weights calibrated to known auxiliary population totals. We
aso obtain a new variance estimator for a general class of
calibration estimators that includes generalized raking ratio
and generalized regression estimators. Section 4 extends the
proposed method to two-phase sampling to obtain a
variance estimator that makes fuller use of the first phase
sample data compared to traditiona linearization variance
estimators.

For the case of independent and identicaly (iid) random
variables y,, ..., y, with distribution function F(y), esti-
mation of general parameters 6 =T (F) has been studied
extensvely in theliterature (see e.g., Huber 1981) A natura
estimator of 6=T(F) is 6=T(F), where F(y) isthe
empiricd  distribution  function given by F(y)=
N, (Y <y) with 1(y, <y)=1if y, <y and
I(y, <y)=0 if y, >y. For example, if T(F) is the
population mean [ydF(y), then T(F)=[ydF(y)=
Ny, y, =Y, the sample mean. Note that F assigns
equal mass, 1/n to each of thesamplevalues y,, ..., y,. If
T is“sufficiently regular”, then T(F) may be linearized
near F in terms of the influence curve (or function) of T (-)
given by
IC(y, F,T):Ligg[T((l— a)F+ad,)-T(F)]/a, (15

where 6, denotesthepoint masslat y. Wehave

In[TF) -TE)]=Vn[IC(y,F.T)dF (y)+nR,

l n
R P

o AR
where 7 =IC(y,,F,T) and x/ﬁ& is a remainder term.
If x/ﬁRn is asymptotically negligible in the sense that
\/ﬁ& converges in probability to zero as n — « (denoted
x/ﬁ& —, 0) then it follows from (1.6) that \/ﬁ[T(If)—
T(F)] isasymptotically norma with mean 0 and variance

A(F,T)=[[IC(y,F,T)I* dF (), (L7)

noting thet the terms 2, in (1.6) are iid random variables.
As noted by Huber (1981, page 13), x/ﬁ& is “often”
asymptotically negligible, but the proof of this property may
not be easy for general functionals T (F). Serfling (1980,
section 6.2) gave the following two conditions for

(16)
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x/ﬁ& —, 0, applicable for generd random variables
Vi - Y, (Ot necessarily iid): (i) T(:) is “stochasticaly
differentiable” a F; (i) Jn sup| F(y)-F(y)]is
bounded in probability, where sup is over y. Condition (ii)
issatisfied in theiid case, but it may not be easy to prove (ii)
for complex sampling designs.  Condition (i) means that
there exists a functional T(F;F, —F) suchthat T(F,) -
T(F)=n'%p, T(F;8, -F)+R, where R, is of
lower order in probability than sup|F, (y) - F(y)| asthe
latter tends to zero. This condition may not be easy to verify
for general T (). Serfling (1980) suggested that in practice
it ismore effectiveto analyse R, directly using “the method
of differentia inequdities’.

A natural estimator of the asymptotic variance A(F,T)
is

> lC(y., BT,

k=1

A(F,T)= (1.8)

1
n
where IC(y,F,T) is the influence curve evaluated at
F =AF. It follows that a linearization variance estimator of
T(F) is

V [T(F)]=A(F, T)/n. (19)

Practical implementation of v, [T(F)] involves the
computation of 1C(y,, F,T) for each specified T. The
latter can be avoided by using the jackknife method.
Substituting F for F and —1/(n—1) for a in (15), we
obtain a jackknife estimator of 1C(y,,F,T) as z, =
(n-1) [T(F)-T(F_,)], where F_, (y) isthe empirical
distribution fashion obtained when vy, is omitted. The
resulting jackknife variance estimator T (F) is

1 &,
n(n—1)k§Z”
n-1ga A P
=— [T(F,)-T(F)*; (110

n o

see eg., Hampel, Ronchetti, Rousseeuw and Stahel (1986,
page 95). If IC(y, F, T) does not depend smoothly on F,
then the jackknife variance estimator may not be consistent
for the variance of T (F); for example, when T(F) isthe
sample median.

Campbell (1980) attempted to extend the above results
for the iid case to generd sampling designs, using the design
weights d, (s). The population (or census) parameter 6 is
now given by 6=T(F), where Fy(y) isthe population
distribution function that assigns equal mass. 1/ N, to each
of the N population vaues vy, ..., Yy,. An empirica
distribution function is given by F(y)=Y . d, (s)
I (y, <Yy), where d, (s)=d, (S)/ X, d,(s) ae the
normalized design weights. Note that F (y) assigns the
mass d, (s) to the edlement kes. An edimator of

v [T(F)=

19

0=T(F,) isgivenby 6=T(F). For example, if T(F,)
is the  population  meen [ydF, (y), then
T(F)=]ydF (y) =S5 6 (S) Vi /Zies A (s),  the
design-weighted sample mean. Campbdl| (1980) followed
the linearization (1.6) for the iid case and concluded that
x/ﬁ[T(If)—T(FN )] isasymptotically normal with mean O
and variance

A(FN,T>=nVa{Z 492 |3 dk(S)}

kes kes
~mVar[Y" _d (s{(z —-R)/N}] (111)

using the approximate variance of a ratio, where R=
Ykes Z /N is the population mean of 2 's and 2, =
IC(Y,, Fy,T). Dencting the unbiased variance estimator
of Y=Y(y)=Ys d, (s)y, a v(y), it follows from
(1.11) that a linearization variance estimator of T(F) is
given by

v [T(F)]=v[(z-R)/N], (1.12)
where
z =1C(y,, F.T), (1.13)
and
R=Y ., d(9z /2, d(s). (119

To avoid the computation of z's, Campbell (1980)
proposed a jackknife estimator of 2, for each ke s. Itis
given by

1-d, - =
20 =) TE L @19
d, (s)
where

dF (y)-d :

Fe=1 ey (1.16)
S if y# Y.
1-d,(s)

The resulting linearization variance estimator is given by
v[(z, — R, )/N]. Note that the proposed jackknife method
is different from the customary jackknife for survey
sampling. For example, for sretified multistage sampling,
the customary jackknife deletes sample clusters in turn
whereas the Campbell method deletes elements in turn.
Also, the customary jackknife is not always applicable (e.g.,
unequal probability sampling without replacement) unlike
the Campbell method which uses the unbiased variance
estimator v(y) of thetota Y for the given design and then
replaces y by (z, —R, )/ N. However, the computations
involved in the Campbell method can be very heavy
because it requires the computation of T(If_k) for each
edement ke s; inlarge-scale surveys the number of sample
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elements can be very large, asin the Canadian Labour Force
Survey.

Deville (1999) and Berger (2002) obtained results very
smilar to those of Campbell (1980). Instead of using the
natural probability measure F, they considered functionals
of the form T(M), where M denotes a measure that
alocates the design weight d, (s) to any point y, for k in
s and zero to units k not in s. For example, T(M)=
[xdM (x) = > d, (s)y, if the population parameter is the
total T(M)=[xdM (x)=Y, where the measure M
alocates a unit mass to each of the N points y, in the
finite population U . Suppose that T(-) isof degree o in
the sense that N™“T () tends to a limit for some o> 0.
Typicaly, oo=0 or 1; for example, ao=1 if T(M) isthe
total Y and oo=0 if T(M) istheratio R=Y/ X. Deville
(1999) used the following asymptotic approximation:

JEN“[T(M)—T(M)]:%Z(dk(s)—l)zk, (117)

where d, (s)=0 if k is not in the sample s. Further
2, =1T(M;y, ) withIT denoting the influence function of
T(M) defined by

IT(M; y)={igg%[T(M +t3,)-T(M)]. (119

As noted earlier, it is not easy to justify the approximation
(1.17) for genera functionals T (-). Deville (1999) devel-
oped rulesfor evauating 1T (M ; y) for sdected functionals
T(M). Berger (2002) used the jackknife method to
esimate 2z, = 1T (M, y, ), similar to Campbell (1980).

Noting that > d, (s)Zz, =Y (2) it follows from (1.17)
that a linearization variance estimator of N™“T(M) is
given by N7v(z). But 2z depends on unknown
parameters and the corresponding estimator, z,, may not
be unique. For example, suppose T(M ) =Y, = (Y/ X)X,
then =1 and 2, =y, — Rx, where R=Y/X. In this
case, two possible candidates for z, are z, =y, — Rx, and
z. =(X/X)(y, -Rx.). Thus, the choice of z_in the
presence of auxiliary information, such as a known total X,
is not unique under Deville's approach. Unlike Deville's
approach, our method leads to a unique choice z, and it
avoides the calculation of z to determine z. Our z
sdtisfies desirable properties mentioned section 1, a least in
anumber of important cases.

2. TheMethod

To motivate the method, we start with a smple generd
case where the estimator 6 of a parameter 6 can be
expressed as a smooth function g(Y) of estimated totals
Y=, .Y, .. Y), whee Y =X,,d(S)Y,,
i=1,..,m, isan estimator of thetotd Y, =¥ ,., Y,, and
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0=g(Y) with Y =(Y,, ..., Y,..,Y,)". We may write 6
as 6=1(d(s),A)) ad 6=1(L A)), where A isan
mx N matrix with k™ column y, =(Vigs -or Yigs e
Vi)' k=1, ..,N,d(s)=(d,(8), ....dy (s))" and 1 is
the N —vector of 1's. For example, if 6 denotes the ratio
estimator Y, =[(Xd, (S)y, )/(Zd, (S)% )] X, then m=
2, Y =Yoo Yok =% and f (1, A)) reduces to the totd
Y, notingthat (Y/ X)X =Y. Notethat Y, isafunction of
d(s), y and x and the known total X, but we dropped
X for smplicity and write \?R = f(d(s), ¥, X).

Taylor linearization of 6 around Y gives the approx-
imation

Jn

JnN-* (8- 0) ng(ag(a)/aa)T v (Y-Y) @1

where dg(a)/da=(dg(a)/da ,..,0g9(a)/da,)’ and
N~%g(:) tends to a limit for some o >0. Asymptatic
normality of VNN~ (6-0) followsfrom (2.1), provided a
central limit theorem for VnN™ (Y-Y) holds and g(-)
has continuous first derivatives in a neighbourhood of the
mean Y. Krewski and Rao (1981) judtified (2.1) for
gratified sampling.

Let Y=Xby for abitay red numbers
b= (b, b7, and g(Y)=f (b, A, )= f(b). Noting
that Y = A d(s) and Y = A, 1, wecanexpress(2.1) as

JnN-*(6-0)

z%(agm/aw ooy A, (d(9)-1)

=%§)(af (0)/0Y)" oy Vi (A (8)-D), (22

noting that Y =Y is equivdent to b=1. Now we
substitute y, =Y /db|,-, in(2.2) to get

JnN"* (8- 0)
~%z (9F (6)/30,) ] (d, (9)-D)

=%ZT (d(s)-1),

(2.3
where 2=(2, ..., 2\)" with 2, =9f (b)/db|,_,.

A variance estimator of the right hand side of (2.3) is
given by (n/N?)v(2), where v(2) is the variance
estimator of the estimated total >.d, (s)2, =Y (2). Since
z'’s ae unknown, we replace 2z by z =
of (b)/0B |pg(s), 10 Qet (N/N®)v(2). Thus a
linearization variance etimator of 6 isgiven by

v, (8)=(N**/N?)v(2), (24)

which reducesto v(z) if oo=1. Notethat v, (6) given by
(2.4) is smply obtained from the formula v(y) for Y by
replacing y, by z for ke s. Note that we do not first
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evauate the partial derivatives of (b)/db, @ b=1 to get
z and then subdtitute estimates for the unknown
components of 2. Our method, therefore, is sSimilar in spirit
to Binder's approach. The variance estimator v, (0) is
valid because z, isaconsistent estimator of 2, .

Example2.1  Suppose 6 is the ratio estimator \?R =
X[(Zd (8)y ) /(Xd, (s)x. )] of the tota Y. Then
f(b) = X[(Zh yi ) /(X %.)] and

Yi 28X =% Db Vi .

of (b)/9b, = X -
(2B )

Therefore,
X ~
z, = f (0)/db, |, q(s) =;(yk - Rx)

which agrees with (1.3). Thus, our variance estimator
v (\?R) is identica to Binder's (1996) variance estimator,
v(z), noting that o =1.

Our derivation is smple and natural. On the other hand,
in the standard linearization method, 6 is first expressed in
terms of elementary components Y,, ..., Y, a g(Y) and
the partia derivatives dg(a)/da; are then evaluated at
a=Y. Itisinteresting to note that all the components of Y
use the same weights d, (s) and our gpproach always takes
first derivativesof f (b) withrespectto b, a b=d(s). It
is not necessary to first express 6 in terms of elementary
components.

3. Cadlibration Estimators

The ratio estimator can be viewed as a calibration
estimator, Y, =X w, (S)y,, with explicit weights w, (s) =
(X/)Z)dk(s) and satisfying the cdibration congraint
W, () X, = X. Cdibration estimators of atota Y of the
form \?W =YW, (s)y, with explicit weights w, (s) and
setisfying the calibration constraints > w, (s)x, = X ae
widely used, where X, =(X, ... %) and X=
(Xqy eens Xq)T is the vector of known totals of auxiliary
variables X i=1, ..., q. Insubsection 3.1 we consider the
generalized regression (GREG) estimator and then study a
general class of regression cdibration estimators in sub-
section 3.2. Extension to estimators, 6, obtained as solu-
tions of estimating equations is presented in subsection 3.3.
The case of genera calibration estimators is investigated in
subsection 3.4.

3.1 Generalized Regression Estimator

The GREG edtimator of total Y is given by Y, with
calibration weights w, (s) =d, (s)g, (d(s)), where

g (d(8) =1+ (X = X)" (X, (5) 6% X4 ) 6%, (32)

21

with specified congants ¢, and X =Xd, (s)x, (cf.,
Sarndal et al. 1989). The ratio estimator, Yy, is a specia
cae with g=1 (i.e, scdar x) ad ¢ =x", ad
g, (d(s)), isgivenby (3.1), reducesto X/ X.

The GREG edtimator may be expressed as a differ-
entiable function of edtimated totals. Hence, the genera
theory of section 2 is applicable and it remains to evaluate
z, =of (0)/00, |p_q(s), Where f(b)=2(b g, (D))y, is
obtained by replacing d(s) by b in the formula for Y,,.
Noting that 0A(b)™ /b, = —A(b)™ (0A(b)/
ob, ) A(b)™, where A(b) =Xb ¢ X, X, , Weget

9 (B, gy ())/dby
= g (b) - x¢ A(b) "y %,

— (X=X (0)" A(b)™ (g %X )A(b) ™ (b5 %, ) (32)
andfor | zk

a(b g (b))/ab,
=T A(b)* (G %)

—(X =X ()" A(b) ™ (e X X )A(D) " (G X, ). (33)
It now follows from (3.2) and (3.3), that

of (b)/ b, =g, (b)g (b), (34)
where
& (b) =y, —xB(b) (35
with B(b) =A™ (b)(Z«b.C X, Vi )- Therefore,
z, =df (b)/db, [,_4(s) reducesto
z, =g (d(s)e, (36)

where g =y, — x; B with B=B(d(s)).

The variance estimator of \?W, resulting from (3.6),
namey v(z), takes account of the g-—weights,
0, (d(s)), unlike the standard linearizetion variance
estimator (see eg., Sa&rnddl et al. 1991, page 237). It agrees
with the model-assisted variance estimator of Sérndal et al.
(1989). It also agrees with the jackknife linearization
variance estimator when the latter is applicable (Yung and
Rao 1996).

3.2 A General Classof Regression Calibration
Weights

We now turn to a generd class of regression calibration
weights of theform w, (s) =d, (s)h, (d(s)) with

h (d(s)) =1
+(X=X) QG X + 2., 8 ()G % ), (B7)
wherethe ab™ dement of Q isgiven by
Gap =2y G () G X X
A A (9 (8) 6 X %y
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for specified constants ¢, and ¢, (=¢, ). The class (3.7)
covers the GREG egtimator as well as the “optimal” linear
regression estimator with d, (s)= (1/m, )a, (s). In the
former case ¢, =0 while the optimal linear regression
estimator uses ¢, =(1-n,)/x, ad ¢, =(w, — 7w, 7 )/
m,, K#l, where m, is the probability of including both
elements k and | inthesample s (Montanari 1998).

The cdlibration weights w; (s) may bewritten as

W (s)=d, (5)+(X-X)" Q"
(dk ()G X, +Z|¢kdkl (8)C X ), (398
where dy (s)=d, (s)d, (s)/ E[d, (s)d, (S)], & =
¢ E[d, (s)d, (s)] and

Qab:z L\lek(S)Ck Xak ka+z L\‘:lz:ik dy (S)Cy Xar X -

Note that Ed, (s)=1 and Ed, (s)=1. If d (s)=
(1/m, )a, (s) then d,, (s) reducesto d, (9=a, (93 (9/
m, ad ¢, =(my —mm )/(m,m ). We can regard the
calibration estimator \?W resulting from (3.8) as afunction of
totals, by expressing a quadratic form as a total of synthetic
variables (Sitter and Wu 2002). Therefore, we can use the
method of section 2 and write Y, = f (d® (s), d®(9),
y)=2d(9h(d? (9, d?(9)y, where d¥(g=d(s)
and d? (s) is the vector of eements d, (s) k<lI,
arranged in a sequence. Now, following the derivation of
(2.3), we get

Y, -Y=Y2(d (s)-1)

+222k<| Zy (dg (s)-1) (3.9

where
2, =of (b, 6, y)/oby by ey
24 =0f (b9, b, y) /0By lyw_y ooy

b™ =b=(l, ..., by )" and b'® isthe vector of arbitrary
real numbers b, k<I, aranged in the same order as the
dements d, (s) in d®(s). Usng (3.9), a variance
estimator of \?W is approximately given by the variance
estimator of X, 2, d, (S)+2X Y a2,d, (s), denoted by
V(Z(l), 2(2) )

Since v(2?, 2?) involves the unknown values 2, and
z,, we replace 2z by z =of (b, b, y)/
b, lb@:d@(s) b2d® (g and 2, by z, =df (b(l): b®, v/

’ D A2

ob, b g (5),63d?) (5) to gat v(z'”, z'“’). Unfortu-
nately the variance estimator v(z™, z?) involves third
order and fourth order moments E[d, (s)d, (s)d, (s)] and
E[d, (s)d, (s)d, (s)d, (s)] in addition to the second
moments E[d, (s)d, (S)], whereas the variance estimator
for the generalized regresson estimator requires only the
second moments. In particular, if d, (s)=(1/m, )a, (S)
we required third and fourth order inclusion probabilities
Ty, ad m,, a well as the second order inclusion
probabilities .
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The calculation of z, and z, involves the derivatives
o[lbh(b™,b?)]/ab, for 1=k ad l#k and the
derivatives d[hh(b™”, b))/, for 1=k and | #k.
After smplification, we get

Z =[1+(X = X)" Q"¢ %, 1€

and
z, =(X-X)" Q¢ x €,
where
& =Y~ % B
with
B’ zél(zkdk (S)G X Yi j
20 240 (9)d, ()6, X Vi

Note that the customary Taylor linearization variance
estimation uses v(e"), while v(z¥, z?) would involve
the resduas e as well as the g—weights 1+ (X -
X) Q¢ x, and (X -X)" Q' x. If ¢, =0 for all
k=1, then z, =0 and v(z", z?) reducesto v(z) with
z, given by (3.6). Thus the GREG result of subsection 3.1
isagpecia case.

3.3 Estimating Equations

We now turn to a vector parameter =(9,, ...,0 )"
defined either explicitly or implicitly as the solution to
“census’ estimating equations S(0)=3Y,u, (0)=0. A
calibration estimator 6=(8,, ..., 6,)" with GREG cdli-
bration weights w, (s)=d, (s)g, (d(s)) is obtained as
the solution to sample estimating equations:

S(0)=> w (s)u, (8)=0, (3.20

where u, () and S(0) are (px1) vectors (Binder
1983). For example for logistic regression with scdar 6, we
have u, (6) = (Y, — P (0))a,, where p, (6)=P(y, =
la, )= exp(a, )/(1+exp(0a, )) and a, is the predictor
varidble. Note that 0, in thiscase, istheimplicit solution to
(3.10) and obtained iteratively using Newton-Raphson or
Fisher scoring method.

The estimator of a ratio of totals Y and A=Xa, is
obtained as the explicit solution of (3.10) with u, (0) =
Y, —0a: 0=3w ()Y, /Zw (s)a =Y/A In this
case, 0 is a function of estimated totals and hence our
method for functions of totals is applicable. It remains to
evauate of (b)/ob,, where f(b)=Xb.g, (b)y,/
> b, g, (b)a,. Wehave

of (b)/ob, =

> Lla(h g (b)/ab JAb) (v, - (b)),
where A(b) =>hg (b)a. Nowusng (34) and (3.5), itis
essy to verify that z, reducesto

Z =g (d(s) A
where
€ = Uy (6)- Xy B
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with B, obtained from B by changing y, to u, (). Note
that the residuds €, has the same form as the GREG
residuals e_with y, changedwith u, (0).

In genera, the solution 6 to the estimating equations
(3.10) may not be expressable as a function of estimated
totals. We therefore follow Binder's (1983) approach and
write the linearization estimator of the covariance matrix of
0 as

v @)=[IONZ (O[O, (31D
where J(0)=-05(0)/00 and 2. (8) is the estimed
covariance matrix v, (S(0)) =2 (0) evaluated a 0 = 9.
Binder (1983) gave regularity conditions for the validity of
(3.12). Noting that $(0) isavector of estimated totals with
GREG weights d, (s)g, (d(s)), it follows from (3.6) and
(3.112) that

v (8)=v(2) (312
where
z, =[J(O)] g (d(s)e; 13
with €, = (e, ..., q’ip)T and
6 =u, (8)-xB; =1 .. p.
Further, B is obtained from B by changing y, to

U (0) and v(z) isthe estimated covarlance matrix of the
vector of estimated totals Z = >.d, (s)z, where u; (0) is
the j™ dement of u, (0). Theresult (3.12) agrees with the
jackknife linearization variance estimator, v, , for stratified
multistage sampling obtained by Rao, Y ung and Hidiroglou
(2002).

The result (3.12) —(3.13) may aso be obtained directly by
wiitng 0 a f(d(s) and evauaing z =
of (b)/dby |p_q(s)- We denote 0(b)=f(b) as the
solutionof (b, g, (b))u, (8)=0, i.e.,

> (b.g, (b)) u, (B(b)) =0, (314)

We now take the derivative of (3.14) with respect to b, to
get

li[a(h o (b)/3b,]u; (8(b))

+§,(h g (D))[Au, (8(b))/9(B(b))]A(B(b))/ N . (3.15)

Substituting (3.2) and (3.3) for d(h g, (b))/db, in (3.15),
we obtain (3.13) after simplification. This result shows that
out method is aso directly applicable to general estimators
0 under Binder's (1983) regularity conditions.

3.4 A General Classof Calibration Estimators

The cdlibration weights, w, (s), associated with the
GREG edtimator 'Y, may not be always nonnegative. To get
around this difficulty, generdized raking ratio weights are
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often used. These weights are dways nonnegative, but the
method can lead to some exireme weights (Deville and
Sérndal 1992).

The generalized raking weights belong to the class

W (s) =d, (S)F (X 1) (3.16)

with F(a)=€*, where the LaGrange multiplier A is
determined by solving the calibration equations

> W ()% = DA (S)F (XeA) X, =X. (3.17)

The GREG weights correspond to F(a) =1+a in which
Case i-Z(de (8) X, X ) (X - X).

In general, the cdibration estimator \?W =YW, (S) Y,
with weights w, (s) given by (3.16) may not be
expressable as a function of estimated totals. We therefore
follow Binder's (1983) approach and expand F (xk 1)
around A, where L denotes the probability limit of A. We
get

F(xpa)=F(xfa)+ f(x 2)x! (h—2), (318)

where f(a)=dF (a)/da. Further, by expanding the

caibration equations (3.17) around A, we obtain after

smplification,
A-r=-Q;

(S, -X) (319)

where Q, =Xd, () F (X A)x X ad S =3,d,(s)
F (X, 1) X,. Notethat both Q, and S, are of the form of
estimated totals. Substituting (3.19) into (3.18) gives

F(x¢A)=FOgh) = (e 2) % Q. (S, - X). (320)

Using the approximation (3.20) in (3.16), it follows that \?W
is approximated by a differentiable function of estimated
totals. Hence, the general theory of section 2 is applicable
and it remains to evaluate z =oh(b)/db, |,_4(s), Where
h(b) =2 b, g; (b)Y, with

g (B)=F (3 A) = f (¢ 2) % Q, (B)™ (S, (b) - X)
where  Q, (b)=Xb f(x )% % ad S, (b)=
> b F (X, %) x,. After smplifications, we get

7 =F(4h) (Ve — % B,) =F (X 4) &,

where

B, =(2d, (8) f ({2 %X} ) 2d (5) F (X1 &) X, Vi

Singh and Folsom (2000) obtained a similar result, using a
somewhat different approach.

The result (3.21) may also be obtained directly along the
lines of (3.2) and (3.3) by writing \?W as f(d(s)) ad
evauding  z =df (b)/dby |,q(5, Where f(b)=
Yb g (b)y, with g, (b) = F (x, 2(b)). Wehave

(321)
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(B, gy (b))/db =g, (b)

+b f (x] A(b))x} (0A(b)/db,), (3.22)
andfor | #k
(g (b))/d, =b f (X A(0))x (9h(b)/dh,). (3.23)
To evauate oA(b)/ ob,, we take the derivatives of the
caibration equations (3.17) with d(s) replaced by
b:> b F (x; A(b))x, — X =0. Thisgives
0=F (x] A(b)) X,

+Y b (X" A(0))x X (9k(b)/ab,)
or
oA (b)/db, =

(X b, O RO %) FOGR(b) X, (324)
Substituting (3.24) into (3.22) and (3.23), we get (3.21) after
smplification.

Deville and Sérndal (1992) showed that the asymptotic
variance of \?W for generd F () is equivdent to the
asymptotic variance of the GREG estimator which involves
the“census’ regression coefficient B. Using this result they
obtained a variance estimator of \?W for genera F(-), by
replacing B by B =(Zw ()X X )" W (S)%, Vi
where w, (s)=d, (s)F (%, A). The resulting z_ agrees
with our z, given by (3.21) if f(a)=F(a), i.e, inthe
case of generalized raking weights. In the case of GREG
estimator, we have F(x)=1+x, f(x)=1 ad i=
(Zd, (s)xkxk) (X =X). It readily follows that
F(xlx) reduces to the customary g —weight g, (d (s))—
1+ (X = X)" (Zd, (S)kak )" X, and &g =y, % B
reduces to g =y, —x B with B=(2d, (s)xkxk)1
>.d, (s) X, Y,. Note that our z in this case is different
from the z_ of Deville and Sarndal (1992), but agrees with
a commonly used z, (Sé&ndal, Swensson and Wretman
1989).

Our method, aong the lines of section 3.3, can be
extended to implicitly defined estimators, éw, obtained as
solutions to estimating equations (3.10) based on the genera
cdibration weights (3.16). Details are omitted for smplicity.

4. Two-Phase Sampling

We extend our method to two-phase sampling, assuming
the estimator 6 of a parameter 6 can be expressed as a
differentiable function, g(Y, X®™), of estimated totals,
Y=, ..,Y,), from the second-phase sample and
estimated totals, X =(X®, ..., X?V)T, from the first-
phase sample only. Here Y = Zk 1d (S) y|k,| =1, .., m,
XP =30 dM (8) %0 =1 P(s) denotes
the first-phase design weight attached to the k™ dement
with d, (s;)=0 if k isnot in the first-phase sample s,
and dk (s) is the fina design weight attached to the k™
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dement with d, (s)=0 if k is not in the second-phase
sample s. Further, the parameter 6=g(Y, X) with
Y=Y, . YU and X =(X;,..,X,)" denoting the
vectorsof Y — and X — totals. For example, the two-phase
retio estimator, Y., isof theform 6 =g(Y, X, X®):

YARz :i:;((l)
X
d
zgdigi (a7 %)

Note that Y = (Y,,Y,)" with ¥, =V, Y, =X, and X®=
XD Also, 6=g(Y, X, XP)=Y.

For smplicity, consider a g(-) suchthat N~ 'g(-) tends
to a limit. Taylor linearization of 6 =g (Y, X™) around
(Y, X) gives

0-6=g(Y,X¥)-g(Y,X)
~(dg(a,a®))/oa)" |, .
+(dg(a,a®)/0a®)’

— AR

4.1)

L (Y=Y)
(XD —X).

42)

a=Y,a¥ =X

Let Y=3hy ad XY =ybPx  for arbitrary red
numbers b=(b, .., b,)" ad b® =(b®, ..., BP) .
Also, let g(Y, x<1>)— f(bb®, A, A)= f (b, bD),
where A, is an mxN matrix with k™ column x, =
(X - xkp) k=1, .., N, and A isan pxN matrix
with K™ column Y, = (ykl, oo Vi) k=1, ..., N. Now
following the derivation of (2.3) and noting that Y =
Ad(s)Y=A1 X" =AdP (s)X=A1, itcanbe
shown that (4.2) reducesto

0-6~2 (d(s)-1)+2ZY7 (d¥ (5)-1), (43
where  d(s)=(d,(S), ..., dy(s))" ad d¥(s)=
(dP(s), ..., dP(s))". Further, z=(2, .., 2,)" with
2z =of (b, b(l’)/abk| ooy and 29 =2, L 2P)T

with 2" =of (b, b(l))/ab‘ﬁl)|b Loy Itfollows from (4.3)
that avariance estimator of 6 is approximately given by the
variance estimator of the estimated total > d, (9)z +
»d® (5)2P =Y (2)+ XD (2V). We denote the latter
variance estimator as v(z z). Now we replace 2z, and
20 by 2 =0f (AbD)/AD |y gy AW

z0=0f (0, b®) /00|, _ 40 b respectively, since
2K and 2V ae unknown. This lead to a linearization
variance estimator

v (8)=v(z ZV).

We now consider the special case of a“double expens' on’
estimator Y (y) = >d, (s)y, with d, (s)=rm, szk/l for
ke s and the Horvitz-Thompson (H-T) estimator X ¥ ()=
»d® ()% with d (s)=n; for ke's, where ;,
is probability of including dement k in s, and m,,,
is the conditional probability of including dement k in s

(4.4)
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given s. In this case, an unbiased H-T type estimator of
Y (y)+ X (x) isgiven by

vy =Y ¥ Ty ~ T Ty X X

kles Tk Tk T
+z z Ty — Tk Ty [ Yo Y 42 Yk X|j
*
Kles Ty Tk Ty Tk T

Toun ~ TowTon Yk V)
+2. 2 A
T T

4.5)

k,les n2k|/1
Where 1 =1t Ty 1, Ty =Ty Tpy 1, Ty iSthe probability
of including both elements k and | in s and =, ,, isthe
conditional probability of including both elements k and |
in s given s. A proof of (4.5) is given in the Appendix.
The variance egimator (4.4) is obtained from (4.5) by
changing y, and x, to z_and z” respectively.

Example 4.1 We illustrate the calculation of v(z zM) for
the two-phase ratio estimator \?RZ, given by (4.1), for the
special case of simple random sampling at both phases. s
is a ample random sample of size n and s is a smple
random subsample of size m from s. In this case
n, =n/N and m,,,, =m/n. Further, it follows from
(4.1) that for general two-phase design,

(4.6)

and

7 = Rx,. @)
Under simple random sampling a both stages, (4.6) and
(47) reduce to z =(x®/x)g ad ZM =(Y/X)x,
where g =y, —(Y/X) X%,y and X are the second-phase
sample means of y and x respectively, and X is the
first-phase sample mean of x. Now substituting z, and
ZY for y and x in (45) and nothing that =, =
N(N=1)/[N(N=D)], 7oy, =m(m=1)/[n(n=1)], 7y, =
Ty and Ty g = Moy, WEGEL

- 1 1)\~
v, (Y. =N2(———jR2 2
L( R2) n N %.x

where
R=y/X,s, =(n-7 Y (% -xV),
S, =(m-17*Y, (g -€),
Sec =(M-1)7"> (g —8) (% —X)
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and € isthe second-phase sample mean of e. The formula
(4.8) agrees with the formula derived by Rao and Sitter
(1995). It is different from the customary formula
(Sukhatme and Sukhatme 1970, page 176) which fails to
make use of the full x—data { X, ke s}. Rao and Sitter
(1995) demonstrated through smulation that v, (\?Rz) is
more efficient than the customary variance estimator. Also,
A (\?Rz) performed better in tracking the conditional mean
squared error of \?Rz ; see Rao and Sitter (1995, section 3)
for details of the smulation studly.

Concluding Remarks

We have presented a unified approach to deriving Taylor
linearization variance estimators and applied it to a variety
of problems. It leads directly to a variance estimator that has
some desirable properties at least in a number of important
special cases; in particular, gpproximate unbiasedness for
the model variance of the estimator under an assumed
model and validity under a conditiona repeated sampling
framework. It would be useful to investigate whether such
desirable properties also hold for more complex cases such
as the general class of calibration estimators (section 3.2),
the estimators based on estimating equations (section 3.3)
and two-phase sampling (section 4). We are currently
investigating various extensions of our method, including
variance estimation under imputation for item nonresponse
and variance estimation from longitudina survey data.
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Appendix
Unbiased Variance Estimator of Y (y)+ X (x)
Thevarianceof Y (y)+ X®(x) isthesum of the variance

of Y(y), thevariance of X (x) and twice the covariance
of Y(y) ad X (x). An unbiased H-T type estimator of
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VY (y)] isgiven by Sarnda, Swensson and Wretman (1991,
chapter 9, page 348).
Ty Yo Xy

vIY ()= ZZ p g
1k T

k,les kI

4 — T, 4T Ve Y,
2kun "Moo Y ¥

+> > .
T T

(A.1)

k,les Toun

An unbiased H-T type estimator of V[ X® (x)] isgiven by

XO1=Y S X X0

K les Ty Ty Ty

T — T Ty

(A.2)

Further,
Cov[Y (y), XP(x)] = ECov,[Y (y), X (x)]
+ Cov[E, (Y(Y)), E, (X® (x))],

where E, and Cov, denote conditional expectation and
conditional covariance given s. Noting that

EY(y)=X® (y), E,X® (x)= XM (x)
and Cov, [Y(y), X (x)] weget
Cov[Y (y), X® (x)] = Cov[X® (y), XD (x)].

An unbissed H-T type estimator of 2Cov[X™(y),
XM (x)] isgivenby

2Cov[X® (y), XD (x)]

_ 22 Z T — T Ty

kles kI

Thesum of (A.1), (A.2) and (A.3) equals (4.5).

nlk Ty

XX

Tk Ty

(A3)
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Comment

Phillip S. Kott *

The article addresses an impressive number of contexts,
many of which have only recently been investigated in the
literature, often by Professor Rao himsdlf. | will have little
to say here about edtimating functions with calibration
weights or two-phase sampling, except (mostly) to agree
with the solutions advocated in the text. Instead, | will focus
on three applications. the ratio estimator under smple
random sampling discussed in the Introduction, the general
class of regression calibration weights from section 3.2, and
the generd class of calibration estimators from section 3.4. |
will end with a question about the linearization variance
edimator in full Horvitz-Thompson form, which has
bothered me for sometime.

TheRatio Under Simple Random Sampling

Before beginning, let me confess to a certain skepticism
about the general method proposed in section 2. | find that
techniques of this sort work best when you aready know
what the answer is. Godambe and Thompson (1986) tried to
use edtimating functions to settle a controversy then
surrounding the best variance estimator for the ratio under
simple random sampling. Using the notation in the text, they
demonstrated that (X /X)?v, was the proper way to
esimate the variance of a ratio estimator, Y, (X/X)Y.
Later, Binder (1996) corrected them. He showed that when
done properly, v, (X /X)?v, isproduced from estimating-
function technology. It helped that he aready knew that was
the better answer.

As Demanti and Rao state, v, has both good random-
ization (design) and model-based properties (here and
hereafter | omit the qualifier, “under mild conditions which |
assume to hold”). In fact, when n/N is ignorably small,
v, has arelative bias of O(1/n) as an estimator for the
model variance of Y. If the y, are uncorrelated, then this
is not only true when V. (, ) =c°x, as tated in the text,
but, more generaly, when V_ (y, )=0;. Unfortunately,
the result is less genera when n/ N is not ignorably small.
In that context, when the y, are uncorrelated and
V. (Vi) =6"X, a_more appropriate estimator for the
model variance of Y is v, =[(X/X)? —(n/N)(X/X)]
[1-(n/N)]™" v, (Kott and Brewer 2001). As an estimator
for the randomization mean squared error of Yy, v, has a
relative biasof O(1/+/n), just like v, andv,.

When simple random sampling is used in practice the
sampling fraction is aimost always smdl. Thus, v, isan

attractive variance/mean-squared-error estimator, and my
criticism of Demnati and Rao for advocating it is mild.

A General Class of Regression Calibration Weights

| would generalize the results of section 3.1 in a different
manner than the authors do in section 3.2. Following
Estavao and Sarndal (2002), replace ¢, x, in equation (3.1)
with a vector g, having the same dimension as x,. The
rest of that section follows eesily.

Onechoicefor g, is

Aok = ZL:J(TEkj - T, )Xj /(nknj ),
Je

the use of which results in a variant of the randomization-
optimal regression egtimator proposed by Tillé (1999).
Observe that (X 0y X ) (Zy Uayk e ) =[Var(X)]™
Cov(X,Y), where Var and Cov dencte randomization-
based properties.

Another choice, investigated indirectly by Demnati and
Rao and likewise resulting into a variant of the randomi-
zation-optimal estimator, is

O2)k =Z(n,q- -mm; ) X; ().
jes
Since q,y, isafunction of the sample, the authors take
us through the complications of section 3.2. This was
only necessary for randomization-based inference. |
would have gone a different way. Observe that
dy (S)A2yk — Ak (S)dayk =0, (1/+/n). Replacing one for
the other has an asymptotically ignorable effect on
w, (s) (i-e, therelative differenceis O, (1/n)).

A General Classof Calibration Estimators

A mild generdization of equation (3.16) dlows
caibration weights of the form,

w, (s)=d, (s)F (g R),

where g, agan has the same dimenson as x,. For
convenience F is assumed positive and twice differentiable
around g, A. Without loss of generdlity, one can assume A
(the limit of A) is 0, and f(0)>1. When Y. =
YuW (S)y, Isarandomization consistent estimator, as |
assumeitis, F(0) isequd to 1.

Pardl€ding the development in the text leads ultimately to

z =F(A) (Y —x B, ) =F (M) &,

1. Phillip SKott, USDA / NASS, 3251 Old Lee Hwy, Fairfax, VA 22030, U.SA.
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where B, =[Xd, (s) f (gA)gxc I Xd, () f (g A)
O Y- The presence of the f(-) in the expession of B,
may be abit of a surprise, but, it turns out, not a meaningful
one in this context. For inference under the prediction
model, E,, (Y, |X)=X:B, the derivative can be replaced
by any congtant without asymptotic consequence; éx
remans a modd unbiased edtimator for B. For
randomization-based  inference, since ggA =0, (1//n)
and F(0),f(0)>0,z would be unafected
asymptotically if f(qeA) were replaced by 1 or by
F (o A).

Things change, however, if we push the envelop a bit.
Fuller, Loughin and Baker (1994) use calibration to adjust
for unit nonresponse by treating sample response as a
second phase of sampling. They assume that every element
k in the population has a Poisson probability of sample
response, m,,, which is independent of whether it is
actually chosen for the sample. They further assume
T, =1/(1+ %, A), where A is unknown and implicitly
edimated by cdibration. Here we generdize that and
assume w,, =1/F(giA), where F is known, positive,
and twice differentiable. In practice, g, will likely be
identical to x,, but it may be reasonable to replace one of
more components of X, with variables conjectured to be
more strongly correlated with response/ nonresponse.

Redefining s as the respondent sample and d, (s) as
(1/my) when ke s,0 otherwise, everything proceeds as
before. The difference is thatf(qKX) in Bk need no
longer need be asymptotically identical acrossthe k. Thus,
the term can matter even with alarge sample.

Now V(YGC) V(Zud(9z), where ¥, d, (s)z =
>udy (s)F(qkk)eK is the double expansion estimation.
Substituting 1/ F(qu for m,,, the variance estimator for
Yoc becomes (from equation (A.1) with 7, =
o o Tz |

V(YAGC )= Z [(Tclkj

k, jes

d, (S)F (g A)e, d; (S)F(qiA)e,
+3 1, A[F (G AP —[F (ai A} [ d, ()& 12

kes

=T T ) Ty ]

This differs from the variance estimator in Folsom and
Singh (2000) mainly because those authors assume the
origina sample is chosen using a stratified multistage design
employing with-replacement sampling in the first. That,
among other things, annihilates the second summation on
theright hand side.

Not only does v(\?GC ) edtimate the quasi-randomization
mean squared error of \?GC —“quas” because a response
modd is assumed, it also estimates the moddl variance of
Yoc. In fact, the relative bias of v(Y.) under the
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prediction modd, E, (Y, | X, 0 )=X/B, is O(1/n)
when the y, are uncorrelated and V., (Y, | X, G ) = X¢ %,

where v (like B) need not be specified. Surprisingly, the
second term in v(Y.) provides the model-based
correction | recommended for the ratio estimator under
smple random sampling in the absence of nonresponse.

Doesthe“Plug-in” Variance Estimator Really Work
for the Full Horvitz-Thompson Form?

As | warned parenthetically early on, | have omitted the
key phrase, “under mild conditions which | assumeto hold,”
repeatedly in these comments. Now, | want to turn my
attention to what may be one of those conditions. It is
gandard in variance estimation to replace population (or
model) vaues with sample analogues since their difference
is asymptotically ignorable. That is done, for example, by
Demnati and Reo in equation (2.4 ) when they plug in z
for z,. The question | want to raise, and for which | do not
know the answer, is this. Suppose one is estimating a totd
with a calibration estimator. The total is O(N), and
O(n)=0(N). The edimator's model variance and
randomization mean squared error are aso O(n). Is it
legitimate to plug in z, for z, where z -2 =
Op (1/+/n), when there are n(n-1)/2 terms in the
Horvitz-Thompson — or Yates-Grundy — variance/mean-
squared-error estimator? In most practical applications, this
IS a non-issue, because the variance estimator can be re-
expressed with O(n) terms. What if that is not the case?

Let me conclude these remarks by thanking Drs.
Demnati and Rao for their stimulating article and Survey
Methodology for both publishing it and dlowing me to
provide some comments.
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Comment

Babubhai V. Shah *

This is an excdlent paper that removes the mystery
underlying Taylor linearization. Most data analysis
gpplications use Horvitz-Thompson weights that are
reciprocals of the probabilities of selection. The simplest
prescription for deriving the linearization for an estimator 6
isasfollows:

1. For esch observation, create a new variable
z =06/0w, where w is the reciproca of the
selection probability for the i™ observation selected
in the sample. In cases where the estimator 6 is
defined implicitly through estimating equations, the
derivative can be computed by differentiating the
implicit equations.

2. Define weighted T= > Wz total.

3. Computethe variance V of thetotal T based on the
sample design.

4. The variance V isthe approximate variance of the
estimator 6.

If the parameter © is a vector then the variable z and
the total T are dso vectors and V is an gpproximate
estimate of the variance covariance matrix of the estimator
0.

The steps (1) and (2) specified above produce the correct
linearization in the following cases:

a Means, proportions, and ratio estimates.
b.Generalized linear regression models.

c. Predicted marginal for generalized linear model.
d.Estimate of the mean from regression imputed data.

e.Generalized linear
calibrated weights.

regression models  with

1. Babubhai V. Shah, SAFAL Institute, Inc. E-mail: babushah@earthlink.net.

f. Wilcoxon two sample rank sum test.

g.Estimates of coefficients and the hazard rate in
Cox’ s proportiona hazard model.

h.Estimates of predicted marginal survival in Cox’'s
proportional hazard model.

i. Two-phase sample survey.

The derivation in the step (1) is uniquely defined and
does not contain the true value of the parameter 6, and does
not require substitution by the estimator 6.

The independence of step (3) for variance computation
from the linearization in seps (1) and (2) is aptly
demonstrated by the discussion on two-phase sampling in
section 4. In most cases, one assumes with replacement
sample design to estimate the variance of the total in the step
(3). Of course, a better estimate of the variance of the total
may be obtained by using al the available information about
the sample design. For the case of atwo-phase design, step
(1) can be performed by using Horvitz Thompson weights
for the phase one sampling, and treating the multipliers m,
asdata. The multiplier m. isequal to zero if the observation
i isnot selected in phase two and is equal to the inverse of
the conditional probability =,,,. The resulting step (2)
produces the same total as presented in the paragraph
between equations (4.3) and (4.4). The subsequent
discussion in section 4, describes the appropriate way to
estimate the variance of this tota for a two-stage sample
design without replacement at each sage, and that
calculation isindependent of the linearization.

The steps (1) and (2) generate appropriate linearization in
al known cases except where the estimator is not a
continuous function of theweights w;, e.g., quantile.
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Comment

Chris Skinner *

Linearization and replication approaches provide two
broad classes of methods for variance estimation in surveys.
Both have their rdlative advantages and it seems important to
keep aplace for both in the survey datigtician’s ‘toolkit'. This
paper deepens our understanding of linearization methods,
proposes a general procedure to generate such variance
estimators uniquely and provides valuable illustrations of this
procedure in some important areas of application.

A linearization method gpproximates the variance of a
datigtic of interest by the variance of a linear datitic, for
which it is assumed a suitable variance estimator is available.
The main issue here is the method used to determine the
linear statistic. The standard approach assumes the statitic of
interest may be expressed as a differentiable function of a
vector of linear satistics (of fixed dimension) and uses Taylor
sies expansion to determine the approximation. The
gpproach proposed in this paper applies to a more generd
class of sample- weighted Setidtics, illustrated by the complex
examples in sections 3.2. and 4. The variance edimator is
congtructed by differentiating the Statistic with respect to the
sample weights. The gpproach to linear approximation is
closgly related to methods based upon the influence function
(e.g., equations 1.6 and 1.13) and the paper provides a helpful
review of such methods in section 1. The authors note that it
is not easy to verify the vaidity of such methods for statistics
which are not smooth functions of (or a fixed number of)
linear atistics and it would be interesting to know how far
the proposed approach does indeed provide valid variance
estimators for statigtics, such as quantiles, which are not of
thisform.

A key feature of the proposed approach, which ensures
the unique congtruction of the variance estimator, is that
derivatives are evauated at values based on the achieved
sample, without any initial evaluation of the approximating
linear statigtic at theoretica population vaues. Such initia
evaluation may lead to non-uniqueness when auxiliary
information is available, for example on a population mean,
X, and it is assumed that this value is equal to the limiting
value of a corresponding sample dtatistic, X. For statistics
which are smooth functions of linear statistics, it appears
that the variance estimator generated by the proposed
method may aso be constructed by conventional Taylor
series methods, provided no initid simplification of the

variance estimator takes place based on such assumptions
about auxiliary information. Such congtruction may,
however, be less clear-cut than for the proposed approach.

Assumptions employed by linearization methods
differing from the proposed approach, such as that an
auxiliary value X is the theoretical limiting value of a
sample value X, are based upon unconditional distributions
and so it might be anticipated that the incorporation of such
assumptions into a variance estimator might damage the
method's conditiona properties, especidly with respect to
datistics such as X. The proposed procedure avoids
dependence upon such assumptions and, by evauating
derivatives at achieved sample values, may be expected to
track conditional properties more closely. (There appear to
be parallels with Efron and Hinkley's (1978) arguments in
favour of the observed versus the expected information,
athough the context is rather different.)

The avoidance of dependence upon such assumptions
may not only benefit the conditional properties of the
proposed approach, but aso protect the variance estimator
againg possible biasing effects of non-sampling errors. The
auxiliary population information may differ from the
limiting vaues of the corresponding sample setistics either
because of non-response or non-coverage or because of
discrepancies in the way the auxiliary variables are
measured. In such circumstances, linearization methods
differing from the proposed approach might lead to
inconsigent variance estimation. For this reason, Fuller
(2002, page 10) recommends the use of the g-weights in
(3.6), as proposed, especidly in the presence of nonresponse
(page 15). With regards to the latter case, it seems worth
noting that the validity of the proposed procedure does not
gppear to depend on the requirement that E(d(s)) =1,
provided 1 is replaced by E(d(s)) in the development in
section 2. In particular, if s denotes unit respondents and
non-response may be represented by Poisson sampling with
unknown response probabilities then the proposed approach
to variance estimation may till be consistent (when based
on many standard variance estimators for linear tatistics),
even if d(s) is based only on sampling inclusion
probabilities.

Juliad'Arrigo and | have recently studied the properties
of linearization variance estimators under nonresponse in
simulation studies as part of the DACSEIS research project
(Www.dacseis.de) using data from the UK Labour Force

1. Chris Skinner, Southampton Statistical Sciences Research Ingtitute, University of Southampton, Southampton S017 1BJ, United Kingdom. E-mail:

Cjs@socsci.soton.ac.uk.
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Survey and the German Income and Expenditure Survey.
We consdered various calibration estimators under Poisson
models for unit non-response which were ignorable given
the calibrating variables, using standard variance estimators
for linear statistics under stratified multi-stage sampling. We
indeed found that nonresponse could lead to serious biases
in the linearization variance estimators if they failed to take
account of the g—weights for GREG egtimation (section
3.1) or ignored the F(x;A) term in (3.21). Such biases
were absent in the proposed approach.

We dso invedtigated the dternative cdibration esti-
mators discussed in section 3.4. Deville and Sérndal’s
(1992) theoretical finding thet the asymptotic variance of
Y,, does not depend on the form of the function F(-) is
based on the assumption that Y. d, (s) x, is condstent for
X Thisassumption may not hold under various sources of
non-sampling error, and is not required for the proposed
gpproach. Hence, the appropriate approximate linear
gatistic (under departures from this assumption) is defined
by (3.21) and the resulting variance estimator may depend
on the form of F(:), even asymptotically. The standard
linearization variance estimators in which d, (s) f (X A)
in B, isreplaced by d, (s) or w, (s) may beinconsistent
if these weights differ from d, (s) f (x,A). Despite this
theoretical fact, we observed little difference in our
smulation study (for each of the functions, 1+ u, exp(u),
and (1-u)™?, used for F(u)) between the statistical
properties of variance estimators based upon these three
different choices of weight, d, (s)f (xpA),d (s) or
W, (s), inthe B, vector in (3.21). Others studies might
produce different findings.

A disadvantage of the linearization methods considered
here compared to replication methods is the need for
andytic differentiation. It would appear from the examples
presented in this paper that the anaytic differentiation
involved in the proposed method is a least as Sraight-
forward as that in standard methods of Taylor series
expansion of smooth functions of linear datistics.
Nevertheless, in some gpplications, it may be advantageous
to replace the human labour and possible human error
arising with analytic differentiation by the use of ‘numerica
differentiation’. The proposed approach might be described
as an infinitestimal jackknife method since it perturbs the
weight given to each sample observation by an infinitesimal
amount to determine the approximating linear statistic. The
derivative with respect to aweight in the proposed approach
may be approximated numericaly by a finite difference
gpproach in which the datigtic is recalculated with the
weight perturbed by a finite amount for each observation in
turn. This gpproach may be described as a jackknife method
of linearization. A conventiond approach would be to
change each weight to zero in turn, perhaps standardizing
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for unequal weights as in (1.15). It does not seem essential
to replace the original weight by zero and, in principle, eech
weight might be perturbed in some other way, for example
by reducing it by a fixed amount 8, smdler than the
minimum value of d, (s). It seems likely that in many
gpplications the variance edtimator arising from such
jackknife linearization will have very similar Statigtical
properties to that constructed by the proposed approach. The
choice between the estimators is likely to depend more on
practica and computational considerations.

My finadl comments are on terminology. There are
practical reasons why it may be helpful to give the z,
variable a name. In particular, this may be helpful for the
practitioner who, for some complex statistics, has to employ
two separate computational steps: (a) construction of the z,
varidble, for example using least squares routines when
caibration weighting is used, and (b) use of standard
variance estimation software for linear statistics. Different
names are used for z, in the literature. Woodruff (1971) is
usualy acknowledged as the first paper in the survey
sampling literature to draw attention to the role of z, and
Andersson and Nordberg (1994) refer to z, as the
Woodruff transformation. Woodruff and Causey (1976)
refer to the approximating linear statistic as the linear
substitute and z, as the subgtitute variable. In the more
mainstream dtatistical  literature, Davison and Hinkley
(1997, page 46) refer to the z, as the empirical influence
values. The term linearized variable, as used by Deville
(1999), seems to me a smple and natural one. It is
consstent with the use of the term linearized statigtic to
denote the approximating linear datistic and the term
linearization for the method (which is a more suitable
general term than Taylor series method for the broad class
of approaches considered here).
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Response from the Authors

1. Introduction

We thank the three discussants, Phillip Kott, Babubhai
Shah and Chris Skinner, for their insghtful comments. Our
rgjoinder will attempt to address some of the issues raised
by the discussants. The main aim of our paper was to study
variance estimation for calibration estimators of population
totals and nonlinear parameters, ©, defined as solutions to
“census’ estimating equations. We proposed a new Taylor
linearization approach that provides a unique variance
estimator, by avoiding initial evaluation of the linearized
gatistic at the population values. We have also shown that
the variance estimator satisfies some desirable consider-
ations, such as approximate model unbiasedness and
validity under a conditional repested sampling frame work,
at least in a number of important cases. We have also shown
that in two-phase sampling the variance estimator makes
fuller use of the first phase sample data compared to
traditional linearization variance estimators.

Kott

Kott's discussion focused on three applications in our
paper: (i) the jackknife linearization variance estimator, v, ,
of the ratio estimator Y, =(y/X)X in smple random
sampling mentioned in section 1; (ii) the genera class of
regression calibration weights considered in section 3.2; (iii)
the general class of calibration weights studied in section
3.4. Regarding (i), we noted the result that v, is both
asymptoticaly design unbiased and approximately model
unbiased under the ratio mode E, (y,)=Bx and
V., (Y, )=06°%. Kott is correct in saying that the model
bias may not be negligible if the sampling fraction, n/ N, is
not small. If n/N is “ignorably smdl”, then model unbi-
asadness is, in fact, vaid under a general variance function
V. (Y, )=0¢, asnoted by Kott and previously by Sarndal
et al. (1989). Under the ratio model, Kott proposes a more
appropriate variance estimator, v,,, that is model unbiased
even if n/N is not small and aso valid under repested
sampling. The leading terms of v, and v, are identicd,
and our new approach captures only the leading term. It
should be noted that model-unbiasedness of v,, depends on
the validity of the assumption 6; =6°X,.

Turning to (ii), we have shown in section 3.2 that if the
genera class of regression cdibration weights, (3.7), are
used, our approach leads to a variance estimator that is quite
complex, involving third and fourth order moments of the
design weights d, (s) with d, (s)=0 if the k™ population
element is not in the sample s. Kott proposes an dtractive
choice of weights obtained by replacing ¢, x, inthe GREG
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weight (31) with g,y =2 (m —mm ) X /(mm ).
This choice gives a vaiant of the “optima” linear
regression edtimator and aso avoids the complexities
associated with the variance estimator based on the weights
(3.7). Thisis an interesting and useful proposd, but q;),
requires the knowledge of the x-—vector for al the
population e ements, unlike (3.7) which depends only on the
population total X ; in practice, only X may be available.
Moreover, g, depends on dl the N(N-1)/2 joint
inclusion probabilities wt,, and hence computation of g,
may become cumbersome when the sampling design is
based on unequal probability sampling without replacement.

Turning to (iii), Kott proposes a generalization of the
calibration weights w, (s)=d, (s) F(x[i) in section 3.4
by replacing x, with “instrumental” variables ¢, having
the same dimension as x,.. The corresponding z — variable
in the variance estimator v(z) is similar to our (3.21) with
X X, and Xy, in Bk changed to g, xk and 0, Y,
respectively and F (x; A) changed to F (g A). Thisisan
useful extenson. Kott notes that B, remains a mode
unbiased estimation of B, if f (g A) in Bx isreplaced by
any congtant and the resulting z is unaffected
asymptoticaly under repeated sampling. However, Kott
dso notes that the term f (g A) can matter even
asymptoticaly if the calibration is used to adjust for unit
nonresponse by treating sample response as a second phase
of sampling. Using the result for two-phase sampling given
in the Appendix, Kott then obtains a corresponding variance
estimator, v(Ygc). Thisextension for nonresponse setting is
aso useful. 1t is indeed surprising that the second term in
V(Ygc) provides the model based correction he
recommended for the ratio estimator Yy under smple
random sampling in the absence of nonresponse.

Findly, Kott raises a question on the customary
“plug-in” or “subdtitution” method used for variance
estimation, as done in (2.4), where we plug in Z for Z,.
He asks if it is legitimate to plug in z, for Z, where
z, -7 =0, (1/\/_) when they are n(n—1)/2 terms in
the variance estimator v(z, ), asin the case of Sen-Yates-
Grundy variance estimator. We are not sure if we have
understood his point correctly, but aslong as O, (1/ Jn n) is
uniform in k, say a/+/n, then v(z) = (z)+|0wer order
terms.

Shah

Shah's prescription (steps 1-4) clearly summarizes our
method. Shah aso notes that his steps 1 and 2, leading to
our z-variable, produces the “correct” linearization in
many other important applications not studied in our paper,
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including Wilcoxon two sample rank sum test and
estimation of regression coefficients and hazard rate in the
Cox proportional hazard modd. Shah's unpublished paper
(seen by courtesy of the author) spells out the z— variable
for those applications, but using design weights. Extension
to cdibration weights should follow aong the lines of
section 3.

Shah makes an important point that step 3 for the
computation of the variance estimate is independent of the
linearization in step 1 and 2 and that it is “aptly demon-
strated by the discussion on two-phase sampling in section
4", He dso notes that for two-phase sampling, linearization
(step 1) can be performed using only the first-phase H-T
weights m;., by treating the second phase weights, 70,
if ke s and O if k isnot in the second-phase sample s as
data, and that the resulting step 2 produces the same
gpproximation as given in our paper. We have verified this
equivalence result for the two-phase ratio estimator in
Example 4.1, and it is likely to hold generaly. Shah's
proposal might smplify the implementation of step 1 to
some extent.

Skinner

Skinner gives a clear appraisal of our linearization
method and raises a humber of important points: (i) termi-
nology, (ii) possible extensions to non-smooth statistics such
as quantiles, (iii) modifications of the method to handle unit
nonresponse, (iv) possible use of numerical differentiation
to calculate the z, — variables.

With regard to point (i), Skinner notes that it would be
useful to give the z, variable a name since different names
have been used in the literature. He suggests that the term
linearized variable, as used by Deville (1999), is a smple
and natural one since it is consigtent with the usage of
linearized datigtic to denote the approximating linear
datistic and linearizetion for the method. We are in
agreement with Skinner’s suggestion.

Turning to point (i), a difficulty in extending our
proposal to nonsmooth statistics 6= f (d(s)), such as
quantiles, isthat f (-) isnot adifferentiable function. A way
to get around this difficulty is to approximate 66 by a
differentiable function and then apply our method to the
approximation. For example, in the case of the p™ quantile
0, Francisco and Fuller (1991) and Shao (1991) established
the following asymptotic approximation valid for stratified
multistage designs.

1 .
6-6 h() {F,(0)-p},
where  F, (0) =X w ()l (y, <0)/Xw, (s) is the
cdibration estimator of the digtribution function F(-) at
0,F(8)=N"X1(y, <6)=p, and h(8) isthe value of
the dendty function h(-) a 6. The definition of h(:)
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requires reference to a sequence of populations (Shao and
Rao 1993) or to a superpopulation (Francisco and Fuller
1991). We used h(-) to denote the density rather than the
cusomary f (-) because we used f (d(s)) to denote the
estimator 6. Now, suppose w, (s)=d, (s)g, (d(s)),
where g, (d(s)) isthe GREG weight given by (3.1). We
can then use (3.2) and (3.3) to get the linearized varigble z,
from the above approximation to -6, by replacing h(6)
with a suitable estimator ﬁ(é); for example the
kernel-based estimator of h(-) used by Berger and Skinner
(2003). Similarly, one can apply the method to genera
calibration weights, w, (s), using the results of section 4.
Variance estimators of a low income proportion, say
0=F(t/2) where 1 is the median income, can aso be
obtained using the asymptotic approximation for 6—6
developed by Shao and Rao (1993). Berger and Skinner
(2003) studied variance estimetion for a low income
proportion when generalized raking ratio weights, w (s),
are used. We can apply the resultsin section 3.2 to this case,
and the resulting linearized variable z, will account for the
cdibration. Also, it will be different from the Deville
z— variable (10) in Berger and Skinner (2003).

The modification suggested in point (iii) to handle unit
nonresponse is very important, and it broadens the
gpplicability of our method. As noted by Skinner, Kott and
Fuller (2002), it is important to retain the g—weights in
variance estimation whenever the limiting vaues of the
estimators X differ from the corresponding control totals
X, asin the case of non-response or non-coverage. Our
method automatically accounts for the g —weights and may
lead to condstent variance estimators in such cases.
Empirical results of Skinner with d'Arrigo in this context
are very interesting. The case of variance estimators for
dternative cdibration estimators, studied in section 3.4,
relative to customary variance estimators that replace
d (s)f (xli) in the expression for éx by d, (s) or
w, (s) need further study, as noted by Skinner.

It may be noted that unit nonresponse is typically treated
as second phase sampling (e.g., Poisson sampling with
unknown response probabilities) and Skinner notes that our
method may lead to consigtent variance estimators even
when the estimators are based only on the sampling
inclusion probabilities. However, control totds X are
needed to get valid estimators of the total Y, under some
assumptions on the response probabilities (Fuller 2002,
equation (8.4)). We have extended our method to handle
weight adjustment for unit nonresponse and imputation for
item nonresponse when control totds are not available,
assuming uniform response within classes (Demnati and
Rao 2002). The resulting variance estimators are naturaly
more complex compared to Skinner’s modification for unit
nonresponse in the presence of control totas.
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Turning to point (iv) on the possible use of numerica
differentiation to calculate the linearized varisbles z,
Woodroff and Causey (1976) used such a method to
caculate the derivetives dg(a)/da |a:¢ given in (1.4)
when 6=g(Y). Skinner proposes perturbing each weight
d, (s) in turn and then recalculating 6; for example, by
replacing it by afixed amount & than the minimum value of
d, (s),ke s. He conjectures that the proposed approach
should lead to variance estimators very similar to those
obtained through analytical differentiation. It would be
useful to study the statistical properties of the proposed
gpproach to anaytic differentiation of f (d(s)) with
respect to weights d, (s).

We hope the discussions by Kott, Shah and Skinner will
stimulate further work on the approach to variance estima-
tion presented in our paper.
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